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ERINNERUNGEN 
AN MAX VON LAUESENTDECKUNG DER BEUGUNG 
VON RÖNTGENSTRAHLEN DURCH KRISTALLE 


D: es mir des Alters wegen nicht möglich ist, einen wissenschaft- 
lichen Beitrag zu diesem Bande zu liefern, habe ich mit Freude die 
Einladung angenommen, ein paar Erinnerungen an MAx von LAuEs 
große Entdeckung aufzuschreiben. Es sind ja nicht mehr viele übrig, 
die dieses Ereignis als erwachsene Wissenschaftler miterlebt haben. 
Ich kann aber nur berichten, wie es auf mich selbst und vermutlich auf 
andere theoretische Physiker gewirkt hat. Von Kristallographie, die 
zusammen mit Mineralogie damals im wesentlichen als beschreibende 
Wissenschaft gelehrt wurde, wußte ich nichts und hatte mit ihren 
Vertretern kaum eine Verbindung. 

LAv& trug seine Idee und ihre experimentelle Bestätigung durch 
FRIEDRICH und KnIppinG am 8. Juni 1912 in einer Sitzung der deut- 
schen Physikalischen Gesellschaft in Berlin vor und machte sie dadurch 
der Welt bekannt. Im selben Jahre erschien Degyzs Arbeit über die 
spezifische Wärme der Festkörper und kurz darauf die von KARMAN 
und mir; letztere ist vor Lauzs Vortrag eingereicht (20. März 1912). 
DEBYE operiert von vornherein mit einem Kontinuum. KArmAn und 
ich benutzen die Gitterstruktur, haben aber, wie ich durch Nach- 
schlagen festgestellt habe, auch in unserer zweiten nach Lauzs Vortrag 
(am 30. November 1912) eingereichten Arbeit seine Entdeckung nicht 
erwähnt. Wir waren von der Gittertheorie der Kristalle so durchdrun- 
gen, daß unsere gemeinsame Reaktion auf die Kunde ihrer Bestätigung 
sich etwa mit den Worten ‚Na, also‘ beschreiben läßt. Ich selber 
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allerdings empfand mehr als das. Denn wie wohl jeder theoretische 
Physiker hatteich über die Beugung von Röntgenstrahlen nachgedacht. 
Ich hatte die Möglichkeiten von Löchern, Schlitzen, Hindernissen 
überlegt, die besser definiert waren als der keilförmige Spalt von 
WATTHER und PoHt, und ich war auf kolloidale Teilchen verfallen. Zu 
gleicher Zeit waren mir auch die Kristallgitter immer gegenwärtig. 
Jedoch haben die beiden Gedankengänge sich nicht in meinem Gehirn 
gekreuzt. So kam es, daß ich beim Lesen von Lauzs Idee und ihrer 
wunderbaren Durchführung nicht nur Beglückung empfand, sondern 
auch ein wenig Beschämung — denn, seien wir ehrlich, Forschung hat 
unter jungen Leuten etwas vom Sport. Schließlich blieb aber nur 
Bewunderung seines klaren Geistes und Freude daran, daß endlich ein 
unwiderlegbarer Nachweis der atomistischen Struktur der Materie 
gelungen war. 

Für unsere thermischen Gitterarbeiten wurden die bald darauf 
erschienenen Abhandlungen der BrAGas wichtig, da sie zu bestimmten 
Gittertypen für verschiedene Kristalle führten. Aber die systematische 
Erforschung der Gitter, die dann einsetzte, hat mich niemals angezogen. 
Meine Einstellung deckte sich mit LAuzs selbst. Er sagte in seiner 
schönen Selbstbiographie! über sein Verhältnis zu den Braaas: 
„Diesen Schritt, der im wesentlichen auf die Durchforschung einzelner 
Kristallstrukturen hinauslief, hätte ich kaum tun können. Mich 
interessieren auf allen Gebieten der Physik vor allem die großen, 
allgemeinen Prinzipien ...., und die prinzipiellen Fragen nach der 
Natur der Röntgenstrahlen einerseits, der Kristalle andererseits 
waren durch die Versuche von FRIEDRICH und KnıppInG wohl ent- 
schieden. Die BrAGGs brachten die Liebe zum Einzelstoff mit, sie ver- 
mochten sich mit Hingebung in die Strukturen von Natriumchlorid, 
von Diamant und so fort bis zu den verwickelten Silikaten zu ver- 
tiefen. Die Physik braucht Forscher verschiedenartigster Begabung 
und geriete bald ins Stocken, wären alle Physiker vom gleichen geistigen 
Typus.“ 

In derselben Selbstbiographie erzählt er übrigens auch, daß er im 
Doktorexamen fast gescheitert wäre wegen seiner Unkenntnis in 
Kristallographie, der Wissenschaft, die ihn heute als ihren Erneuerer 
feiert. Das Prinzipielle und Methodische war ihm immer wichtiger als 
das Tatsächliche; davon zeugen seine beiden Bücher über die Streuung 
der Röntgenstrahlen und der Elektronenstrahlen. 


1 Aus Hans HARTMANN, Schöpfer des neuen Weltbildes, 1952. 
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Wahrscheinlich fühlt er sich unter den Kristallographen so, wie 
mir seinerzeit zumute war, als ich gezeigt hatte, wie man aus Gitter- 
energien chemische Wärmetönungen errechnen kann, und darüber 
unter Chemikern vortragen mußte. Glücklicherweise waren diese zu 
höflich, mir in Chemie auf den Zahn zu fühlen. 

Immer noch ist LAve in die Beziehung von Röntgenstrahlen und 
Kristallen interessiert, nämlich in die Entwicklung und Prüfung der 
ursprünglich von EwALp stammenden dynamischen Theorie. Erst 
kürzlich habe ich in Lindau einen Vortrag von ihm über Unter- 
suchungen BORRMANNs und seiner Mitarbeiter aus dem Fritz-Haber- 
Institut gehört, die sicherlich viel seiner Anregung verdanken. Das 
war klassische Physik im besten Sinne des Wortes. 

Unsere Freundschaft beruht in der Physik auf der Übereinstim- 
mung in der Wertung der Fragestellungen und in der Freude an schönen 
Kombinationen und sauberen Lösungen; und im Leben auf der Ähnlich- 
keit der Einstellung zu den menschlichen Problemen, nicht zum 
wenigsten in der Politik, und ihres Verhältnisses zur Wissenschaft. 

Im Namen aller, die sich an Max von LAUEs Entdeckung begeistert 
und zu ihrer Entwicklung beigetragen haben, gratuliere ich dem 
Freunde zu seinem 80. Geburtstage von ganzem Herzen und wünsche 


ihm noch viele gute Jahre. 
MAX BORN 


1* 


Zeitschrift für Kristallographie, Bd. 112, 8. 4—21 (1959) 


Order and disorder and their expression in diffraction 


By J.D. BERNAL 
Birkbeck College (University of London), Department of Physics 
(Received July 10, 1959) 


Auszug 

Es wird versucht, von Lauzs Begriff der Beugung an idealen, ausgedehnten 
Kristallen regelmäßiger Struktur systematisch auf Aggregatzustände mit 
jedem Grad der Strukturunregelmäßigkeit zu erweitern. Diese Zustände gliedern 
sich in drei Gruppen: Unvollkommene Kristalle mit dreidimensionaler Fern- 
ordnung, flüssige Kristalle und Faserkristalle mit zwei- oder eindimensionaler 
Fernordnung, Flüssigkeiten und Gase mit Nahordnung oder ganz ohne Ordnung. 
Bei Kristallen werden die Beugungseffekte unterschieden, die auf Unvollkommen- 
heit, wie geringer Größe, Wärmebewegung, Deformation, Verzwillingung, 
Atomersatz, beruhen. Faserkristalle und flüssige Kristalle lassen sich einigen der 
von HERRMANN untersuchten intermediären Zustände zwischen festem Körper 
und Flüssigkeit zuordnen. 

Die Klassifikation der Zustände beruht durchweg auf den verschiedenen 
Kombinationen der räumlichen Bindungen entsprechend den Grundsätzen von 
WEISSENBERG. Schließlich wird gezeigt, daß die neue Theorie der Regellosigkeit 
miteinander verknüpfter Moleküle endlicher Größe eine nur statistisch geordnete 
Struktur beschreibt. 


Abstraet 

In this paper an attempt is made to extend systematically von LAuE’s 
conception of the diffraction of ideal, extended cerystals of regular structure to 
states of matter with every degree of irregular structure. These fall into three 
main groups: Imperfect cerystals with three dimensional long range order. 
Liquid and fibrous erystals with two or one dimensional long range order and 
liquids and gases with only short range or no order. In cerystals the diffraction 
effects of a variety of imperfections due to small size, heat, deformation, 
twinning or substitutions are distinguished. In fibrous and liquid cerystals a 
certain number of the intermediate classes first studied by HERRMANN are de- 
scribed. Throughout the classification is based on various combinations of 
dimensional linking according to the principles of WEISSENBERG. Finally in 
liquids the new theory of intrinsie irregularity of coherent molecules of finite 
volume is shown to represent a structure ordered only statistically. 
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Great discoveries in science have both immediate and longterm 
subsequent effects. Von Laur’s discovery of the diffraction of x-rays 
by erystals was of this order; it opened a window on our understanding 
of the structure of matter and its results were immediately exploited, 
and have been exploited in the forty years that have passed, in the 
analysis primarily of the structure of regular organised matter, of 
erystals. However, in the last few years we are beginning to see that 
they have possibilities of far wider extension. We see that the regular 
order of matter in crystals is only a special case, though historically a 
very valuable and important case, of the ways in which particles can 
be filled together in space. For every arrangement of particles, whether 
they are molecules, atoms or neutrons, there will correspond a dif- 
fraction pattern produced by the appropriate radiation. Today this is 
no longer limited to x-radiation but covers the whole range of the 
spectrum. Visible radiation has, indeed, been used already to analyse 
the structure of some large-celled virus crystals, and on the other 
extreme the study of nuclei by high energy scattering can be thought 
of as another expression of the general principle of diffraction and 
Fourier transform which von LAUE introduced into the study of 
erystals. True, we can trace the subject further back to the first essays 
on diffraction by GRIMALDI and to their theoretical treatment by 
FRESNEL, but essentially the modern application of diffraction comes 
from von LAue and the Braccs. 

In this small contribution I wish to treat only the conception of 
varieties of order other than that of the ideal indefinitely extended 
crystal with its perfect lattice, and to discuss in a general way the 
diffraction effects which have served to reveal to us these degrees of 
order and disorder. The approach to disorder has been historically, and 
indeed may be logically, treated as a successive loss of degrees of order 
though the inverse approach as sequence of increasing order from 
complete chaos is equally logical. The general scheme is set out on the 
accompanying table. 

One guiding principle is based on the spacial extent, measured in 
the number of repeating units, that characterise any particular 
ordered state. Another principle touches the degree of perfection of 
the ordered part of the structure in question. A third principle, first 
introduced by Weissenberg to explain the varieties of coherence of 
erystals, is that of considering the dimensional character of the order 
observed, beginning with three and passing to two and one dimensional 
order, corresponding to his ‘Netz’ and “Kettengitter””. The upper 
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limit of all three conceptions is represented by the ideal perfect crystal 
as the indefinite extension in three dimensions of a translation lattice 
or more complicated symmetrical space group. This can be imagined 
as broken down in a number of different ways according to what 
elements of extension, perfection or symmetry are lost. 

The simplest and first to be studied is the limitation of the size of 
the coherent erystal domain. The corresponding diffraction effects are 
increasing the width of the maxima and in the lower limit introducing 
subsidiary maxima. Beyond that limit we pass from the region of 
ordered or even coherent structures to that of liquids or gases, the 
discussion of which comes logically at the extreme end of disordered 
states. The diminution in volume itself need not be isodimensional. In 
platy erystals the regular structure may be reduced to thin, extended, 
virtually two-dimensional erystals with their characteristic diffraction 
maxima. Here, in the structure of such substances as clays or carbons, 
the analysis of the diffraction pieture furnishes the most powerful tool 
for determining particle size and shape. In fibrous cerystals there is a 
corresponding reduction to a one-dimensional repeat pattern but these 
also most often have an internal helical regularity which will be 
discussed below. 

Another mode of variation from the ideal arises from the in- 
definiteness of atomic positions in erystals due to thermal motions. Here 
the diffraction effects are in the first place seen in diminishing the 
intensity of the main diffraction peaks and then in producing dif- 
fractions in the regions of reciprocal space between them. All these are 
now familiar themes to the x-ray crystallographer and molecular 
physieist and I am not proposing to deal with them here, but only to 
point out that they are by no means exhausted and that further 
refinements in these determinations will serve to link the subjeets of 
purely structural erystallography with dynamie and even thermo- 
dynamie crystallography. 

Closer to my immediate aim here are the static defects or im- 
perfections of erystals which have been the object ofincreasing study in 
recent years and have in turn given rise to very beautiful theories. 
Historically these effects showed themselves in their x-ray diffraction 
effects long before their structural nature was fully understood. The 
early ionisation spectrometer studies were plagued by wide variations 
of intensity of maxima which seemed to depend both on the perfection 
of the particular erystal used and the treatment to which its faces had 
been subjected. These phenomena were cleared up by the classical 
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researches of DARWIN in 19141 and others, as due to various degrees of 
mosavc structure which gave rise to the beautiful theories of primary 
and secondary extinction to which vox LAuE and EwArD contributed. 

The later explanation of these phenomena concentrated not so much 
on the regular blocks of the mosaic structure, but on the irregular 
regions between them, the dislocations which were introduced by 
TAYLor in 1934? to explain the phenomena of plastic deformation of 
erystals. In recent years their theory has been extended and system- 
atised in a remarkable way so as to include all types of crystal im- 
perfection. The concept of the ideal erystal, which carries the same 
symmetry group through the whole of the space it occupies, can be 
extended by introducing the idea of various regions inside of which the 
full erystallographie relations do not hold. They are formally sin- 
gularities and as such affect the crystal lattice over a certain distance 
beyond their immediate locations. We can systematise them by 
considering them dimensionally as zero-, one- or two-dimensional 
imperfections. These are respectively point defects, whether due to 
foreign atoms, or vacancies, one-dimensional or line defects, including 
a great variety of dislocations, edge, spiral, partial dislocations, ete. 
and two-dimensional defects in the composition planes of twin erystals 
and in planes of stacking faults. 

Point defects are not easily revealed by diffraction, for it only 
produces background scattering effect, the lattice itself retaining its 
basic perfection. Line dislocations, however, quite apart from the 
mosaic disorientation and Debye line broadening they produce, are 
being increasingly detected directly by x-ray methods. One of the 
most beautiful applications of von LAur’s own theory? is the use of 
x-rays to make true images of dislocations owing to the breakdown of 
the phase? relations of reflections very near the true Bragg reflecting 
angle. In this way x-rays can be used to look inside a erystal and see 
all the defects that exist in the lattice. Essentially the same ideas 
underlie the increasing use of the electron microscope to study erystal 
imperfections. Dislocations can here be seen directly even in motion. 

1C. G. Darwin, The theory of x-ray reflexion. Phil. Mag. 27 (1914) 315 to 
333, 675—690. 

2 G. J. TAyLor, The mechanism of plastic deformation of erystals. Proc. 
Roy. Soc. [London] A, 145 (1934) 362—404. 

3M.v.LAuE, Die Fluoreszenzröntgenstrahlung von Einkristallen. Ann. 
Physik 23 (1935) 705—746. 

4ıM.v.Laus, Die Energiestörung bei Röntgenstrahl-Interferenzen in Kri- 
stallen. Acta Crystallogr. 5 (1952) 619—625. 
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Moire patterns can be used to show lattice displacements while 
stacking faults are shown by the difference of apparent absorption due 
to phase shift of the relatively displaced blocks®»*. 

Two-dimensional imperfections are much more amenable to x-Tay 
interpretation than are linear ones because whole blocks of the erystal 
are involved. The study of the possible kinds of stacking faults in 
various classes of symmetry has given rise to DORNBERGER’S 
beautiful theory of symmetry groupoids? corresponding to the space 
groups of regular cerystals. These reveal themselves by the presence 
of variously extended maxima or streaks lying in particular positions 
of reeiprocal space between the true Bragg reflections. 

Related, though logically different, types of crystal imperfeetions 
are those in which the units that build up the erystal are not strietly 
identical with each other. Where the atoms themselves are different 
we have the whole range of substitutional order and disorder which 
has become a subject of its own since the classical work of BrAagG and 
Wirrıans. In diffraction it is revealed by the presence of additional 
maxima corresponding to larger superlattices or where the ordered 
phases have different lattice dimensions by split Debye lines. 

More recently interest has concentrated on the cases where equi- 
valent lattice points in the ideal erystal are occupied, not by different 
kinds of atoms, but by atoms in different states. These do not im- 
mediately affect the positions of the atoms except in the second order, 
but affeet other properties such as electronie or nuclear spin within 
the crystal. Characteristic of this are the newly discovered theories of 
ferromagnetic and anti-ferromagnetic cerystals, where we need, in 
addition to the accepted 230 space groups, a larger number of possible 
symmetry arrangements in which the various orientation parameters 
have been linked with the position parameters®. Here the specific 
diffraetion effects are not shown by x-rays but by other forms of 
wave transmission, particularly neutron diffraetion, which brings out 
the effects of magnetic moments. As the range of study of erystals 


5D. W.Pasucey, J.W.Menter and G.A.Bassert, Observations of 
dislocations in metals by means of moir6 patterns on electron microscopes. 
Nature [London] 179 (1957) 752—755. 

6 M. J. WHerAn and P. B. HırscH, Electron diffraction from erystals con- 
taining stacking faults. Phil. Mag. 2 (1957) 1121—1142, 1303—1324. 

? K. DORNBERGER-SCHIFF, On order—disorder structures (OD-structures). 
Acta Crystallogr. 9 (1956) 593—601. 

8 J.D.H.and G. DonnAy, Proposed tables for magnetic space groups. 
Abstracts Fedorow Session on Crystallography, Leningrad, May 1959. 
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proceeds to ever lower temperatures these types of hyper-order and 
hyper-disorder will become more frequently observable and will lead 
to a great extension of diffraction theory. 

All kinds of substitutional disorder give rise to the phenomena of 
domains, that is, to regions of internally ordered structure but with 
different phases or orientations built into the same lattice. The domain 
structures, first noticed in ferromagnetic phenomena, are now found 
to have a far wider extension to ferroelectrics and to be closely related 
to the subgrain or polygonalised structures formed by strain in single 
erystals. 

My main object in this paper, however, is not to discuss in more 
than in outline the various degrees of disorder which can be imposed on 
an ideal crystal lattice without destroying its identity, but rather to 
concentrate on discussion of the alternative ways of packing atoms and 
molecules which are not fully erystalline and cannot be discussed in 
terms of a three-dimensional lattice. This subject was studied many 
yearsago by K. HERRMANN whose paper in the Zeitschrift für Kristallo- 
graphie in 1932° on the nineteen intermediate states between the solid 
and liquid and their diffraction effects is still of fundamental interest. 
Its implications have by no means been fully worked out; not all these 
states he postulated are in fact yet known but more and more of them 
are coming to light. Most of the states with which HERRMANN dealt are 
those in which three-dimensional order and orientation in space of the 
molecules are progressively lost. The ways in which they can be lost 
may in certain cases be independent, that is, order in position may be 
retained without order in orientation, or order in orientation may be 
retained without order in position — the first corresponding to rotating 
molecules in erystals, the second to the nematic liquid erystalline state. 

Essentially we can have states which are ordered in two, one, or no 
dimensions, and thus go all the way from a crystal to a liquid. Now 
these intermediate states are generally due to the presence of markedly 
anisodimensional molecules. Their theory is correspondingly complex 
and their oceurrence rare. The final case, that of the complete absence 
of order, is however of fundamental importance because it includes 
the immense class of liquids which contain not only molecules of 
every kind but ions and metal atoms as well. The diffraction patterns 
of these varied degrees of disorder can, however, be very definitely 
characterised, as laid down in principle by HERRMANN, who showed the 


9» K. HERRMANN und A. H. KrummacHer, Röntgenuntersuchungen an kri- 
stallinischen Flüssigkeiten IV. Z. Kristallogr. 81 (1932) 317—332. 
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kind of pattern which would be expected from every kind of molecular 
aggregate order. As the kind of order descends from the completely 
erystalline, we find a successive replacement of sharp diffraction 
maxima or points in reeiprocal space by linear streaks, by extended 
surfaces and finally by extended volumes. 

The one-dimensional orders correspond to the innumerable fibre 
and polymer structures, the two-dimensional orders are rarer but 
occur in a great number of fatty substances, so-called smectic liquid 
crystals, and a great number of even more complex intermediate 
arrangements have actually been detected, particularly very interest- 
ing helical arrangements oceurring in cholesteric liquid erystals and 
also in natural and artificial polymers!®. As it happened, however, it 
was not the logical following up of the Herrmann conception of 
intermediate states that first led to the understanding of helical 
polymer structures. That this was so is largely the fault of the erystallo- 
sraphers themselves who were too wedded to the idea that the trans- 
lation and rotation groups of erystallography were absolute laws of 
nature for solid substances and that any modifications of them must 
be due to imperfections and consequently could have no laws of 
their own. 

This deadlock was broken not so much theoretically as practically 
in the study of fibres, in the first place of natural fibres such as proteins. 
It was, indeed, in the course of the development of a model for the 
«polypeptide chain of hair and muscle described by Astsury in 19424 
that led to the first breakthrough from erystallography, releasing the 
limitation on the nature of rotational translation symmetry operations 
by introdueing the idea of irrational screw. This can clearly not apply 
to a fully three-dimensionally ordered body but to a three-dimensional 
body extended in an orderly way in one dimension, in other words, to 
a helix. We owe this conception to the genius of PAULING; previously 
the idea that a polypeptide chain might be in a helical form had been 
mooted but it had always been considered that it had to possess a 
erystallographically admissible screw axis with a multiplieity of two, 
three, four, or six. But PAULING rejected these limitations. Using the 
very precise x-ray measurements that CorEyY had made of the con- 


10 C. RoBınson, J. C. Warp and R. B. BEEVERS, Configurations and inter- 
actions of macromolecules and liquid erystals. Disc. Faraday Soc. 25 (1958) 29. 

ıı W.T. AsrBury, X-rays and the stoicheiometry of the proteins, with 
special reference to the structure of the keratin-myosin group. J. Chem. Soc. 
1942, 337—347. 
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stituent amino acids, he found that a helical model with interior 
hydrogen-bonded links could be made most simply with a helix of 3.6 
units per turn, actually an irrational number, giving rise to the 
celebrated «-protein helix!?. Primarily a structural concept, it soon 
found its expression in diffraction theory where COCHRAN 3 and others 
developed the expressions for the general transform in reciprocal space 
of structures of helical order. This opened a new chapter in diffraction 
theory, finding its expression in Bessel functions rather than Fourier 
series. Once this breakthrough had been effected it was very soon 
followed up. Now that it was easy to recognise helical diffraction 
patterns the structures of many natural and artificial fibrous substances 
were seen to be of irrational helical symmetry. This extended further 
into the inorganic field with the demonstration that many fibrous 
forms of minerals such as asbestos and even metals, the so-called 
“whiskers’”, were essentially based on a helix produced by a screw 
dislocation. 

Two classes of helical polymer molecules could now be seen to 
exist, the extended and the coiled. Which was stable under given 
conditions—and some polymers could exist in both—was a function of 
the relative strength of the mutual attractions of different parts of the 
same polymer molecule on the one hand and the strength of their 
attraction to different polymer molecules on the other. This is the basis 
of the classical « > ß transformation in the keratinoid proteins first 
discovered by ASTBURY in 194214, 

Later reflection showed that the helical form, far from being 
exceptional, was the normal form of all polymerie molecules. A 
molecule very much extended in one dimension will not have any 
marked torsional rigidity; it will only maintain an untwisted state if 
all its links are very rigid or if this state is supported by cross links 
with neighbouring molecules such as occurs, for instance, in crystals of 
cellulose. Even very simple polymers may show helical structure. In 
polytetrafluoroethylene (PTF), the helical form is due to the 


12 L. PauLing, R. B. Corzy and H. R. BRAnson, The structure of proteins: 
Two hydrogen-bonded helical configurations of the polypeptide chain. Proc. 
Nat. Acad. Sci. Wash. 37 (1951) 205—211. 

13 W. CocHran, F.H. C. Crıck and V. Van, The structure of synthetic 
polypeptides. I. The transform af atoms on a helix. Acta Crystallogr. 5 (1952) 
581—586. 

141 W, T. AstpurY, X-rays and the stoicheiometry of the proteins, with 
special reference to the structure of the keratin-myosin group. J. Chem. Soc. 
1942, 337—347. 
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impossibility of simple zig-zag hydrocarbon chains of polyethylene 
due to the relatively large sizes of the fluorine substituents 1 
However, the greatest triumphs of the helical hypothesis were to 
be in the biochemical field. It had long been surmised that the key 
reproductive substance deoxyribosenucleic acid had a helical structure, 
but none of the proposed models would fit the observations until 
OrIcK and Warson!® had the genius to propose a double helical 
structure in which the two chains were held together by hydrogen 
bonds between purine and pyrimidene bases. The Crick-Watson 
hypothesis has revolutionary implications in biology, providing the 
topological model for replication of identical molecules required by the 
genetieist. This proposed mechanism has since been fully confirmed by 
a number of most beautiful experiments using genetie and tracer 
methods. On the purely structural side the Crick-Watson hypothesis 
drew attention to the possibility, indeed, the probability, of the 
formation of two- and three-fold intertwined helices. These, indeed, 
allow for the maximum of mutual interaction with the minimum of 
deformation of the polymer chain. This concept of intertwined helices 
proved the key to the analysis of the structure of the most refractory 
of natural proteins, collagen, the basis of all animal connective tissue. 
This proved to be a triple helix held together by hydrogen bonds. 
However, it was not only in polymers but in the far more complex 
aggregates of protein and nucleie acid building up viruses that the 
helical hypothesis showed its value. The first of these to be studied was 
tobacco-mosaic virus which occurs in straight rod like (actually, tube 
like) particles. It was early evident from x-ray studies that this 
particle possessed internal regularity but the lack of the knowlege of 
helical transforms prevented the recognition of this until WArson!? 
proposed a helical structure that accounted in principle for the rich 
complexity of the diffraction patterns. Later FRANnKLINn and Kruc!? 
were to develop the analysis of these patterns still further and 


50,W.Bunn and R. G. Howerıs, Structures of molecules and erystals 
of fluorocarbons. Nature [London] 174 (1954) 549—551. 

16 J,. D. Watson and F.H.C. Crıck, A structure for deoxyribose nucleie 
acid. Nature [London] 171 (1953) 737—738. 

7 J.D. Watson, The structure of tobacco mosaic virus. I: X-ray evidence 
of a helical arrangement of sub-units around the longitudinal axis. Biochem. 
Biophys. Acta 13 (1954) 10—19. 

18 R. E. FRANKLIN and A. Krug, The nature of the helical groove on the 
tobaeco mosaic virus particle: X-ray diffraction studies. Biochem. Biophys. 
Acta 19 (1956) 403—416. 
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succeeded in localising a single coil of ribosenucleic acid threaded 
through a helical pineapple-like packing of protein molecules. Here 
the helical arrangement of conical protein molecules wrapped round a 
cylinder in quasi close packing would seem the means of stabilising the 
virus tube and protecting the relatively delicate ribosenucleic chain. 
The study of the tubular helical viruses led to another break- 
through in our understanding of erystallographic order by the study 
of the globular viruses. These viruses can be prepared in crystals which 
are usually of cubic or pseudocubic crystals,indicating an aggregation 
of isometric particles as also appears from elecetron microscope photo- 
graphs. The cells of these viruses are very large, of the order of several 
hundred Ä. Consequently single-erystal photographs at large angles 
show what is essentially the transform of the molecule superposed on 
the fine mesh of that of the cell. This enabled CAspArR!? to notice the 
existence of concentrations of scattering in reciprocal space, the so- 
called “spikes’’ which could not be fitted into any erystallographic 
class but could be accounted for in terms of the noncrystallographic 
class 5,3,2 of the regular dodecahedron or icosahedron. A shell of this 
symmetry can be accommodated to a regular crystallographic lattice 
of lower symmetry by making use only of the limited symmetry 
elements 3,2 which is common to the 5,3,2 form. A further generali- 
sation by Crıck showed that the noncrystallographic five-fold sym- 
metry is likely to be used whenever economic covering of quasi- 
spherical surface has to be attempted with small particles. Already a 
great number of very beautiful structures taking as many as 120 mole- 
cules have been both deduced by x-ray diffraction?® and verified by 
direct electron-microscopie photographs which have shown even larger 
icosahedral structures. Nature has here brought out in a most beautiful 
way already, revealed in the form of flowers and starfish, the fun- 
damental difference between the three first Platonie solids, tetra- 


19 D.L. D. Caspar, Structure of bushy stunt virus. Nature [London] 177 
(1956) 475—476. 

204) A.Kıuc, J. T. FıncH and R. E. FRANnKLIn, The structure of turnip 
yellow mosaie virus: X-ray diffraction studies. Biochem. Biophys. Acta 25 
(1957) 242—252. 

J. T. Fınch and A. Kıug, The structure of poliomyelitis virus. Nature 
[London] 183 (1959) 709—714. 

20h) R.C. Wırzıams and K.M. SmıtH, The polyhedral form of the tipula 
iridescent virus. Biochem. Biophys. Acta 28 (1958) 464—469. 

R. W. Horne et al., The icosahedral form of an adenovirus. J. Mol. Biol. 


1 (1959) 84-86. 
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hedron, cube and octahedron and the fourth, the icosahedron. This 
difference, which would have delighted PYTHAGORAS, is that the 
former can have their bodies made from the regular piling of spheres 
and are consequently erystallographie forms, whereas in the latter 
only the faces can be so derived and it is in consequence noncrystallo- 
graphic. The extension of the conception of order to include helical 
and icosahedral pentagonal symmetry operation, has shown that it goes 
much further than the rigid limits imposed by the three-dimensional 
translation groups. It is possible to go further still and examine by the 
same methods other, and even less-erystallographic, degrees of order. 

The fundamental question, however, is what are the relations of 
order to disorder in systems such as solids and liquids, both of which 
must have a fairly dense packing of molecules? The disorder of a gas 
with its independent molecules is of an entirely different physical 
nature. What determines whether the equilibrium state of a substance 
at any given temperature should be one characterised by long-range 
order or by very limited short-range order, shown respectively in 
diffraction by a reciprocal lattice with sharp points and a diffuse 
spherical arrangement of intensity in reciprocal space? The first 
interpretations of the x-ray patterns of liquids given by Prıns stressed 
the analogy between liquids and cerystals by the coincidence of the 
maxima of liquid diffraction with the main peaks of crystal dif- 
fraction. I followed up this idea twenty-five years ago by evolving a 
theory of liquids based on such quasi-erystallinity. More recently I 
have reconsidered the question and concluded that such a hypothesis 
is not necessary and that the order of molecular arrangement of a 
liquid is much simpler and of a different character altogether *. 

I think that it is possible, even at this early stage, to indicate the 
general lines of a solution, although it is very far from a numerical, 
and still further from a rigid mathematical, demonstration. The 
fundamental thermodynamic features of the transition from order to 
disorder are, in principle, already apparent in the order-disorder 
studies in lattices; only in the more extreme case of solid and liquid 
transformation, the local geometrical arrangement and not merely the 
occupancy of certain sites is the basis of the disorder. In principle the 
disordered structure has a much larger number of possible con- 
figurations and is therefore the stable form where temperature makes 
the entropy term of more importance than the energy term. We may 


”ı J.D. BERNAL, A geometrical approach to the structure of liquids. 
Nature [London] 183 (1959) 141—147. 
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consider the erystalline form as simply one possibility of arrangement 
of the atoms or molecules, whereas the corresponding liquid has 
almost infinite variety of arrangements. These arrangements, however, 
are not completely free from restrietions. The first and most fun- 
damental of these is that on the volume occupied. The fact that most 
solids have a density only slightly greater than the corresponding 
liquid shows that the mutual relations of the atoms, ions or molecules 
cannot be different to any large extent in the first coordination zone. 
Now we already know from the existence of polymorphic states of 
erystals that there are very little differences in enersy, for instance 
between the face-centred and the body-centred forms of iron, that the 
energies associated with different first coordination zones are not very 
different from each other; indeed, this follows from any calculation 
based on a mutual potential-energy curve. 

Now it is very easy to see that the so-called regular coordinations 
corresponding to cubic face-centred, cubic body-centred and hexagonal 
elose packed, are by no means the only or even the lowest energy 
states of the coordinations of a number of atoms round an identical 
atom. In fact the lowest energy arrangement, for most laws of force, 
is that of twelve equally spaced spheres around a sphere, namely that 
of the geometrical figure the icosahedron. The icosahedron, however, 
has been neglected by crystallographers very largely because they 
have considered that it could not be fitted into a erystalline lattice. 
Now the cerystalline lattice is a matter of convenience for crystallo- 
graphers, it is not a law of nature. If we examine the possibilities of 
the packing of more than one layer of spheres closely around each 
other, we find however that the arrangement of the icosahedron eannot 
fill space, but a slight modification of it can be made to do so. Studies, 
some of which are repetitions of those carried out many years ago, 
indeed as much as 250 years ago?, show that a slight modification of 
icosahedra, that is a set of polyhedra with 12 and 14 faces can be made 
to fill space completely. Very recently a purely mathematical proof of 
this has been deduced by COXETER? showing that the average number 
of neighbours of points densely packed in space is given by the formula 


r-2 4 313 
equivalent to 13.56. 


22 S. HALEs, Vegetable staticks, London, 1727. 
2° H. S. M. CoxETER, Close packing and froth. Illinois Journal Math. 2 
(1958) no. 4B, Miller Memorial Issue. 
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My own studies with wire models and the packing of plastieine 
polyhedra in a pressure vessel indicated the figure of 13.6. More 
recently still I have been able to construct a very large number of 
these models, not physically but mathematically, by means of the 
Mercury computor machine at London University. What I have done 
effectively is to set up the elosest-packed arrangement with complete 
irregularity of rigid spheres. Now it is proved possible to arrange 
groups of such spheres, 50 at a time, quite irregularly in space, in such 
a way that they occupy 10.3°/, more space than the corresponding 
arrangement in close packing. What is more this arrangement can be 
extended indefinitely. There are, however, not just one, but an almost 
infinite series of such arrangements of lesser and lesser density down 
to the density which corresponds to the critical density, about one 
third of the melting-point density. It would appear that the actual 
moleeular structure of a liquid is far more a function of its density 
than of its temperature of pressure. SrEwART showed long ago that 
both above and below the critical point the x-ray diffraction of a 
liquid was apparently identical at constant volume. The lower limit 
at the critical point corresponds to an arrangement in which the 
molecules are on the average only three coordinated, that is, they can 
just maintain coherence. 

What I have been studying first, however, is the upper limit of 
this density, what we may call a densest irregular packing. A conclusion 
which I had put forward many years ago, but which I then could not 
prove, is now, I think, fairly evident: that for spherical arrangements 
of quasi incompressible moleceules there exists no state intermediate 
between densest irregular packing and one of the cerystalline forms, 
body-centred, face-centred or hexagonal close packing. Now it is 
possible to show that owing to the prevalence of five-fold surface 
coordination in the first coordination sphere of these irregular ar- 
rangements, they represent a type as distinct and unconvertable 
without energy change into the regular crystalline pattern as one 
regular pattern does to another. This is the basis for the absolute phase 
distinetion between a liquid and a solid. It fits with the empirical 
thermodynamie observation that the melting entropy of a solid 
increases steadily along the melting curve and therefore there is no 
indication that a critical point can be found between them, that is, it 
is impossible to compress a liquid and turn it continuously without 
change of phase into a solid. From this idealised rigid-sphere model it 
is possible to calculate radial distribution functions, and from them 
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structure factors which are, to a first approximation, those actually 
given in the x-ray scattering of nonatomie liquids. 

However, I fully realise that this is only & first approximation 
which depends on making use only of the repulsive terms in the 
mutual-energy function and paying no attention to the attractive 
ones, other than diminishing the value of the energy to a minimum. 
I hope later on that calculations by some kind of steepest-descent 
method may enable me to pass from the rigid-sphere model to the 
corresponding model of minimum energy, that is, to a logically 
justifiable model of an irregularly ordered liquid. Here it will also 
probably be necessary to combine a more profound study of the 
diffraction effects of liquids, generally at different temperatures, with 
such a theory in order to do what cannot be done at present, derive the 
structure from the diffraction. 

It is already possible, however, to distinguish several categories of 
liquids which, though they overlap, are often sufficiently different to 
be mutually immiscible. It is possible to see where, for instance, 
metallie liquids differ from rare gas (van der Waals’ force) liquids. The 
latter have a structure more closely resembling the rigid-sphere model 
because of the rapid fall-off of the attractive terms with distance, 
which shows itself in diffraction by a narrower first peak in the dis- 
tribution function. In metallic liquids the presence of quasi free 
electrons allows a greater variation in the mutual distances of the 
positive ionie cores leading to a broader first peak. At the same time 
the relative incompressibility of the electron gas leads to a much 
smaller change of volume on melting, 2—4°/, as against 10—15°/,. 
Intermediate between these extremes are the ionie liquids or fused 
salts. Here the smaller positive ions fitting into the usually tetrahedral 
intensities between the negative ions, limit the increase in volume on 
melting. 

An altogether different category are those liquids in which there is 
a prevalence of low-coordinated directed bonds. The classical case is 
that of water, which, I managed to show much earlier*?, preserves to a 
degree diminishing with the temperature its hydrogen bonded charater. 
This is shown by its anomalous thermal expansion and by the dimi- 
nution ofthe volume ofthe open structure of ice on melting. It is also 
shown by a distinctive diffraction pattern with a double first peak. 


21 J, D. Bernau and R. H. FowrLer, A theory of water and ionie solution, 
with particular reference to hydrogen and hydroxyl ions. J. Chem. Physies 1 
(1933) 515—548. 
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In such liquids we are most likely to find the occurrence of glasses 
instead of crystals on cooling. Here the solid has a diffraction pattern 
of a liquid type indicating a kind of order strietly limited to the near 
neishbours. It is the small energy differences that can exist between 
alternative structures that ensures the persistence of glasses at low 
temperatures. 

All types of liquid so far treated are those composed of quasi 
spherical atoms or molecules; with liquids of increasingly aniso- 
dimensional molecules there will, however, be a move from the totally 
disordered state to the intermediate partially ordered state of liquid 
erystals already mentioned. 

To complete the picture of the relations between diffraction and 
disorder, it is only necessary to include gases at low pressures which, 
for all practical purposes, scatter independently without any phase 
coherence. Here the information derived from diffraction is limited to 
the internal structure of the molecules or atoms of which the gas is 
composed. Indeed, the analysis of gases by the diffraction of x-rays or 
electrons has furnished valuable information of the molecular structure 
and of the electronic distribution in atoms, supplemented as it has 
been by information derived from crystal diffraction. 


This broad survey of the field of diffraction studies of material 
systems of differing internal order will have served its purpose if it 
shows the immense fecundity of the original idea of von Laue’s, of 
the diffraction of radiation by a three-dimensional lattice. From that 
one idea it has been possible in these last forty-seven years to extend 
and generalise the idea of order to cover the whole spectrum between 
the most perfect crystal and a gas and to learn something about the 
structure of every intermediate state from its characteristic dif- 
fraction pattern. We are now not limited to x-rays but can turn to any 
partiele-wave radiation—electrons, neutrons, protons—provided the 
resolution of structure we want is of the same order as the wave- 
length. In principle all this is opties, but this great range of generalisa- 
tion was made possible in the first place by the work of one man, Max 
von LAUTE. 
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Auszug 


Ein allgemeiner Ausdruck für die Kerne integraler Transformationen in 
Hermitschen Funktionen wird gegeben. Dieser Ausdruck leitet zu Mengen von 
Funktionenräumen, die zwischen irgend einem gegebenen Funktionenraum und 
seinem Fouriertransformationenraum liegen. Die, schon von WIENER und 
ConDon gegebenen, Kerne werden im Rahmen dieses Ausdruckes erhalten. 
Unter Benutzung desselben Ausdruckes wird eine neue Reihe von Kernen als 
„generalisierte Funktionen‘ definiert. Das Problem der Erweiterung zu zwei 
und drei Dimensionen wird betrachtet und das geometrische Fachwerk für 
solche Transformationen wird besprochen. 


Abstraet 


A general expression is given in terms of Hermite functions for the kernels 
of integral transforms. This leads to sets of function spaces lying between any 
given function space and its Fourier-transform space in one dimension. The 
kernels already given by WIENER and CoNnDoNn are obtained in terms of this 
general expression. Using the same expression a new set of kernels is defined as 
a set of generalized functions. The problem of extension to two and three 
dimensions is considered and the problem of geometrical frameworks for such 
transforms is commented on. 


Dedication 

It is not inappropriate to dedicate a paper on the transformation 
between crystal space and reciprocal space to MAx voN LAUE on the 
occasion of his 80th birthday since it was the author’s reading of von 
Laue®’s classical paper on the effect of particle size on x-ray diffraction 
that founded a life-long interest in the function-space interpretation 
of x-ray diffraction. This dedication is written with deep gratitude for 
the inspiration, both scientific and personal, which has come from a 
friendship of more than thirty years with Max von LaAvr. 


Function spaces between crystal space and Fourier-transform space 23 


Introduetion 

This paper is concerned with the continuous sequences of trans- 
forms which can be set up between function space and Fourier- 
transform space. Crystallographice interest in such matters arose 
several years ago in connection with discussions of the phase problem 
when it was recognized that most phase-determining properties such 
as positivity, atomicity, resolution, etc. are properties of crystal space 
while the Fourier coefficients whose phases are to be determined 
are defined in reciprocal space, i.e. Fourier-transform space. It was 
suggested that a function space between crystal space and reciprocal 
space might be found which would perhaps be simply related both to 
erystal and to reciprocal space. Although this end has not been 
achieved, some progress has been made in understanding the mathe- 
matical techniques which permit the expression of such continuous 
sequences of transforms. 

In 1927 H.Wryu! suggested the relationship between the Fourier 
theory and the expansion of a function in a series of Hermite functions. 
His remarks led N. WIENER? in 1929 to a closed form for a fractional 
Fourier-transform. Without knowledge of the earlier work E. U. Con- 
Dox®in 1937 rediscovered WIENER’s result. Again without knowledge 
of earlier work the very same result was independently rediscovered 
by Peter G. Beremann? and the writer? in 1953. As will be indicated 
below the result which was so frequently rediscovered had distinet 
disadvantages from a physical point of view. The present argument 
leads to an indication of the large number of solutions to the problem 
which are available and points out one solution which seems physically 
more reasonable than the Wiener solution though it is closely related 
to it. 

The present discussion is confined to the one-dimensional Fourier- 
transform although some mention is made of the possible methods of 
extension to two and three dimensions and the geometrical framework 
necessary for such an extension. 

ı H. Weyt, Quantenmechanik und Gruppentheorie. Z. Physik 46 (1927) 
1—47. 

2 N. Wiener, Hermitian polynomials and Fourier analysis. J. Math. Physics 
Mass. Inst. Tech. 8 (1929) 70—73. 

3 E. U. Cowpon, Immersion of the Fourier-transform in a continuous group 
of funetional transformations. Proc. Nat. Acad. Sei. 23 (1937) 158—164. 

4 P. &. BERGMANN, personal communication (1953). 

5 A preliminary report was given at the Ann Arbor Meeting of the American 
Crystallographie Association, June 1953. 
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Partial transforms 
A function f(x) and its Fourier-transform F(u) are related by the 
expression ® 


F(u) = [ fx) exp (2r iur) da (1) 
and its inverse 
— / F(u) exp (— 2r iux) du. (2) 
If we write (1) as the operational expression 
F(u) = {f(@)} (3) 
it is clear that (2) can be written as 
Ka) = {F(u)} (4) 


and we have the well known result that the operation 7 generates a 
group of order four. 

If now we face the problem of imbedding the Fourier-transform in 
a continouus group as did WIENER? and Conpon? we consider a 
function n(£) in a space & somehow intermediate between the original 
function space x and the transform space u. We are then led to the 
consideration of two kernels p and q defined as follows 


— / fx) p(&, ©) de (5a) 
and 

—= [nle)aw de. (5b) 
The inverse kernels p-! and EN must then satisfy 

= ned (6a) 
and 

= [ F(u) g”!(£, u) du. (6b) 


If the kernels p and g are to a to a continuous group they must 
obey equations of the following type, i. e. 

N P(&1, d) Pa(&, v) dv = Pie(&i; 82) - (7) 
As formal consequences of (1), (2), (5), (6), and (7) the kernels and their 


inverses must satisfy the conditions: 


il p(E, x) q(u, E) dE = exp(2r iur) (8a) 
and 


[ P“x, &) g!(E, u) dE = exp(—2x iur) ; (8b) 


° In this paper all integration limits are — 00 to 00 and are omitted for 
convenience. 
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and also 
f pi&, ©) Py, &) = 6 (xy) (98) 
and [alu &) gUE, v) = 6 (u) (9b) 


where ö is the Dirac delta function. 


Expansion in Hermite funetions 


It is well known that the Hermite functions Pm(V 2x) defined 
in (A 1) of the appendix to this paper are characteristic functions of 
the Fourier integral equation?-? 


9 (x) = u [p(u) exp(+ 27 iuw) du (10) 
with the corresponding characteristie values u = (+ ti)”. The kernels 
exp (+ 2riux) can then be expanded in the form 


[9,0] 


exp (+ 2riur)= FE (+i)" 9,(V2ru)9„(V2rx) (11) 


m=0 


while the delta-function has the expansion 


elun)— 2 9, (Vemn)gnlVaro). (12) 
m=0 


Since the functions o,, form a complete set of orthonormal functions, 
any function of two variables and in particular the kernels 9, g, etc., can 
be expanded as a double series of products of Hermite functions i.e., 


Pe = EL Pa PnlV2r a) 9m (V2rY) (13) 
in which u Bu 
Pam = SS plz, Y) 9m (V 2 ©) p(V2r y) dedy . (14) 


In terms of the coefficients of series expansions of the type of (13) 
the relationships implied by (8) become 


PINS O,m An; =’, men (15a) 
r=0 

and >00 din =0,m#n, = a), UN ML (15b) 
r=0 


?” R. CourANnT und D. HiLBeErT, Methoden der mathematischen Physik I, 
Berlin, J. Springer (1931). 

8 N. WIENER, The Fourier integral and certain of its applications. Cambridge 
at the University Press (1933). 

9 International tables for x-ray erystallography II 2. 51. Birmingham, The 
Kynoch Press (1959). 


26 A. L. PATTERSON 


while those implied by (9) become 


[0,0] 


a DE Zn;= l,m=n (16a) 
r=0 
and Far m I men =lh,m en. (16b) 
t=0 


For no reason other than expediency it will be assumed in the 
remaining caleulations that the series for p and qg are diagonalized, i.e. 
that Pyn = Imn = 0 for m # n. As a consequence of this assumption 
p and q will have the same characteristic functions, the Hermite 
functions, as the Fourier-transform. It must be emphasized, however, 
that there is no a priori virtue in this assumption since there are 
infinitely many orthonormal sets derivable from the Hermite functions 
which are characteristic functions of the Fourier-integral equation. 


Thus for the diagonalized kernels we have from (15) and (16) 


Dom = xp [Ür]2 + 2er) Am] (17a) 
and 


in which A is any real number and r,, is any integer. The inverse 
coefficients are the reciprocals of the above. 


The Wiener-Condon solution 


N. WıEner® has considered the series expansion 


Kia nd = antenne [a et et 


= I Om (RR) Play) (18) 
m=0 

and has shown that it converges for |t| < 1. It has essential singula- 
ritiesati = + 1. The interested reader can verify the formal result by 
use of the expansion formulae (A3) and (A4) and the general integral 
(A 6). The expansion (13) with the specialized form for the coefficients 
(17a) can now be further specialized by setting r,, = 0 in the latter 
and writing = exp: An/2anda« —= 2” in WIENER’s series (18). We 
then have the Wiener-Condon result 


pl&, ©) = [exp öAuf2]" gmtV2rE) mtl? ©) (19) 
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which the formula (18) then sums in the closed form 


_ ffA+ |sinAn/2|\% , . /1- |sinAn/2]|\$ 
pl&=)= {( 2] sin An/2] | i( 3 ]sin An2] Y} 


x exp 21 [xE/sin An/2 — 3 (2? + &2) cot An/2]. (20a) 


This result may be rewritten in the equivalent form 


_ ffi+|sinAn/2|\% , „(1 - |sinAr/2|\3 
pE2) = |( 2] sin An/2] + il 3] sin An2] Y} 
x exp2nti[$ &tanAn/2—$cotAn/2 (x —£E/cosAr/2)?]. (20b) 


The properties of this solution have been discussed in detail by WIE- 
NER? and Conpon®. For A = 1 or 3 (mod 4) the coefficient of the 
exponential is real and equal to unity while the exponent reduces to 
+ 2nıi&x and — 2ni£& x respectively (cf. 20a). For A = 0 or 2, the 
coefficient is infinite complex while the dominant term in the exponent 
(cf. 20b) is mi cot An/2(x — E/cos Arr/2)?. Thus the kernel has infinite 
amplitude and oscillates with infinite frequency except near = £ 
or x = — £.It can be shown, however, and most easily from (18) that 
the integral over one of the variables of that formula has the value 1 
fort= +1 and the value 0 in the limit = + :. Thus the Wiener- 
Condon solution does provide a solution to the problem of imbedding 
the Fourier-transform group of order 4 in a continuous group but in 
doing so it leads to a type of delta function which is not at all close to 
any physical situation. 


Solution in terms of sequences of functions 

Instead of attempting to define the kernel p(£, x) directly in a 
closed form as in (19) and (20) we shall set up a sequence of functions 

p;(E, x) depending on a parameter 8 such that 
im p5 (6%) > Pl 8). (21) 
In proceeding to the limit the parameter ß takes on a succession of 
values tending monotonically to zero. Processes of this type have long 
been in use in mathematical physies but they have only recently been 
legitimized by the work of L. Schwartz and G. Tempe. This work 
has been summarized in the monograph by M. J. Lis# HILL! where 


1° M. J. Lisutmmwt, Introduction to Fourier analysis and generalised 
functions. Cambridge, at the University Press (1958). 
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references to the original literature are given. All functions referred to 
hereafter must be considered as members of sequences such as (21). 
Functions defined in this manner are called generalized functions!®. 

We first consider the Hermite expansion of the funetion 


B(&, 2,8) = exp[— nß(a® +) + 2riEa]= FL Im (RE) An (ar) - (22) 
This function elearly tends to the Fourier kernel as tends to zero. 
When applied to (22) the expansion integral (A4) leads to an integral 
of type (A5) with constants 

A=—(n® +30); B=ni;andl=a. 


If the series (22) is to be diagonal the relation (A6) must be satisfied 
and we must have 


«= V2r(ı + gyue), (23) 
The integral (A) is then 
_ IRB BR a er 
i£ & istlV1 + B2— 2 2 
Var sn z 
and using (A4) it is easy to show that 
Emm — vi" (Y IS pt =” DB . (25) 


In analogy with the Wiener-Condon solution we obtain a continuous 
series of kernels by replacing i in (25) by exp iAr/2 and thus arrive 
at the series 


pl& ©) = (VIFB—B9E 5 (Vi Bi — Brjrexp (iAm m/j2) 
m=0 


x Pm(aE) Prn(&%) (26) 

which for simplieity we abbreviate as 
HER) LT" pulaE) Pula) (263) 
in which 9= (Y1+R— 8) (26b) 
and t=0Qexp ÜIr/2)=Qexpio. (26b’) 


We sum the series (26a) by using WIENER’s result (18) and obtain 


piE, 2) = @ballatı — Jh} exp | 8a + |. (27) 
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The correctness of our calculation is verified by noting that when 


t=iQ, the expression (27) reduces to (22) and when = — iQ) to 
the conjugate complex of (22) as it should. When = +0, (27) 
becomes 


pl&0) = (Vi+ BR IB) exp | 5 (e 4a] Vi + BY? aßat] (270) 


which in the limit is clearly a delta-funetion at &= + x as it should 
be. Thus the solution (27) behaves as a normal delta-function for 
7 = 0. or2 (mod 4) where the Wiener-Condon solution (20) does not. 

To study the behavior of (27) other than at the special points for 
which 4 is integral we rewrite it in the form 


p(&,x) = (Ü +iD)exp(R-+ I) (28) 
where 
erh). zoo. 
Rain + Bi) (: yırzzı ) pre (28a) 
and 


T- a [2 E81 + Bi—cosp(@®+ 2]. (286) 


(sin? o +ß}) 
The terms in the coefficient (O + iD) are given by 


1 


al 
2 


=. |e+ Ve+@|anan= | +y@+a (28) 
in which 
= V 1-+B* (1 — Q2 cos 29)/2 Q(sin? 9 + ß?) (28c') 
and 
e + = (1 + BY/ein®p + BN. (280) 


The behavior of R is quite straightforward. For p very small the 
coefficient of the first term is large for small ß. It provides the rapid 
fall-off characteristic of the delta-function for & = x. As p increases at 
constant ß the coefficient decreases and the maximum moves toward 
the origin in &. The function flattens into the damping function of the 
complex sinusoid at 9 = n/2. 

The function I is zero for p = 0. However, its coefficient grows 
extremely rapidly as p increases, and reaches its maximum for sin 
— ß?, i.e. at a very small value for 9. Thus although our solution 
behaves quite correctly at 9 = 0, it very quickly goes into the rapid 
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oscillations characteristic of the Wiener-Condon solution. The am- 
plitude of the oseillations is determined by the coefficient (C + iD) as 
well as by exp R. Calculation shows that D increases rapidly as 9 
increases from zero, i.e. there is a rapid phase shift which reaches a 
maximum in the neighborhood of sin 9 = P. Meanwhile the amplitude 
falls steadily from 1/ß to unity as p goes from 0 to n/2. 

Thus the kernel (28) starts as a delta function for 9=0 but 
rapidly develops violent oscillations of large amplitude near the origin 
of the delta function. These are of much higher frequency than that 
of the complex sinusoid to which the kernel tends as p goes to /2. 


Diseussion 


In the preceding section we have set up a continuous set of func- 
tions each of which is a member of a sequence defining & generalized 
function. These generalized functions provide the kernels required to 
imbed the Fourier-transform in a continuous periodie group. The 
kernels which we have defined differ from those of Wınwer? and 
ConDoNx® in their behavior at A = 0. Quite clearly, neither of these 
solutions is likely to provide the “intermediate” stage which might be 
useful in erystal-structure analysis since the rapid oscillations of 
these kernels will quickly disguise the functional properties of erystal 
space which one wishes to retain in a modified yet understandable 
form in the intermediate space. 

We have already emphasized the arbitrary steps involved in 
selecting a particular solution from the more general solutions defined 
by (15) and (16). We also note that there is a certain arbitrariness in the 
requirement that the continuous group be periodic. 

No attempt has been made to aseribe physical reality to the 
Wiener-Condon solution or to the solution which we have obtained. 
One type of physical problem which requires solution in terms of 
continuous transforms is as follows. Consider a convergent lens 
illuminated from the left by axial parallel monochromatie light. A line 
or cross grating is located to the left of the first focal plane of the lens. 
The diffraction pattern (Fourier-transform) of the grating will then be 
imaged in the second focal plane while the grating itself will be imaged 
in the image plane to the right of the second focal plane. The ampli- 
tude of light in any plane between the focal plane and the image plane 
must be expressible as a transform of the amplitude in any other such 
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plane. The kernels of such transforms must be of the type which we 
have discussed but unfortunately we have not succeeded in obtaining 
these expressions. They will certainly not form a periodie group. 


Extension to two and three dimensions 


It is easy to see that the argument of this paper can be extended 
readily to two or three dimensions. The expansion of (13) will require 
products of four or six Hermite functions and all the succeeding 
argument will be modified accordingly. While such considerations 
take care of the functional form of the continuous transforms, the 
geometrical framework necessary for the support of such functions is 
not easy to understand. If one could solve the two-dimensional problem 
of the cross grating and lens referred to above one might obtain a clue 
to the geometrical structure of the spaces between the reciprocal 
lattice of diffraction space and the base lattice of the image space. An 
analogous physical situation for the three-dimensional problem does 
not seem to exist. Some other criterion must therefore be used in 
choosing appropriate continuous transforms for this case. 

The mathematical techniques necessary to set up & continuous 
sequence of vector triples between base space and reciprocal space 
have been set up in an earlier paper!!, where the use of the matrix 
which is the square root of the metric g,; = (a,a,) is used to establish 
an orthogonal matrix intermediate between the base and reciprocal 
lattices. The use of general roots of the same matrix will provide a 
continuous sequence of lattices between these two limits. Such 
matrices do not lead to a periodie group, although it is possible to 
construct a periodic transformation of this general type. Details of 
these questions must be left to a later publication. 
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Appendix 
Hermite functions 
The Hermite functions’ p,(«x) may be defined by means of the 
generating function 


Sax, s) = exp [4 «x? — (ax s)2] = exp [— 4 a2? + 2us — 8°] 


— I N,„pn(ax)s" Rn (Al) 


in which the normalizing constant N, is given by 
N = Ya ?!'n!e. (Ala) 


From this result it is not difficult to prove that these functions are 
normal and orthogonal over the range - m <xz <»L.e. that 


[onar) gn(ax)da=0, min; =, m=n. (A2) 


In this paper we are interested in expansions of functions of two 
variables in terms of products of the Hermite functions of these 
variables i. e. we wish to consider double series of the type 


Hz, y) = EN Ann Pn(&%) Pnl&Y) - (A3) 


mnn=0 
It then follows from (A1) that the Fourier coefficients A,,, of the 
expansion are to be obtained from 


[H&, y) Sy, s) Tamt)dady= IE Anm N,s"tlmin! (AM) 


Mmn—=O 
in which 7(«y, t) is defined as in (A1). 
In the evaluation of integrals which arise from (A4) we need the 
integral 


T— [ [exp[A(a®+ yP) +2 Bay + 20(xs + yi)— (+ 1)] dedy 
— n(A? — B2)-3 exp{[2 BO®%st — (A? — B? + AC?)(s? + 1?)]] 
(zip) (A5) 
In this paper we emphasize series of the type (A3) which are 
diagonalized, i.e. for which A,,„ = 0 for m # n. For such cases the 
relation 


A—-B+AQR=0 (A 6) 


must hold between the constants of (A5) and the integral J takes on 
the special value 


I, = [r/0(— 4)%] exp (— 2Bst/A). (A7) 
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Auszug 

Aus Untersuchungen mittels Neutronenbeugung an neun Nickelkobalt 
Manganiten verschiedener Zusammensetzung wird geschlossen, daß die Nickel- 
atome sich in den Oktaeder-, die Kobaltatome in den Tetraeder-Lücken der 
Spinellstruktur befinden. Die Verbindungen erwiesen sich als sehr annähernd 
stöchiometrisch. Es wird ein Modell der Bindungen vorgeschlagen, wonach 
Nit? und im wesentlichen auch Cot? und Mnt? Ionenbindung aufweisen und 
Mn+? kovalente Bindung über dsp?- und d?sp?-Zustände eingeht; auch Co*? 
kann über nichtbesetzte dsp?- und sp°-Zustände kovalente Bindung eingehen. 
Nit?2 in Oktaeder-Lücken bedingt die gleiche Anzahl von Mnt+!-Ionen. Das 
Modell ist in Einklang sowohl mit der tetragonalen Symmetrie von (Co,Mn)- 
Mn,O, und der kubischen Symmetrie der Ni-haltigen Verbindungen, als auch 
mit den Halbleitereigenschaften dieser Oxyde. 


Abstraet 


From a neutron-diffraction study of the structures of nine manganites con- 
taining different amounts of nickel and cobalt, it is concluded that nickel atoms 
occupy octahedral sites and cobalt atoms occupy tetrahedral sites in the spinel- 
type structure. A careful study of the formation process of these compounds 
shows them to be very closely stoichiometric. A bonding model is proposed in 
which Nit? is believed to be ionically bonded, Cot? is also believed to be ionically 
bonded but may form covalent bonds via its unfilled dsp? or sp? orbitals, Mn+? 
is believed to form eovalent bonds via admixed dsp? and d?sp? orbitals, and 
Mn+? is believed to be predominately ionically bonded. The substitution of 
Nit? in octahedral sites also causes the formation of an equal number of Mn*t. 
This model is consistent with the tetragonal symmetry of (Co,Mn)Mn,O, and 
the cubie symmetry of nickel-containing compounds, as well as with the semi- 
ceonductor properties of these oxides. 


* T'he early stages of this investigation were supported by the U.S. Navy 
Bureau of Ordnance under contract with Armour Research Foundation of 
Illinois Institute of Technology. 
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Introduetion 

The cubie spinel structure, Fd3m (No.227), is adopted by a large 
number of metal oxides having the general composition AB,O,, where 
A and B may be either like-metal atoms, or two or more distinct spe- 
cies. The oxygen atoms form a cubic closest packing, and the metal 
atoms (8 A atoms and 16 B atoms per unit cell) are distributed among 
the tetrahedral sites, Sa, and octahedral sites, 16d. It is possible to 
indicate their distribution directly in the above chemical formula by 
writing for A the atoms occupying tetrahedral sites and for B the 
atoms in octahedral sites. 

It has been known for some time that transition metal oxides 
erystallizing with this structure exhibit interesting magnetic and elec- 
trie properties which depend on the metal-atom distribution and on 
the nature of the bonds that they form. An investigation of two such 
compounds, Mn(Ni, Mn.,)O, and (Co,,,Mn.,,)(Ni,Mn.,)O, was 
initiated several years ago for the purpose of elucidating the relation- 
ships between their structures and thermistor properties. The investi- 
gation consisted essentially of three parts: A study of the oxidation— 
reduction process during erystal growth; an x-ray and neutron diffrae- 
tion determination of the metal-atom distribution; and a determination 
of the electrie properties. The first two parts of this investigation are 
described below; a discussion of the electric properties will be pulished 
elsewhere. 


Crystal growth 

All the samples used in this investigation were polycrystalline 
aggregates formed in the following way. The individual metals, usually 
as carbonates, were ground and intimately mixed in a ball mill. Sub- 
sequently, the mixtures were heated to 1000 °C in order to convert 
them to oxides. These oxides were again ball-milled and fashioned into 
suitable shapes by compression or by mixing with an organic binder. 
Each sample was then heated at 900°C for sixteen hours, sintered at 
1250 °C for three minutes, and annealed in air for one hour at 850°C. 
It was found that this heat treatment had to be followed very closely 
or else the respective oxides would exsolve. All samples were analyzed 
by both wet-chemical and spectroscopic methods and found to be 
stoichiometric and to contain impurities in trace amounts only. 

The stringent requirements of this somewhat unusual heat treat- 
ment suggested that it may give a clue to the physical nature of the 
final compounds. Consequently, a sample of each composition studied 
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was examined by x-ray diffraetion following each step in this treat- 
ment. Similar results were obtained for both samples and are summa- 
rized in Fig.1 for (Mn. ,‚Co.,)\(Ni,,Mn.,)O,. As can be seen in this 
figure, the two top diagrams contain a larger number of lines than the 


I 
16 hours, 900°C 
Air quench 
| | ı || er 
N 
16 hours, 900°C 
3 mın., 1250°C 
Air quench 
I 


16 hours, 900°C 
3 min., 1250°C 
1 hour, 850°C 
Air quench 


(1) (220)(311)(400) (422/640) (642) “ 
(222) (31 A (333) 
(333) 


Fig.1. Powder diagrams of (Mnı/,Co:,,)(Niry,Mns,,)O, following each step in the 

heat treatment. The diagram at the bottom corresponds to the eubie spinel 

structure, whereas the two upper diagrams correspond to mixtures of several 
different oxides 


bottom one, which is the eubie spinel diagram. The additional lines 
correspond to the oxides NiO, (CoO?), Co,0,, y-Mn,;O,, (Mn,0,?), 
although line overlap prevents a quantitative analysis. It is deduced 
from Fig. 1, and the oxidation study described below, that the prelimi- 
nary heating at 900°C chiefly serves to homogenize the mixture, the 
sintering at 1250°C binds the powder into a solid aggregate, and the 
final anneal oxidizes the material until the sample is stoichiometrically 


3*+ 
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homogeneous. It is interesting to note here that omitting the initial 
heating at 900 °C also destroys the stoichiometry of the final material. 

In order to better establish the role of oxygen in the compound 
formation, several samples were heated in an oxygen atmosphere and 
any changes in the oxygen pressure were noted. It was found that the 
sample absorbed oxygen during the initial heating but that it lost 
oxygen during the sintering and reabsorbed it during the final anneal. 
Due to the small amount of material used, the oxygen pressures could 


Fig.2. Electron micrographs of two flakes of (Mnı,Co:,)(Niy,Mns,,)O, which 
have been heat treated in the same way except that (A) was annealed in a 
helium atmosphere. (B) was annealed in air 


not be measured with sufficient accuracy, however, to permit quanti- 
tative interpretation. The last stage was further examined by annealing 
similarly treated samples in a helium atmosphere, in an oxygen 
atmosphere, and in air. Annealing in helium prevented the sample 
from becoming stoichiometrie and inhibited grain growth. On the other 
hand, annealing in oxygen or in air gave identical results, as attested 
to by the fact that the activation energy for electrical conductivity 
was the same for both types of samples. Examination of the final 
samples in an electron microscope showed that the sample annealed in 
helium had not completely recerystallized (Fig.2 A), whereas the sample 
annealed in air had (Fig.2B). 
Metal atom distributions 

The x-ray scattering powers of Co, Ni and Mn are too similar to be 
distinguished in x-ray diffraction studies; their neutron scattering 
factors, however, are 0.28, 1.03 and — 0.37 respectively. Consequently, 
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the erystal structures were determined by using neutron-diffraetion 
intensities. In addition to the two compounds under investigation, 
seven other compounds were synthesized and examined. Some of 
these crystallized with a tetragonally distorted spinel structure, the 
hausmannite Mn,O, structure which, when referred to a face-centered 
unit cell, has a c/a ratio of 1.16. In each case, the oxygen-atom positions 
in the unit cell were determined first, followed by a determination of 
the metal-atom distributions. The results are summarized in Table 1, 


Table 1. Diffraction data for Ni-Co-Mn oxides having spinel-type structure 


Structural formula | Symmetry c/a@ ae 
| employed. 
Mn(Ni1,Mns,,)O, eubic 1.00 x-rays 
Mn(NiMn)O, |  eubie 1.00 neutrons 
Mn(Ni, Mnı,)O, eubie 1.00 neutrons 
(Co1,Mnı,)Mn,0, tetragonal | 1215 x-TayS 
CoMn;O, | tetragonal | 1.13 | neutrons 
(Cs, Mnı,,)(Ni, Mn.) )O, tetragonal | at x-TayS 
(Co1,Mnı;,)(Ni1,Mns,,)O; | eubie | 1.00 | neutrons 
(Co1,Mnı,)(NiMn)O, ceubie 1.00 xX-TayS 
Co(Ni1,Mn;,,)O, | eubie 1.00 x-rayS 


in which the metal-atom distributions are shown in the structural 
formulas. In all cases examined, it was found that nickel atoms occupy 
the octahedral sites and cobalt atoms occupy the tetrahedral sites. No 
ordering among the cations present in either site was observed. Note 
that, when less than 25 per cent of the octahedral sites are occupied by 
nickel atoms, the structure becomes tetragonally distorted. Also note 
that in the absence of Ni the c/a ratio decreases as the number of cobalt 
atoms occupying tetrahedral sites increases. 


Possible bond types 
Although it is not possible to determine the distribution of valence 
electrons in these compounds directly, from either x-ray or neutron 
diffraetion intensities, it is possible to deduce certain likely models by 
considering the possible electronie configurations of the cations and 
the effect that they have on the crystal structures of a number of 
related compounds. The early work of ps BoEr and VERwEY! has 


ı J.H. pe Borr and E. J. W. Verweyv, Semi-conductors with partially and 
completely filled 3d-lattice bands. Proc. Physie. Soc. [London] A 49 (1937) 
59—73. 
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subsequently been modified and extended by RoMEIJN?. He concludes 
from the cation arrangement in ZnMn,O, that the cation distribution 
in the isostructural Mn,O, is Mn+?(Mn+#)O,, and that the tetragonality 
of both compounds is due to the ordering of Mnt? and Mn+? ions 
among the octahedral sites. As further evidence, he cites the solid 
solution ZnMn,0,—ZnFe,O,, in which the c/a ratio decreases with 
increasing iron content until, at or above 44°/, ZnFe,O,, the solid solu- 
tions become cubic. He believes that the extra energy needed to ionize 
manganese to plus four is compensated for by a decrease in the struc- 
tural energy due to the ordering of the two kinds of manganese ions. 
In a private communication to this author, ROMEIJN further suggested 
that the introduction of divalent nickel in the octahedral sites should 
destroy the ordering of the cations and, hence, result in cubic sym- 
metry. On the basis of this model it can be concluded, therefore, that 
the substitution of Co*? for Mn*?in tetrahedral sites should not affect the 
tetragonality,andthe cations presentare all divalent except for manga- 
nese which is also tetravalent. Thismodelhastwoshorteomings, however; 
it does not explain why the c/a ratio should depend on the amount 
of cobalt ions in tetrahedral sites (Table 1), and how the extra ionization 
energy is compensated in the compounds having cubic symmetry. 

A somewhat different approach was used by GOODENOUGH and 
LorB? who considered the electronic configurations of different 
valency cations and concluded that some of them tend to form elec- 
tron-pair bonds in the oxides. In their Table 2, they conclude that the 
following electronie configurations are most likely for cobalt, nickel, 
and manganese: Cobalt has a weak tendency to form tetrahedral sp3 
orbitals, nickel has a moderate tendency to form square dsp® orbitals, 
and manganese has a moderate tendency to form tetrahedral sp? orbi- 
tals (Mn*?), a strong tendency to form square dsp? orbitals (Mn#3), 
and a moderate tendency to form octahedral d?sp? orbitals (Mn+#). 
Based on the paramagnetism of Mn,O,, above 72°K, they conclude 
that the cation distribution in hausmannite is Mn+?(Mnt3),O, and that 
the tetragonal distortion is due to a cooperative parallel orientation of 
the foreshortened squares in which the dsp? orbitals lie. They further 
conclude that, for the tetragonal distortion to occur, at least 25 per cent 


° F.C. Romeısn, Physical and erystallographie properties of some spinels. 
Philips Res. Rep. 8 (1953) 304-321. 

® J. B. GOODENOUGH and A.L. LoEB, Theory of ionie ordering, erystal 
distortion, and magnetic exchange dus to covalent forces in spinels. Physic. 
Rev. 98 (1955) 391—408. 


Formation, structure, and bonding of Ni-Co—Mn oxides 39 


of the oetahedral cations must form square bonds and that the tetra- 
gonality decreases as the bonding of the tetrahedral ions becomes more 
covalent. The proposed bonding model for Mn,O, has recently received 
some support from a neutron diffraction study conducted by Kaspkrt, 
who found that the “magnetic intensities” agreed with a model based 
on the formulation (Mn+?) (Mn+?Mn+3)O,. It should be noted, however, 
that above the ferrimagnetic transition point, 43°K, KASPER found 
that the four nearest-neighbor oxygens coordinating octahedral man- 
ganese ions deviated from a square arrangement. Note that this model 
does not explain why nickel, which is also supposed to prefer to form 
square dsp? orbitals, should destroy the tetragonal symmetry when it 
replaces the octahedral manganese atoms. 

Before proceeding with a discussion of the bonding deemed to be 
most likely for the compounds in Table 1, some results of related 
observations made by others should be considered. SisHA and SıyHa5 
concluded from their study of Mn,O, and the isostructural y-Mn,O, 
that the tetragonal distortion was consistent with the GOoODENOUGH 
and LoEB? model, except that they believe it is aided rather than 
minimized by covalent bond formation in the tetrahedral sites. They 
further suggest that tetrahedral manganese atoms form d2sp irregular 
tetrahedral orbitals. In support of this, they cite CdMn,0, (c/a — 1.20) 
in which they assume that Cd forms irregular tetrahedral spd? orbitals. 
In a subsequent paper, SinHA and his coworkers® conclude from x-ray 
diffraetion studies that cobalt substitutes for both tetrahedral and 
octahedral manganese atoms, to an unreported extent, without 
destroying the tetragonal symmetry. They further report that cubie 
CuMn,0, has the probable ionie distribution Cu+(Mn+?Mn+#)O, and 
that the cubie symmetry of Mn (NiMn)O, can be explained by either 
octahedral d?sp? orbitals formed by Ni or by randomly oriented square 
dsp” orbitals formed by Nit? and Mn*®, or by arandom cation arrange- 
ment in Mn*?(Nit?Mn+#O,. This last model is also proposed by 
BALTZER and WHITE’ to explain their magnetic moment measurements 


4.J.S. Kasper, Magnetic structure of hausmannite, Mn,O,. Bull. Amer. 
Physic. Soc. [2] 4 (1959) 178. 

5K.P.SmHaA and A.P.B. SınHA, Vacancey distribution and bonding in 
some oxides of spinel structure. J. Physic. Chem. 61 (1957) 758— 761. 

6 A.P.B. SInHA, N.N. SAnJAanA and A.B. BıiswAs, On the structure of 
some manganites. Acta COrystallogr. 10 (1957) 439—440. 

? Puıtıp K. BALTZER and JOHN G. WHITE, Crystallographic and magnetic 
studies of the system (NiFe,0,), „+ (NiMn,;O,),:. J. Appl. Physics 29 (1958) 
445—447. 
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ments. Making use of the anomalous scattering of manganese for Fek« 
radiation, they conclude that, at first, manganese progressively repla- 
ces iron in octahedral sites until these are fully occupied by Ni and 
Mn, and then proceeds to fill the tetrahedral sites. It should be noted 
that the x-ray dispersion effect, on which they base their conclusions, 
is fairly small so that the accuraey with which the manganese atoms 
can be distinguished from nickel atoms is not very good. By compari- 
son, it is unlikely that SınHa et al.®, who used MoK« radiation, were 
able to deduce more than the unit cell constants from their powder 
photographs. 

Romeısw? and, independently, GREENWALD, PICKART, and GRAN- 
vıs® found in their study of Co, Ni, and Mn aluminates that Col 
occupies predominately tetrahedral sites, Nit? prefers octahedral sites 
but also occupies tetrahedral sites to a limited extent, and Mnt? has a 
preference for tetrahedral sites but also occupies octahedral sites. 


Bonding model 

The above discussion of possible bond types believed to exist in 
manganites suggests, first of all, that a quantitatively accurate model 
of the bonding is not possible until the full effect that the erystalline 
field has on it can be taken into account explieitly. (So far, only 
Madelung-type forces? and coordination effects? have been con- 
sidered.) It is also clear that the bonding of an ion occupying similar 
sites in two different structures need not be the same. In fact, because 
the compounds examined in this investigation are electronic semicon- 
ductors, it appears that a completely different approach to bonding, 
possibly like the semiconducting bond model of MooSER and PEARSON?, 
is probably more suitable. Although postulated primarily to explain 
the bonding in intermetallie compounds, the principles underlying the 
semiconducting bond model can be applied to oxides as well®. These 
are (1) that the s and p orbitals tend to be filled in as many atoms as 
possible and (2) that the bonds tend to form continuous three-dimen- 
sional networks in the crystal. 

The model proposed to explain bonding in the oxides investigated 
incorporates some of the principal features of the GOODENOUGH and 
Lore model?, namely, that the electrons participating in covalent 


8 SELMA GREENWALD, STANLEY J. PICKART and FREDERICK H. GRANNIS, 
Cation distribution and g factors of certain spinels containing Nitt, Co*t, 
Alt+++, Gattt, and Fet++. J. Chem. Physies 22 (1954) 1597—1600. 

9° EB. Mooser and W.B. PEARSoN, Chemical bond in semiconductors. 
Physic. Rev. 101 (1956) 1608—1609. 
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bond formation, in predominantly ionie oxides, come from the filled 
outer shells of the oxygen ions. Whenever a cation has an unfilled 
orbital that overlaps with the filled 2p orbital of oxygen, the two p 
electrons spend part of their time in the empty cation orbital. It is 
well known that, in erystals, the perturbation of neighboring atoms on 
each other requires that erystal orbitals rather than individual atomic 
orbital be considered. It turns out that the relative energies of cation 
d-s-p orbitals are very nearly the same so that they can be thought of 
as extensions of a single bonding state. Overlap between a completely 
empty cation orbital and a full oxygen orbital would then give a stable 
condition for covalence so that the ground state of the crystal is a 
mixture of the two states and has a lower energy than either state 
alone. Such a model has been successfully applied by GOODENOUGH 
to explain the structures and magnetic behaviour of some transition 
metal oxides having the spinel and perovskite structures!?, 

For Mn,O,, this model prediets that the structural formula is 
Mn+?(Mn+3Mn+3)O, and the Mnt? atoms form square dsp? bonds in 
octahedral sites. The tetragonal distortion of this structure, similarly 
to the case of Zn*?(Mn+?Mnt?)O,, is then due to a cooperative align- 
ment of the bonding planes. From ZnFe,0,—ZnMn,;O, solid solutions, 
it appears that at least 56 per cent of the octahedral sites must contain 
square-bonded Mnt° atoms in order for a distortion to occur. On the 
other hand, it was found in this investigation that the substitution of 
only 25 per cent Nit? was sufficient to destroy the distortion despite 
the fact that the most likely hybrid orbital for covalently bonded 
nickel is also the square dsp? hybrid. It follows from this that nickel 
forms predominately ionice bonds in the structure. In terms of the 
oxygen orbitals, this means that the three mutually orthogonal » 
orbitals involved in covalent-bond formation are now directed towards 
only two manganese atoms in octahedral sites and towards a tetra- 
hedral site in which the overlap is not as great. Simultaneously, charge 
neutrality is preserved in the stoichiometrie structure by the elevation 
of Mn+3 to Mn*+* which forms octahedral d?sp? bonds. This has, first of 
all, the consequence of destroying the tetragonal distortion so that 
when 25 percent, or more, Ni is added, the symmetry is isometric. 
Note that, when 50 percent Ni is added, probably all the Mn in octa- 
hedral sites become Mn+#, in accordance with the magnetic moment 
caleulations of BALTZER and WHrre’. According to Hunp’s rule, the 


10 Joun B. GooDENoUGH, Theory of the role of covalence in the perovs- 
kite-type manganites [La,M(II)]MnO,. Physic. Rev. 100 (1955) 564—573. 
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electrons of each p orbital shared by oxygen should have the same spin 
so that oxygen has a net magnetic moment which aligns the cation 
moments ferromagnetically. In the case of Mn(NiMn)O,, this should 
lead to ferrimagnetism below a Curie point in the vieinity of 100°K 
because the coupling forces are relatively weak. According to the 
observations of BALTZzER and WHıre, such a transition actually 
oceurs in this crystal. 

The outer electron distributions for the three most likely manga- 
nese orbitals are shown below, with the dashed arrows used to indicate 
the bonding orbitals. 


Mn#+s saltlt|titiy|&sit| rl ll | dep? (square) 
Mn+ 34 | la lt ly | las] | 4r|ü | | | sp? (octahedral) 
Mn+ 3a|t tt | IS |#s | | 4r n|%|  d?sp? (octahedral) 


Al 
[Bi 
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Assuming that each Nit? ion that substitutes for trivalent manganese 
in octahedral sites produces a quadrivalent manganese atom, it 
follows from the above that some of the Mnt? atoms also may form 
octahedral d?sp? bonds. (If more than 56 per cent of the octahedral 
sites in Mn(Ni,,Mn.,)O, were oceupied by squarebonded Mn#+3, it 
would be tetragonal rather than cubic.) This is not only consistent 
with the “collapse” of the tetragonal distortion observed in Mn,O,, 
but also leads to an increase in the electrical conductivity due to 
electron exchange between octahedrally bonded Mnt? and Mn*®. In 
fact, it is possible to predict that the conductivity should be largest in 
Mn(Ni,Mn,_,)O, when one-third of the octahedral sites contain nickel. 
This is actually borne out by conductivity measurements. 

The tetrahedral sites are occupied by Mn*? ions which are extre- 
mely stable because they have a completely filled outer half-shell and, 
normally, are unlikely to participate in covalent bond formation to 
any extent. On the other hand, when cobalt is substituted for Mnt2, 
it is more likely to form covalent bonds via admixed tetrahedral sp® 
and square dsp? orbitals. At first glance, it may appear that, because 
cobalt occupies tetrahedral sites, it should not affeet the square-bonded 
manganese atoms in octahedral sites. Actually, covalent bond forma- 
tion in tetrahedral sites causes the three p orbitals of oxygen to reso- 
nate between the two kinds of sites (probably causing some d2sp? 
orbital overlap in octahedral sites) so that the c/a ratio is slightly 
reduced. This resonance may also explain, in part, the much lower 
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room-temperature resistivity of CoMn,;O,. (= 10?ohm cm as com- 
pared to 10!”ohm cm for Mn,O,.) It is quite likely, however, that 
CoMn,O, is not stoichiometric and contains an excess of oxygen as 
evidenced by the increased annealing times required to form it. Also, 
several attempts to increase the Co: Mn ratio failed to produce a 
stable compound, causing an exsolution of Co,O, instead. 

When both cobalt and nickel are substituted for manganese atoms 
in tetrahedral and octahedral sites of Mn,O,, the following changes 
in the bonding take place. As noted above, Nit? has the effect of “tur- 
ning around” the directions of the three p orbitals of oxygen. This, in 
turn, causes some covalent bond formation by the atoms in tetra- 
hedral sites as well as some overlap with d?sp? orbitals in octahedral 
sites. This decreases the c/a ratio to unity. Unlike Mn(Ni,,Mn.,)O,, 
where some n-type conductivity due to electron exchange between 
manganese atoms in tetrahedral and octahedral sites is observed, the 
cobalt atoms in Co,,Mn,,(N:,Mn.,)O, are chiefly responsible for 
covalent bond formation in tetrahedral sites. This view is supported 
by the purely p-type conductivity of the cobalt containing manga- 
nites. In concluding, it should be noted that the proposed bonding 
model maximizes the occupation of available s and p orbitals. It is not 
surprising, therefore, that it is consistent with the observed semicon- 
ductor properties of all the oxides listed in Table 1. 
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Auszug 


Als Raumgruppe eines einheitlichen Hessitkristalls (Ag,Te-IIlIl) von Bötes, 
Transsylvanien, wurde P2,/c gefunden; die Gitterkonstanten wurden zu 
a — 8,09, b = 4,48, ce = 8,96 Ä, $ = 123°20’ bestimmt. Die Elementarzelle 
enthält 4 Ag,Te. Alle Atome befinden sich in allgemeinen Lagen; ihre Parameter 
sind: 

HU Fi 2er ee); 
0,332297,—0,55 7522 0,995, :ureXa (il), 
—2 0,272. 242 0,1595 10, 2455furgle: 
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Symmetrie und Dimensionen der Zelle stimmen nicht mit den Literatur- 
angaben überein. Es wird angenommen, daß die früheren Untersuchungen an 
verzwillingten Kristallen durchgeführt wurden. 


Abstraet 


The space group of a single crystal of naturally occurring hessite (Ag,Te-III) 
from Bötes, Transylvania, was found to be monoclinie P2,/c; the cell constants 
were determined as follows: a = 8.09, b= 4.48, c= 8.96 Ä, ß = 123° 20°. 
There are 4 (Ag,Te) per cell, and all atoms lie on the following fourfold general 
positions: Ag(I) at x = 0.018, y = 0.152, z = 0.371; Ag(II) at x = 0.332, 
y = 0.837, z = 0.995; and Te at x = 0.272, y = 0.159, 2 = 0.243. 

This cell and the symmetry differ from those previously reported for hessite 
in the literature. It is believed that the other recent determinations have been 
based upon misleading data from twinned crystals. 


* Present address: McGill University, Montreal, Canada. 
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Introduetion 


The mineral hessite, Ag,Te, and its polymorphs have been the 
subject of several erystallographie investigations. Results have been 
conflieting and confusing. Part of the confusion arises out of the 
notation used to identify the different polymorphs. In this paper the 
notation used by KrAckk and Ksanpal, utilizing Roman numerals, 
will be followed. The polymorph whose stability range lies between 
690° to 802°C and the melting point will be referred to as Ag,Te-l. 
The polymorph stable between 105° to 145° and 690° to 802°C, 
listed as «-hessite or «-Ag,Te in many texts, will be called As,Te-ll. 
The polymorph stable from room temperature up to 105° to 145 °C, 
called 9-Ag,Te in earlier literature, will be labeled Ag,Te-III. These 
labels should not be confused with the notation used by RowLaND and 
BERRY?, where Ag,Te “type I’ and “type II” refer to morphological 
examples. 

A confliet exists in that the symmetry and unit-cell dimensions 
reported by three different investigators for Ag,Te-III do not agree; 
nor does the lattice type arrived at by two workers for Ag,Te-II. 
There has been no crystallographie study of Ag,Te-I reported in the 
literature. 


AgsTe-Ill: hessite 


The most recent crystallographie investigation of the room- 
temperature polymorph, Ag,Te-III, is that of RowLAanD and BERRY?. 
From material synthesized from aqueous sodium-sulfide solution in a 
graphite-lined steel bomb at several different temperatures from 350° 
to 490°C, erystals were obtained from which morphological data and 
some single-crystal x-ray data could be taken. It is to be noted that 
the temperatures utilized were at least 200 °C above the stability range 
of Ag,Te-ILI at normal pressures. Unless the effect of the pressure that 
existed within the steel bomb was to increase the stability range of 
Ag,Te-III by more than 200°, it seems unlikely that the morphology 
of the erystals grown under these conditions represents the mor- 
phology of the Ag,Te-III phase. However, as the powder diffraction 
record of the products of these runs was identical with that of natural 


1F.C. KrıacerX and (0. J. Ksanpa, A paper on the Ag — Te system; in 
preparation. 
2 J. F. RowLAnD and L. G. BERRY, The structural lattice of hessite. Amer. 


Mineral. 36 (1951) 471—479. 
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hessite, there is little doubt that the internal structure at room 
temperature was that of Ag,Te-Ill. 

From one of these erystals exhibiting orthorhombie morphology, 
Rowranp and BERRY obtained Weißenberg and rotation films that 
lead to the following unit-cell and space group: orthorhombic Immm; 
a — 16.28, b = 26.68, c = 7.55 Ä. But here again it must be pointed 
out that since the erystals were grown at temperatures above the 
stability field of Ag,Te-III, there is a possibility that, during the 
transformation, twinning took place that resulted in additional 
symmetry and an apparent cell larger than that which would be ex- 
hibited by a true single crystal. 

RowLanD and BERRY’s cell does not agree with that described by 
Tokopy’*4 Tokopy found Ag,Te-III to be monoclinie with a cell 
size of a = 6.57, b= 6.14, c= 6.10 A, $ = 61° 15’. From the cell 
content of 3 (Ag,Te) he concluded that the space group must be Pm, 

2, or P2/m. However, this cell was determined principally from the 
powder diffraetion record, and to index all the refleetions it was 
necessary to consider that some reflections were due to ß radiation. 
Powder photographs taken on natural samples during the present 
investigation indicate that the lines considered by Tokopy to be due 
to ß radiation were clearly due to CuKa. Thomrson? also reports that 
the powder pattern of hessite could not be indexed on the monoclinic 
elements of ToKoDY. 


Structure determination 


Small erystals of hessite from Bötes, Transylvania, obtained both 
from the U. S. National Museum (U.S.N.M.No.R 9556) and from the 
Harvard University Museum (No.99348), were found to contain small 
inclusions of petzite®. By fracturing these small crystals at liquid 
nitrogen temperatures, it was possible to obtain fragments of hessite 
free from any petzite. The diffraction record of these fragments showed 
them to be single, undeformed erystals. The x-ray powder diagram 


® L. Tokopy, Über Hessit. Z. Kristallogr. 82 (1932) 154-157. 
*L. Tokopy, Berichtigung zu meiner Mitteilung ‚Über Hessit“. Z. Kristal- 
logr. 89 (1934) 416. 
’R.M. Tuomrson, The telluride minerals and their occurrence in Canada. 
Amer. Mineral. 34 (1949) 342—382. 
A. J. Fruen, The crystallography of petzite, Ag,AuTe,. Amer. Mineral. 
44 (1959), in press. 
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Table 1 
I d | E | d % d | Mi d 
en en er ET EN I Be EIER REN EB N EEE 
P) 3.16 2 2.14 2 1.445 N 1.127 
5 2.98 2 2.116 8 1.393 N 1.115 
5 2.87 1 2.022 6 1.302 3 1.104 
10 2.30 1 1.930 1 1.280 n 1.077 
8 2.24 1 1.773 1 1.245 1 1.050 
2 2.18 1 1.693 2 1.192 7 1.001 


prepared from some of these fragments, using FeK« = 1.937 Ä, is 
tabulated in Table 1. It can be seen that this pattern isin close agreement 
with the hessite pattern reported by ROwLANnD and BERRY?. 


/ 


Fig. 1. Patterson projections of hessite on (010) and on plane 
perpendieular to [100] 


The space group symmetry was determined as monoclinie P2;/c, 
The cell constants measured from Buerger precession photographs, 
using MoK« radiation, were as follows: a — 8.09, b — 4.48, c — 8.96 Ä. 
ß = 123° 20’. By using the specific gravity of 8.21 as determined by 
THoMmpsox, and the cell volume of 271.4 Ä3 as computed from the 
above dimensions, it is ascertained that the cell contains 4 (Ag,Te). 

Intensity data for the b axis zero, first, second, third and fourth 
levels were gathered by an equi-inclination Geiger-counter spectro- 
meter, using MoK« radiation. The data were corrected for Lorentz 
and polarization factors by the accepted method”. 


?M. J. BuERGER and G. Kreın, Correcetion of x-ray diffraction intensities 
for Lorentz and polarization factors. J. Appl. Physics 16 (1945) 406-418. 
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The positions of all the atoms were located (Fig. 1) from Patter- 
son projections on (010) and on the plane Pe to [100], with 
the aid of a Harker-Patterson section P(x, 4,2). From these posi- 
tions signs were caleulated and combined with observed intensities to 
make electron-density projeetions on (010) and on the plane per- 
pendicular to [100] (Fig.2). These projections confirmed the validity 
of the initial positions, and further refinement was accomplished by 
least-squares utilizing the Service Bureau Corporation’s (IBM) 
NY-XR2 program. 


ea, 


2 ie) 

MA 

Fig. 2. Electron-density projections of hessite on (010) and on plane 
perpendicular to [100] 


All atoms are located on the fourfold general positions: x, Y, 2; 
25 54 Yy 3—2; ,43—y, $3+ 2. The final refined parameters 
are listed in Table 2. In Table 3 the intensities from all reflections as 


Table 2 
| & Yy z 
Ag, 0.018 0.152 0.371 
Agı 0.332 0.837 0.995 
Te 0.272 0.159 0.243 


calculated from these parameters are compared with those observed. 
The final standard discrepancy factor R for the three-dimensional 
data is 0.157; and the final isotropie temperature factors are: 


Die: zZ 2.02, Ioyya = 2.75, and Bre = ROM . 
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The structure of hessite, Ag,Te-III öl 


The structure of hessite is illustrated in Figs.3a and 3b. There are 
two structurally different types of silver atoms. One (Ag,) is surrounded 
by four tellurium atoms at 2.87, 2.91, 3.04 and 2.99 Ä, making a 
somewhat distorted tetrahedron. The average Ag--Te distance of this 
tetrahedron is 2.95 A. The other type of silver atom (Ag,,) has five 
elose tellurium neighbors at 3.04, 3.01, 2.95, 2.90 and 2.85 A, again 
giving an average Ag—Te distance of 2.95 A. Fach Te atom has nine 


an & en 
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Fig. 3. The structure of hessite, Ag,Te-III. («) Orthographie projeetion. (b) Clino- 
graphic projecetion 


fairly evenly spaced silver atoms around it. Although little significance 
can be attached to the average bond length, it is interesting to note 
that in the gold-silver telluride, sylvanite (AuAgTe,), the silver atom 
has six tellurium neighbors, two at 2.69, two at 2.96, and two at 
3.20 Ä, again averaging 2.95 Ä®. In petzite (Ag,AuTe,) the silver is 
tetrahedrally coordinated to two tellurium atoms at 2.90 Ä and two 
at 2.95 Ä®. 

It should also be pointed out that in the other gold and gold-silver 
tellurides every tellurium atom has one close tellurium neighbor, but 
in hessite there are no tellurium — tellurium distances closer than 4.26 A. 


8 G. TunneL and L. PAurıng, The atomic arrangement and bonds of the 
gold-silver ditellurides. Acta Crystallogr. 5 (1952) 375—381. 
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Attempts to find the relations between this structure and the 
orthorhombie cell of RowLAnD and BERRY were unsuccessful. Although 
their orthorhombie cell is the cell best fitting the Weissenberg and 
rotation record of their erystal (hessite, type I), there still remain 
quite a number of reflections that do not fall on the reeiprocal lattice 
points based on this cell. In so far as the powder diffraction records of 
the two erystals are identical, it is zelt that their single erystal diffrac- 
tion record was produced by a composite of several erystals of mono- 
clinic Ag,Te-III of different orientations. An investigation is presently 
under way on Ag,Te-II and Ag,Te-I, including a study of the trans- 
formation twinning and domain orientation resulting from cooling 
Ag,Te-II to Ag,Te-III. This may throw some light on the above re- 
lations. 
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Auszug 


Rechnerisch und graphisch wird gezeigt, daß die Schein-Symmetrie, der 
Templeton-Effekt, im Lawsonit auf den besonderen Werten der y-Parameter 
aller Atome in allgemeinen Lagen beruht. Die Raumgruppe der Struktur ist 
0222,, die Auslöschungen entsprechen jedoch genau denen der Raumgruppe 
Ocmm. 


Abstract 


It is shown both analytically and graphically that false symmetry, the 
Templeton effect, arises in lawsonite due to special values of the y parameters 
of all atoms in general positions. Though the space group of the structure is 
0 222,, systematic absences correspond exactly to the requirements of Cemm. 


Introduetion 


Soon after NISHIKAWA (1917) called attention to the value of space 
group considerations in the determination of erystal structures it 
became standard practice to establish or attempt to establish the 
space group from diffraction data, often coupled with other evidence, 
in the early stages of investigation. After some years RENNINGER 
(1937) pointed out that the phenomenon of indirect diffraction, 
Umweganregung, can cause the appearance of “forbidden” reflections 
which, if not properly interpreted, interfere with the space-group 
determination. In recent years many examples of the Renninger 
effect have been reported. BUERGER (1954) has emphasized that 
twinning may not only hinder space-group determination but may 
even render the establishment of cell dimensions difficult or impossible 
in certain cases. Interesting examples of the complications that may 
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arise in x-ray diffraction studies due to twinning have recently been 
reported by DownnAy, Doxnay and KULLERUD (1958) and by NYBURG 
and HırTon (1959). 

Special relations among atomie parameters may entail systematic 
absences among x-ray reflections and these may be used as a guide to 
a trial structure by the skilled analyst. A striking example has been 
described by HExDricks (1939, p. 738) for mica in which the fact that 
all y parameters are multiples of 1/12 restriets 06l’s to appear only 
with Zeven. This condition is fully realized for the two layer phlogopite 
structure. 


The Templeton effect 


Recently TzmrLEroN (1956) has stated in general terms the special 
relations that must exist among atomic parameters in order that the 
systematic absences of reflections connected with them would simulate 
those due to a glide plane or screw axis. If for each atom (or set of 
atoms) in the structure there is another atom (or set of atoms) in a 
position (or positions) that would correspond to the operation of a 
screw axis or glide plane the extinctions associated with such a screw 
axis or glide plane will be observed. However, if the set of atoms, A, is 
related to another set of atoms, B, as would be required by a screw 
axis or glide plane in positions p, and »,, whereas a set of atoms, (, is 
related to another set of atoms, D, as would be required by the same 
kind of screw axis or glide plane, but in positions 9,’ and 2,, the 
structure as a whole will not have such a screw axis or glide plane even 
though the required extinctions are observed. TEMPLETON gave an 
analytical expression for these conditions but reported no examples. 
KITAJGORODSKIJ (1949) had earlier taken note of false symmetry in 
connection with the discussion of some organic structures. 


Related cases 


RAMSDELL and KoHn (1951) described systematic extinctions in a 
silicon carbide polymorph which are even more restrictive than 
extinctions due to glide planes but include these. More recently ELrıs 
and WARWICKER (1958) have suggested that the extinctions in the 
pattern of cellulose indicating a 2, axis may be explained by suitable 
offsets of the cellulose chains parallel to y even though the space group 
is P1. The structure, however, is not completely ordered and awaits 
further study. Most recently Mıksic, SEGERMAN and Post (1959) have 


False symmetry, the Templeton effect, in lawsonite 95 


called attention to a case of systematic absences of reflections sug- 
gesting that atoms are in special positions but show that the absences 
are due to special relations among the parameters of atoms in the 
general position in the space group P4,2,2 and refer to the problem of 
tabulating “all possible ambiquities of this type’. In their case, 
however, no false symmetry was indicated. 


The Templeton effeet in lawsonite 


A clear cut case of the Templeton effect has been found in the 
structure and diffraction effects of lawsonite, CaAl,(Si,0,)(OH), : H,O, 
and is described here in the hope of showing that this effect merits the 
consideration of anyone who applies x-ray criteria for space-group 
determination in the course of crystal-structure studies. 

Lawsonite was first examined by x-rays with determination of the 
cell dimensions, cell content and a suggested space group by GOSSNER 
and Mussenug (1931). Using systematic absences noted on rotation 
patterns they arrived at the space group V}’ (03,). In the setting later 


adopted by WICKMAN (1947) in his work on the structure of lawsonite 
222 

a WIcKMAN found a structure 
for lawsonite in the space group D,? — 0222,, supported by good 
agreement of calculated and observed intensities. He rejected the 
results of the earlier attempt to determine the space group in these 
words: “the space-group determination of GOSSNER and MUSSGNUG 
was based on rotation photographs and hence cannot be regarded as 
conclusive”, suggesting that their observations were inadequate. The 
eritical point is whether the systematie absences (Okl present only if I 
is even), required by the c glide plane parallel to (100), are found. In 
his Table 3 WicKkMAN gives observed intensities for 021 reflections. All 
with Z odd are missing but he gives calculated intensities of zero for 
each of these. This suggests that a systematic absence arises from some 
special feature of the structure not required by the space group. 

The parameters assigned by WICKMAN are: 


this would receive the symbol © 


4(a) x00 S(c) zyz S(c) zy2 
4 Ca 0.323 E21 0.250 | 0.250 | 0.250 | 8 Si —0.020 | 0.000 | 0.115 


4 Or 0.027 | 8 Oy 0.395 | 0.250 10.136 | 8 Oım 0.135 | 0.000 | 0.192 
4 H,O [0.670 | 8 Ow 0.895 0.250 |0.136 s OH 0.635 | 0.000 | 0.192 
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The atoms in positions 4(a) make no contribution to Okl reflections 
with Z odd (International Tables, p. 106). The structure factor formula 
for reflections with A+k=2n and = 2n- 1 in space group 
(222, is 


A= -3: c082rnhx - sin 2rrky - sin 2nlz 
B= S-sin 2rhx - cos 2nky - cos 2rlz (Int. Tables, p. 386). 


B vanishes for Okl since sin 2rrhx becomes zero. 

The % coordinates of all atoms in WIcKMmAN’s lawsonite structure 
are 0.250 or 0.000. Since k must be even for all 0Xl’s it follows that the 
term sin 2rrky in the expression for A must be zero and all 0%l’s with 
il = 2n + 1 will be absent. 

In connection with a study of lawsonite to be published elsewhere, 
Okl Weissenberg and precession patterns have been run on lawsonite 
crystals from several localities. On all of these Okl’s with Z odd are 
absent. On a precession pattern with Mo radiation the range of values 
of l extended to 17, on other patterns it extended to 7 or 15. This 
confirms the observations of GOSSNER and MussanuG and would 
ordinarily be taken to support their choice of space group were it not 
that another explanation has been found. 

The discussion of WICKMAN’s structure for lawsonite in structure 
reports (vol. 11, p. 461) includes the comment “The stated accuracy of 
y parameters and hence of the distances seems too high in view of the 
fact that only reflexions with k up to 2 are observed”. The supple- 
mentary observations just reported, involving Okl’s with k up to 7, 
support the y parameters given by WICKMAN, even without additional 
intensity calculations, since the zero intensity of such a large number 
of reflections, some with k = 7, requires that these parameters must 
be very close to n/4. 

The fact that the structure and systematic absences of x-ray 
“reflections” in lawsonite offer an example of the Templeton effect can 
be shown more fully from a consideration of the geometry of the 
structure. It will be sufficient to consider one set of atoms in zyz po- 
sitions with y = 0.000 and one set with y = 0.250, and to show that 
these special values of y lead to the presence of c glide planes parallel 
to (100) but not coincident for the two sets of atoms. 

For illustration Si and O,; have been chosen. The arrangement of 
these atoms is shown in (100) and (001) elevation in Fig.1. In addition 
the arrangement of Ca’s is shown at the left and the symmetry of the 
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lawsonite space group, 0222,, with a set of points in general position, 
at right. The arrays of symmetry planes shown for Si and O,, are 
those of space groups DI”, and D!S, in the setting bac and the 
symbols are given in full as on page 548 of International Tables. Each 
of these groups also has the symmetry axes of 0222,. The symmetry 
planes are shown in the figures according to the conventions of the 
International Tables except that hybrid symbols have been used to 


\ 


P--- 


} 
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ErslR 


) 


Au am Su am am 


Me .— 2 > 
x00 O, in 8c xyz Siin dc xyz 
0323 000 000 0395 0250 0136 0980 000 0115 


Fig.1. Atomie arrays of Ca, O, and Si in lawsonite from the parameters of 

WICKMANN (1947). Designations of atomie positions below diagrams refer to 

0222,, the space group of lawsonite. Coordinates are marked for only one com- 

plete set of points in each pair of diagrams; hence atoms shown at right hand 

edges are unmarked. Orientation and origin for each pair of elevations is as 
indicated at left. See text for full explanation. 


show coincident n and m planes at xy0 and xy4 of Cemm and coincident 
a and b planes in like position in Ocmb. These sets of coincident planes 
are parallel to (001) in the standard orientation and are shown by 
other symbols in the International Tables on pages 152 and 153. 

The fact that the array of Ca atoms in position 4(a) of 0222, has the 
symmetry D:i7-Ccmm is implied on page 106 of “International 
Tables’”’ in the statement of special conditions and stated more 
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explieitiy on page 121, Vol. I, of the ‚Internationale Tabellen zur 
Bestimmung von Kristallstrukturen (1935)” under the listing of 
“Gitterkomplexe”. 

Inspection of the diagrams for Si and O,, will show that additional 
symmetry arises because the atoms lie at y= 0 and 3or at y= 4 
and 3. In each case the atoms lie on symmetry planes corresponding to 
the $(f) positions of the respective space groups. To achieve corre- 
spondence with the standard settings it is necessary to interchange «a 
and b in both cases and additionally to shift the origin afterwards by 
0,0, for Ocemm and by #, 0, 4 for Ocmb. 

As shown by the full symmetry symbols or by the diagrams, 
among the glide planes which have a common direction in the arrays 
of Si and O,,, representative of atoms in xyz positions in 0222, with y 
zero and one-quarter respectively, are the c planes parallel to (100), but 
these are at Oyz and 4yz for Siand at 4yz and #yz for ÖO,; and none of 
these are c planes for the structure as a whole, in accordance with the 
requirements for “false symmetry”. There are m and a planes in x02 
and xiz in the array of Si atoms and these are interchanged in po- 
sition in the array of O,, atoms. The extinction required is included in 
that due to © centering and so no further false symmetry arises. That 
the sets of atoms related by c glide planes due to special y parameters 
are crystallographically equivalent anyway, corresponding to position 
S(c) of 0222,, is an additional eircumstance not required in the con- 
ditions stated by Templeton. 

The writer is grateful to Professor TrMPLEToN for several helpful 
suggestions. 
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Bestimmung der Lage des Wasserstoffs in OH 
durch Neutronenbeugung 


Von HANS DAcHs 
Brookhaven National Laboratory, Upton, N.Y.! 


Mit 1 Abbildung im Text 


(Eingegangen am 10. April 1959) 


Abstract 


Neutron-diffraction measurements on single erystals of LiOH were used to 
establish the position of the hydrogen and the thermomotion of the various 
constituents. The O—H distance was found to be 0.981 Ä. The refinement was 
carried out by means of the method of least squares. 


Auszug 


Mittels Neutronenbeugung an Einkristallen wurde die Lage des Wasserstoffs 
in LiOH und die Wärmebewegung der verschiedenen Teilchenarten bestimmt. 
Der O—-H-Abstand ergab sich zu 0,981 Ä. Die Verfeinerung der Parameter erfolgte 
nach der Methode der kleinsten Quadrate. 


Nach Untersuchungen mit Röntgenstrahlen? gehört LiOH in die 
Raumgruppe D/,„— P4/nmm. Die Gitterkonstanten sind a = 3,55 kX, 
c = 4,33 kX. Es befinden sich zwei Formeleinheiten in der Zelle. Li 
nimmt eine Punktlage ohne Freiheitsgrad, + (4 #0), O eine mit einem 
Freiheitsgrad, + (4, #, w,), ein. Der O-Parameter ist u, — 0,2. Die 
Struktur ist eine Schichtstruktur (B10-Typ). LiOH zeigt auch ausge- 
zeichnete Spaltbarkeit nach (001). 

Eine Bestimmung der Wasserstofflage verlangt eine Ergänzung der 
Röntgenuntersuchungen durch eine Untersuchung mit Neutronen. Von 
einer genauen Bestimmung des OH-Abstandes und dem Vergleich mit 
dem Abstand in anderen Hydroxyden ist ein Beitrag zur Frage der 
Polarisation des OH-Ions zu erwarten. 


! Ständige Adresse: Institut für Kristallographie und Mineralogie der 
Universität München, Luisenstraße 37. 


® Tu. Ernst, Darstellung und Kristallstruktur von Lithiumhydroxyd. 
Z. physik. Chem. B 20 (1933) 65—88. 
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Experimentelles 


Als Untersuchungsmaterial wurden LiOH-Einkristalle verwendet, 
die nach der Bridgman-Methode aus der Schmelze gezogen waren. 

Mit Röntgenaufnahmen um die verschiedenen Achsen wurde die 
Bestimmung der Zelldimensionen, durch Buerger-Aufnahmen die der 
Laue-Symmetrie und der Auslöschungen wiederholt. Mit einem No- 
relco-Zählrohrgoniometer wurden die Beugungsintensitäten eines 
Pulverpräparates gemessen. 

Dazu wurde Material verwendet, das durch Evaporieren einer LiOH- 
Lösung bei etwa 100 °Cim Vakuum erhalten wurde. Durch die Entwässe- 
rung des sich anfänglich bildenden Hydrates bekommt man ein aus 
kleinen Kristalliten zusammengebackenesMaterial, aus dem sich leichter 
texturfreie Präparate herstellen lassen, als aus gepulverten Kristallen. 

Von allen Werten des O-Parameters lieferten nur die mit u, = 0,195 
+ 0,01 Übereinstimmung zwischen beobachteten und gemessenen 
Intensitäten. 


Tab.1 bringt gemessene und be- ee 
rechnete Amplituden der Reflexe, h k I IR, Er 
die im Diagramm aufgelöst waren. 0 0 1 8,25 8,74 

Es wird für LiOH eine Zacke 101 12,30 12,80 
im Differentialthermoanalysendia- 1 10 9,30 7,30 
gramm bei 413°C beschrieben und ° 9 ? N re 

£ : 5 : 1820252 5,25 9,42 
als Zeichen einer Modifikations- 200 11,60 11,30 
änderung gedeutet®. Dies war dr 3 ı ı 6,40 13 


Anlaß, daß nach einer Hochtempe- 

raturmodifikation gesucht wurde, doch lieferten Drehaufnahmen bei 
420°,430° und 435° Cund Untersuchungen auf dem Heiztisch unter dem 
Mikroskop keinerlei Anzeichen für eine solche. Wenn dieZacke von einer 
Modifikationsänderung herrührt, sind zwei Fälle möglich: In dem 
röntgenographisch untersuchten Kristall wurde durch geringe Verun- 
reinigung die Hochtemperaturform stabilisiert, oder die Strukturände- 
rungendurch dieUmwandlungsindsoklein, daßsienichtentdeckt werden 
konnten. Auf keinen Fall handelt es sich dabei um den Übergang zu 
einer kubischen Form, wie sie bei anderen Alkalihydroxyden existiert. 


3 V.A. CHırrov, N.N. CHıtRovA und V.F. CHMELKOV, Über Schmelztempe- 
raturen und Temperaturen der polymorphen Umwandlungen der Hydroxyde von 
Lithium, Natrium und Kalium. Zurn. obsöej chimii 23 (1953) 1630—1632 (russ.). 

* Ich möchte hier Herrn U. KLEMENT vom kristallographischen Universi- 
tätsinstitut München danken, der mir für diese Untersuchungen die von ihm 
gebaute Hochtemperaturkammer zur Verfügung stellte. 
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Im Fall einer Umwandlung muß dabei entweder die Besetzung der 
Gitterkomplexe die gleiche bleiben und sich die Umwandlung auf eine 
sprunghafte Änderung der Lageparameter und der Thermobewegung 
beschränken, oder aber die Tieftemperaturmodifikation hat eine gerin- 
gere Symmetrie als D,„, oder eine orößere Elementarzelle. Somit ist 
die Frage nach der Existenz einer Hochtemperaturform auch für die 
Bestimmung der Struktur der Tieftemperaturform von Bedeutung. 
An den Röntgenaufnahmen konnte kein Anzeichen für ein Abweichen 
von der Laux-Symmetrie D,, oder für eine Überstruktur festgestellt 
werden. Bei der starken Bindung zwischen H und O kann auch nicht 
allein eine starke Abweichung des Wasserstoffs von der angenommenen 
Symmetrie vorliegen ohne merkliche Rückwirkung auf den Sauerstoff. 
Hier sind auch die Neutronenuntersuchungen anzuführen: Nach der 
Laue-Symmetrie D,„ gleichwertige Flächen lieferten bei den Ein- 
kristalluntersuchungen stets gleiche Intensitäten. In einem Neutronen- 
pulverdiagramm von LiOD — Material hergestellt durch Lösen von 
metallischem Li in schwerem Wasser — fanden sich keineÜberstruktur- 
linien. Leider kommt dem Neutronenpulverdiagramm von LiOH 
keine Beweiskraft zu, da der starke Untergrund, bedingt durch inko- 
härente Streuung, ein Erkennen schwacher Linien unmöglich macht. 
Gegen die Zugehörigkeit zu den Klassen D, oder C’,,, die die gleiche 
Laue-Symmetrie wie D,, haben, spricht, daß die unten beschriebene 
Durchführung der Strukturbestimmung unter Zugrundelegung der 
Symmetrie D,„ ausgezeichnete Übereinstimmung zwischen gemessenen 
und berechneten Intensitäten brachte. Liegt wirklich eine Abweichung 
von der Symmetrie D,, vor, so kann sie nur sehr gering sein. 

Für die Neutronenuntersuchungen wurden aus einer Kristallplatte 
mit einem nassen Faden Zylinder parallel zu [100] und [110] von etwa 
2 mm Durchmesser und 10 mm Länge gesägt und mit einer Schutz- 
schicht gegen die Einwirkung der Kohlensäure aus der Luft überzogen. 

Es wurden die Intensitäten von 26 Reflexen der Zone [100] und 22 
der Zone [110] mit Neutronen der Wellenlänge 1,08 Ä gemessen. In 
der Regel wurden die Reflexe in allen vier symmetrischen Lagen ver- 
messen, nur einige in weniger Lagen, aber dann mit längerer Zähldauer. 
Für schwache Reflexe wurde die Zähldauer entsprechend herauf- 
gesetzt. Die Reflexe wurden durch Meßpunkte im Winkelabstand von 
6’ abgetastet, die Meßzeiten durch ein Monitorzählrohr so geregelt, 
daß für jeden Meßpunkt die gleiche Dosis Primärstrahlung auf den 
Kristall auffiel. In der Regel wurden für die Festlegung des Unter- 
grundes ebensoviele Meßpunkte der Nachbarschaft verwandt, wie für 
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die Ausmessung des Reflexes selbst nötig waren. Sorgfalt wurde darauf 
verwandt, daß stets wirkliche integrale Intensitäten gemessen wurden, 
das heißt, daß alle vom Kristall kohärent gestreute Strahlung vom 
Zählrohr aufgefangen wurde. 

Der Absorptionskoeffizient der Substanz wurde an einer Kristall- 
platte direkt gemessen mit u = 1,6. Daraus folgt, daß für beide Präpa- 
rate der Einfluß der Absorption auf die relativen Intensitäten unter 
2°/, liegt. Auf eine Absorptionskorrektur wurde darum verzichtet. 

An einem Zylinder parallel [100] mit einem Durchmesser von 1 mm 
wurden die Reflexe (001), (002), (003), (101) und (102) nochmals ver- 
messen. Es konnte keine systematische Abweichung gegen die Messun- 
gen am dieken Zylinder festgestellt werden. Somit wurde auch von 
einer Extinktionskorrektur abgesehen. 


Auswertung 


Nach den Röntgenuntersuchungen liegt Li in einer Punktlage ohne, 
Ö in einer mit einem Freiheitsgrad. Für H kommt nur die Punktlage 
+ (4, #, Up) in Frage (siehe Abb. 1). Eine genaue Bestimmung der Lage 
der Atome ist aber nur möglich unter 
gleichzeitiger Bestimmung ihrer Ther- 
mobewegung. Lineare Schwingungen 
vorausgesetzt, läßt sich deren Aus- 
wirkung auf die Beugungsintensitäten 
durch Multiplikation der Streuampli- 
tude jedes einzelnen Atoms mit 
einem Temperaturfaktor der Form 
exp 4 [B., a*’(h? + k?) + B,, c*P] 
wiedergeben. a*, c* sind die Einheiten 
des reziproken Gitters, h, k, ! die Laue- 
Indizes des Reflexes, der Index z be- 
zeichnet die verschiedenen Atom- 
arten. Da alle Atome auf vierzähligen 
Achsen liegen, kommt man mit zwei A»b.1. Projektion der Elementar- 
Konstanten B pro Atomart aus. Die zelle von LiOH in die YZ-Ebene. 
B’s sind durch die Formel B = Sr?u? Die großen Kreise stellen die O- 
mit den mittleren Abweichungen der ER RR BL 
Atome aus den Mittelpunktslagen _;chnete Kreise es rachen 
korreliert. Die Lösung des Struktur- Ionen in der Höhe 3. Die übrigen: 
problems erfordert also die Bestim- Tonen in der Höhe 4 
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mung von zwei Lage- und sechs Thermobewegungsparametern und dazu 
noch die einer Normierungskonstante, da nur relative Intensitäten 
gemessen wurden. Für diese neun Größen fanden sich Näherungswerte 
wie folgt: 

Die Röntgenuntersuchungen lieferten den Sauerstoffparameter %o. 

Die Neutronenreflexe (001), (002), (110), (101) und (211) zeigten, 
daß für den Wasserstoffparameter nur up = 0,40 + 0,01 in Frage 
kommt. Sie lieferten auch den Normierungsfaktor. Der Vergleich einer 
Reihe von Reflexen niedriger und hoher Ordnung ergab je einen 
asymmetrischen Temperaturfaktor für den Wasserstoff und für den 
Rest der Struktur. 

Ähnliche Werte liefert die Auswertung der Neutronenpulverauf- 
nahme von LiOD. Tab.2 bringt gemessene und berechnete Amplitu- 
den. Der Rechnung wurden folgende Parameterwerte zugrunde gelegt: 


up = 0,2, Up = 0,4, Ban = 5 Bao = Do - Dun Du. B.» =. 


Zur Verschärfung der Nähe- 


Tabelle 2 

rungswerte wurde die Ausgleichs- 
ER? IF Fr rechnung herangezogen, und zwar 
001 ia! — 1,05 in der Form, daß g,(|F,|—|F,|)? 
i h r RR a mit 9, = 1/AF ? zum Minimum ge- 
ea 0.82 pi 0,90 macht wurde. F, und F, sind die 
ae 0,33 0,54 berechneten und gemessenen 
20V 177 1,67 Strukturamplituden, die Summie- 
2.1 1,49 1,56 rung geht über alle Reflexe. Die 


AF, sind die Fehler der Struktur- 
amplituden, wie sie sich aus denen der Intensitäten berechnen. Die 
Fehler der’ Intensitäten wurden, um der nicht korrigierten Extink- 
tion kräftig Rechnung zu tragen, nach folgender Formel abgeschätzt: 


VZO + V&Ca + 0,052 (02— Cr) 
9 4 N 


ZD ; 
) 


AT 


CO, totale Neutronenimpulszahl von Reflex plus Untergrund, Os Im> 
pulszahl des Untergrunds. Summiert wird über die verschiedenen 
Messungen des gleichen Reflexes. Die D’s sind Zahlen proportional zur 
Primärstrahldosis, die in den verschiedenen Messungen für einen Meß- 
punkt aufgewandt wurden. Für ganz schwache Reflexe, deren Scheitel- 
höhe nur ein Bruchteil des Untergrundes beträgt, wurde ein höherer 
Fehler angesetzt. Bei ihnen verursacht schon geringe Inkonstanz der 
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Zähleinrichtung beträchtliche Fehler. Die Auswertung ergab, daß durch 
diese Fehlerabschätzung die Meßgenauigkeit im Durchschnitt zu pessi- 
mistisch beurteilt wurde. Der Berechnung der F, wurden folgende 
Streuamplituden für Li, OÖ, H zugrunde gelegt: — 0,18, 0,58, — 0,38. 

Die Rechnungen wurden an einer IBM-704 Rechenmaschine durch- 
geführt mit einem Programm, das die nicht diagonalen Glieder der 
Normalengleichungen mitberücksichtigte, aber nur für zweipara- 
metrige Reflexmengen verwendbar war. Es wurden daher die zwei 
Beobachtungsserien der Reflexe (h0l) und (hhl) getrennt ausgewertet. 
In vier bzw. fünf Verfeinerungszyklen wurden die Werte der Tab.3 
erhalten. 


Tabelle 3 

aus (h0l)-Reflexen aus (hhl)-Reflexen 
uo 0,1951 + 0,0005 0,1931 + 0,0006 
up 0,4069 + 0,0014 0,4074 + 0,0012 
Ber 0,85 +0,12 0,88 + 0,14 
Beta 2,41 + 0,34 2,53 + 0,23 
B.,0 | 1,278 + 0,040 1,096 + 0,076 
B.o 2,01 +0,11 2,06 + 0,10 
on BTL 0 8 5,09 + 0,20 
Bo 2,54 + 0,18 2,36 + 0,18 
Normierungs- 
konstante 1,032 + 0,011 1,039 + 0,014 


Neben dem direkten Vergleich von beobachteten und berechneten 
Strukturamplituden, wie sie in Tab.4 aufgeführt werden, kann noch 
in summarischer Weise der R-Faktor, R= 2, ||Fd| — |Fg| | /29:|Fgl, 


zur Beurteilung der Güte der Übereinstimmung herangezogen werden. 
Er betrug 1,9°/, bzw. 2,4°/,, was als sehr gut angesprochen werden muß. 


Tabelle 4 

hoı Ir,| F, hol Ir,| En hl Ir, | RP, hhıl Ir, | r, 
o01 0,65 0,64 - 42105, 1,02 1,02 oo1 0,63 0,66 41335 0,42 0,42 
002 1,3700 1,37) 204 0,14 - 0,11 o02 4,38 1,56 220 0,32 0,32 
003 1,16 -1,15 205 0,18  - 0,20 005 1,17 -1,16 221 0,31 0,30 
004 0,19 0,22 301 0,73 0,70 004 0,20 0,21 222 1,8 -1,05 
005 0,10 0,14 320,2 0,75 0,75, 005 0,00 0,08 232,3 0,91 - 0,94 
006 0,31 0,28 303 0,56 - 0,56 006 0,37 0,36 224 0,06 0,05 
101 0,68 - 0,68 304 0,48 - 0,48 412470 0,87 0,84 225 0,22 0,19 
102 117,18 305 0,0  - 0,10 steel 1,25 1,22 330 0,92 0,92 
103 0,93 0,93 400 0,38 0,37 17152 0,65 - 0,66 331 0,64 0,62 
104 0,46 0,46 401 0,13 0,09 u sl 0,59 - 0,59 3.32 0,55 - 0,54 
200 0,20 - 0,23 402 0,83 - 0,82 140% 0,56 0,56 333,3 0,35 - 0,36 
201 0,41 - 0,41 403 0,72 - 0,74 

202 1,18 1,18 501 0,52 - 0,54 


2. Kristallogr. Bd. 112 5 
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Die Probe Zg,(f,— FF,” Im m), n — Anzahl der Reflexe, 


Y 
m = Anzahl der Parameter, ergab die Werte 0,21 und 0,70, während 
der Ereänzungswert 1 wäre. Das EEE daß die Meßfehler, aus denen 


sich die g, nach der Formel g; = 7 = ; berechnen, überschätzt wurden. 


Für die Parameter liefert die Ausgleichsrechnung Fehler, des wei- 
teren vermittelt auch der Vergleich der beiden getrennten Aus- 
wertungen einen Eindr uck der Genauigkeit. Für einige Werte liegen die 
Abweichungen der beiden Auswertungsergebnisse über den berechneten 
Fehlern, besonders bei B, 1. Hier erhebt sich die Frage, ob nicht das 
der Auswertung zugrunde gelegte Modell, das die Wärmebewegung als 
lineare Schwingungen auffaßt, unzureichend ist. 

Aus den Parametern berechnen sich folgende Atomabstände: 


O-—H (unkorrigiert) 0,924 Ä 


LEO 1,96 Ä 
HH 2,65 Ä 
0-0 3,03; 3,56; 3,66 Ä 


Der Abstand 0,92 Ä ist der Abstand vom Schwerpunkt der O-Ver- 
teilung zum Schwerpunkt der H- Verteilung. Wie aber W. R. BusinG 
und H. H. Levy in ihrer Arbeit? über das Ca(OH), ausführen, sind als 
zwei der Normalschwingungen des H-Atoms Schwingungen mit kon- 
stantem Abstand von O zu betrachten und nicht Schwingungen ent- 
lang der X- und Y-Richtung. Das heißt, das H-Atom bewest sich auf 
einer Kugelhaube, deren Schwerpunkt näher am Ö liegt als ihr Scheitel. 
Es muß darum an den Abstand der Schwerpunkte erst eine Korrektur 
angebracht werden, um den wahren O— H-Abstand zu erhalten. Nach 
einer Näherungsformel aus der zitierten Arbeit?, O-H = [eu U)” + 
2(B,u — Bao)l8 a2)” findet sich für LiOH: 


O—lal = 0,981 SE 0,008 Ä. 


Dies ist in guter Übereinstimmung mit 0,984 A, dem Wert in Ca(OH),. 
Der Unterschied liegt unter dem Meßfehler bzw. der Unsicherheit der 
Korrektur. Ein Polarisationseffekt konnte nicht festgestellt werden. 
Für B,„ findet sich ein größerer Wert als bei Ca(OH),, was zu 
erwarten war, da der Wasserstoff in LiOH in Viererkoordination von 
Nachbarn umgeben ist und nicht nur in Dreierkoordination. 


5W.R.Busıng and H.A.Levy, Neutron diffraction study of caleium 
hydroxide. J. Chem. Physies 26 (1957) 563—568. 
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Auffallend ist die hohe Wärmebew egung von allen Atomen in der 
Z-Richtung. Zur Erklärung mag man daran denken, daß die Abstände 
zwischen Atomen von in der Z- Richtung aufeinanderfolgenden Schich- 
ten viel größer sind, als sie sich aus den üblichen Ionenradien berechnen 
(0=0.=3,66 A, H-H = 266 Ä), während die Abstände in den 
Schichten nahe den üblichen Abständen liegen (0O—O = 3,06 A, 
Li—-0 = 1,96 A). Es fragt sich aber, ob hier der Temperaturfaktor 
wirklich nur Unordnung auf Grund von Thermobew egung beschreibt, 
oder nicht auch andere Fehlordnungserscheinungen. Aus Zeitmangel, 
bedingt durch den Ablauf eines Stipendienaufenthaltes, bestand vor- 
erst nicht die Möglichkeit, diese Frage weiter zu verfolgen. Es soll in 
einer späteren Arbeit geschehen. Ein Einfluß auf die Bestimmung des 
O—H-Abstandes ist davon nicht zu erwarten. Dagegen verbietet sich 
vorerst eine ins einzelne gehende Interpretation der gemessenen 
Temperaturfaktoren. 

Die vorliegende Arbeit entstand während eines Studienaufenthaltes 
in den USA, der mir durch ein Stipendium des deutschen Bundes- 
ministers für Atomfragen ermöglicht wurde. 

Zu danken habe ich in erster Linie Prof. C. G. Suurz vom M.LT. in 
Cambridge, Mass. bei dem ich den Studienaufenthalt verbringen 
durfte, und Dr. R. NarHAans und Dr. B. Frazer, die mir die Arbeit 
an einem Neutronenspektrometer am Reaktor in Brookhaven ermög- 
lichten, für ihr Interesse und ihre große Hilfsbereitschaft. In der 
Gruppe von Dr. B. C. Frazer wurde die Arbeit zum größten Teil an- 
gefertigt. Dr. W. Hamıvron stellte mir sein Rechenmaschinenpro- 
gramm zur Verfügung und Dr.M. Kay erledigte die Arbeitander Rechen- 
maschine. Zu großem Dank bin ich auch Dr. Smarvra vom M.LT. 
verpflichtet, in dessen Institut ich die LIOH-Kristalle züchten konnte, 
und J. Karnass, der mich dabei beratend und helfend unterstützte. 
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Auszug 


Aus dem Intensitätsabfall der Interferenzen werden die Parameter der 
Wärmebewegung in Kristallen von Kohlenwasserstoffen berechnet und mit 
denen der Kristalle von Carbonsäuren verglichen. Besonders berücksichtigt 
wurden Anthrazen und Bernsteinsäure. Die Moleküle können als nahezu starre 
Körper betrachtet werden. In Bernsteinsäure-Kristallen ist die Wärmebewegung 
in Richtung der durch Wasserstoff verbundenen Molekelreihen stark reduziert. 
Hingegen besteht eine erhebliche Drehschwingung um eine Achse, die dieser 
Richtung sehr annähernd parallel geht und ganz in der Nähe der Kohlenstoff- 
atome der Carboxylgruppen verläuft. 


Abstraet 


From a study of the Bragg reflections thermal parameters in hydrocarbon 
erystals have been evaluated and are compared with those obtained from 
erystals of hydrogen bonded carboxylie acids. Special reference is made to 
anthracene and suceinic acid. The molecules may be treated approximately as 
rigid bodies, and it is shown that in suceinie acid the motion is greatly reduced 
in the direetion of the hydrogen bonded molecular columns. There is, however, 
a large molecular angular oscillation about an axis approximately in the direc- 
tion of these columns and passing close to the carbon atom of the carboxyl group. 


The subject of thermal vibrations of atoms in cerystals is nearly as 
old as the subject of x-ray diffraction itself. Very soon after VON LAuEr’s 
original discovery, Desv& in 1913 treated the subject mathematically 
in a series of papers. In the early treatment the lattice points were as- 
sumed to be in independent oseillation about their equilibrium positions. 
In general, of course, this will not be true because successive atoms in 
the lattice are coupled by lattice forces and the vibration of one will 
affect its neighbour. The full treatment of this problem leads to the 
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theory of diffuse scattering. A great deal of work has been done on 
this aspect in recent years, and special reference should be made to the 
work of AMORöS and Canur! and their school who have carried out 
detailed thermal motion studies on some of the erystals to which we 
shall refer. 

In this paper we shall consider the information about thermal 
motion that can be obtained from a study of the intensities of the 
Bragg refleetions only, and their modification by atomiec vibration. 
The simple theory is well known. The thermal frequency of oscillation 
is small compared to the x-ray frequency (factor about 10°) and so a 
given configuration persists for a long time compared with the period 
of the incident x-radiation. The matter can be treated as one of random 
departures of the atoms from their ideal positions. If x-rays are incident 
at angle d and the thermal displacement of an atom (normal to the 
reflection plane) is v, then the path difference compared to that for an 
atom at rest is 2usin d, and the phase change is 

= -2usind=4nu(sind)/A. 
If the contribution of the undisplaced atom to the structure amplitude 
is /, then the effect of the thermal motion may be calculated by 
summing the usual trigonometric formula over the displacements u, 


F a 1 > er iu; (sin MIA 
Assuming isotropic and hence centrosymmetrie displacements the 
sine terms disappear and we may write 
— f, cos [4 r u (sin 6)/2]. 
0 


To a good approximation 
Bose 


and hence 

f = ih e >= u? (sin? O)/A? 
or 

ey g—B (sin? o)[2? 
where 


= 8 a2 WR 


Detailed experimental studies of the temperature factor for simple 
inorganie cerystals were made at a very early date by W. H. BrAasG 


1 J. L. Amorös and M.L. Canur, Thermal vibrations in dicarboxylic acids. 
Acta Crystallogr. 10 (1957) 794—795. 
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and later by Jamss and his collaborators, but for organic crystals a 
full analysis has not been possible until recently. In the early work on 
organic erystals the temperature factor was generally included in modi- 
fied empirical atomie scattering factors, and it was clear that in most 
cases the full treatment would demand the evaluation of anisotropic 


Fig.1. Electron-density projection of the anthracene molecule 


temperature factors. Recently, with the development of fast electronic 
computers, this has become possible and in fact it is now almost stan- 
dard procedure. 

One fact which has emerged from this work is that in many organic 
erystalsthe molecules behave like rigid bodies. They are linked in the 
crystal by relatively weak van der Waals attraction, and execute 
oscillations or librations which are large compared with the move- 
ments of the atoms within the molecules against the much stronger 
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covalent bonds. Perhaps the first direct evidence of this was obtained 
from an early Fourier analysis of anthracene? (Fig. 1). 

There is a sharp fall-off in the peak values of the electron densities 
of the carbon atoms as we move away from the centre of the molecule. 
In 1932 this effect was attributed to a rigid-body oscillation of the 
whole molecule about its centre, the amplitude being greatest for the 
outermost atoms. Although series-termination errors account for some 
of the observed fall-off, the main effect has now been fully confirmed, 
as we show below. 

For the general case of complex organic crystals of low symmetry 
we require an anisotropie temperature factor, and an elegant treat- 
ment of this problem has been developed by ÜRUICKSHANK®. The ther- 
mal displacements will now in general be different in different directions, 
and instead of an isotropie or spherical distribution of displacements 
we have to consider an ellipsoidal distribution. Mathematically, in- 
stead of representing the mean displacement by a simple vector normal 
to the reflecting plane we require to represent it by a vector function 
or tensor. This can be a symmetrical tensor with six independent 
coefficients: 


Un Un 0% 
U’ sym. = |U,, U2 Ug 
U; 05 03 


We require one such tensor, U”, for each atom in the structure. 
The mean square displacement, or amplitude of vibration u? in a 
direction Z (components /,, l,, I, along x, %, z) is then 


3 U, L!, 


Un I? ar Us 1? ir Ug l;> 2 2 Up I, l, or 2 Un I, l; air 2 Us l, l; 


I 


— 872 u% (sin?9)/A2 
The temperature factor, "WW now becomes 


er (2 E Uylıl)) sin? OylR 


for the anisotropice case. In modern refinement procedures convenient 
numerical methods have been developed for evaluating the six thermal 


2 J. M. ROBERTSoN, The crystalline structure of anthracene. A quantitative 
x-ray investigation. Proc. Roy. Soc. [London], Ser. A 140 (1933) 79—98. 

3D.W. J. CRUICKSHANK, The determination of the anisotropie thermal 
motion of atoms in erystals. Acta Orystallogr. 9 (1956) 747—753. 
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parameters for each atom in addition to the three positional parame- 
ters. But the calculations are obviously very lengthy and for complex 
structures containing many independent atoms they would not be 
feasible without fast electronic computers. 

ÜRUICKSHANK’S refinements on the naphthalene* and anthracene? 
structures are well known, and he has evaluated very fully the rigid- 
body oscillations of these hydrocarbon molecules. We shall compare 
these results with some new calculations by similar methods for the 
ß suceinic-acid erystal where the molecules are not free to move 
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Fig.2. 
Ovalene, C,H,}, 
b=4.70Ä 


equally in all directions but are rather tightly bound in columns by 
hydrogen bonds linking the carboxyl groups of successive molecules®. 

Before giving the numerical data it is of interest to look at the mat- 
ter generally from the point of view of the x-ray diffraction photo- 
sraphs. A very rapid fall-off in intensity (due to large B factors) is 
quite characteristic of hydrocarbon cerystals, where the molecules are 


4 D.W..J. ÖRUICKSHANK, A detailed refinement of the erystal and molecular 
structure of naphthalene. Acta Orystallogr. 10 (1957) 504-508. 

5 D.W.J.CRUICKSHANK, A detailed refinement of the erystal and molecular 
structure of anthracene. Acta Crystallogr. 9 (1956) 915—923; 10 (1957) 470. 

6 J.S. BROADLEYy, D. W. J. CRUICKSHANK, J. D. MORRISON, J.M. ROBERTSON 
and H.M.M.SHEARER, Three-dimensional refinement of the structure of ß-suceinie 
acid. Proc. Roy. Soc. [London] Ser. A 251 (1959) 441-457. 
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held together only by the weak residual van der Waals forces. The 
rotation photograph of ovalene, C,,H,,, shown in Fig.2, is an example, 
although an even more rapid fall-off in intensity is found for smaller 
molecules like naphthalene or anthracene. 

We may now compare this pieture with an exactly comparable 
photograph of oxalie acid dihydrate (Fig.3) in which wennote that strong 
reflections persist right out to the edge of the film. The molecules of 
oxalic acid are very small compared with the ovalene molecules but 
they are tightly bound together through the water molecules by strong 
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Oxalic acid, C,H,O, : 2H,0 H,O | H,O 
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b=3.60Ä 0/ NoH 


hydrogen bonds. The thermal oseillations are restrieted (low B fac- 
tors) and the x-ray reflections remain strong even at high angles. In 
arranging these photographs care was taken to employ two erystals of 
the same size, and they were given the same exposure. 

These two examples represent opposite extremes—a molecule 
comparatively free to move and a molecule completely tied up by an 
extensive three-dimensional system of hydrogen bonding. Suceinic 
acid is a somewhat intermediate case. The molecules are tied into 
columns end-to-end by hydrogen bonds uniting the carboxyl groups, 
as shown in Fig.4, but laterally only weak residual forces operate. 

Consequently the molecules can execute only small longitudinal 
(c axis) vibrations, but the sideways (a and b) oscillations are compara- 
tively large. The effect can be studied on certain sections of the reci- 
procal lattice, and Fig. 5 is a precession photograph showing the (h0l) 
net. Note that in the c* direction and near it the reflections remain 
strong, but they rapidly fade out in the a* direction. This is shown 
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more clearly in the (h1l) net (Fig. 6) which contains more refleetions. 
Fig.7 is a rather arbitrary net not involving c* and the decrease of 
intensity is fairly uniform in all direetions. 

This qualitative approach is useful, but in recent quantitative 
refinements of these structures it has been possible to evaluate the 
thermal movements fairly accurately. The components of the U’ ten- 


Fig.4. The molecular arrangement in the ß succinic-acid erystal 


sors may be calculated from the experimental data, and the diagonal 
terms, U, U, and U,, give directly the values of u? (=B/8R?) 
parallel to the chosen axes. 

Furthermore, ÜRUICKSHANK has shown that, given the U” tensors 
for all the atoms in the molecule, it is possible to convert them, by a 
least-squares process, into two other tensors which describe the 
motion of the molecule as a rigid body. In this analysis a symmetric 
tensor T is derived, which gives the translational movements of the 
mass centre, and a second tensor & gives the angular oscillation of the 
molecule about the axes passing through the centre. 
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In anthracene the U j values vary from about 0.06 Ä2 (”= 0.25 A) 


for the end atoms to about 0.03 Ä2 (u = 0.17 A) for the central atoms. 


This result substantiates the oseillation predicted from our early 
results in 1932 (Fig. 1). ORUICKSHANK has further caleulated the radial, 
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tangential and perpendicular mean square amplitudes for the atoms, 
and these are shown in Fig.S8. 
Treating the molecule as a rigid body, the components of the T 
and w tensors are shown in Table 1, referred to the principal molecular 
b* 
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Fig.7. B-Suceinic acid, C,H,O,, arbitrary section 


Fig. 8. Anthracene. Values of (u2) (in 10-2 Ä2) in the directions radial, tangential 
and perpendicular 


axes (long axis, cross axis and plane normal). The off-diagonal terms 
being small shows that the analysis is valid and that the motion can 
be described in this way. Taking square roots of the diagonal terms 
we find the amplitudes of translational oscillation along the molecular 
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axes to be 0.20, 0.16, and 0.16 A, while the amplitudes of angular 
oscillation are 3.8°, 2.2° and 3.1°. These angular oscillations can be 
correlated with the Raman ee 


Table 1. Anthracene 
Values of T,, (in 10-2 Ä?) and @,, (in deg.?) 


————— ee nn 


12253802 0.127, 0.01 o= (1456 1.57 0.87 
2.70 0.06 5.03 —0.57 
2.66 9.64 

Values of o(7,,) [in 10? Ä®?] and 0 (o,,) [in deg.?] 
sD=e (612 011 012 o(w)= (545 079 151 
0.16 0a7 0.77 0.66 
0.29 0.66 


An anisotropie refinement for suceinie acid has now been com- 
pleted, but the accuracy is somewhat less than in the anthracene 
analysis described above, and the standard deviations in the U, 
values are probably about 0.4-10°2 Ä2. The results are given in Table 2 2, 
Here the tensors are referred to orthogonal axes, a’, b and c where a’ 
is taken perpendicular to b and c. 


Table 2. ß Succinic acid. Values of U,, (in 10-2 A) 


— UntÜs+U;;| Equivaler 
Un | 2 Ujs 95 Uns uU’= ut = en for 
| I 

CHA 3 02402127 10.3 0.5 27 21 
Bar 10. 20.32 321..0.0.| 1:5 2.4 1.9 
O0, | 4.9 |-0.7 |-0.1| 30 | 0.2| 0.9 2.9 22 
ON 129,0.0 | 3.3208.) 09 3.3 2.6 
Mean) 45 120.3°-0.11-3.1 20.1 | 1.0 2.8 22 


The diagonal terms U, Us, and U,, give directly the u? values 
parallel to these orthogonal axes. The mean values, given in the last 
row, indicate r.m.s. amplitudes of vibration for the structure as a 
whole of 0.21, 0.18 and 0.10 Ä along the a’, b and c axes. The movement 
along the direction of the hydrogen bonded columns (c axis) is clearly 
very much less than in the other directions. 

With regard to the individual U,, values we have mentioned that 
there are likely to be considerable errors, and the variations in Us; 
are probably not genuine. However, the large variations in the U,,'s, 
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especially the anomalous value for atom C,, are certainly significant. 
Some interesting results are obtained when the U,, values are referred 
to the principal axes of inertia of the molecule (Fig. 9). 

The molecule is approximately planar, and if we neglect the hydro- 
gen atoms the axis of maximum inertia, P, is perpendicular to the 
molecular plane. The axis R of minimum inertia passes very close to 
atom (,, and is within 10° of the erystallographie c axis. The other 
axis, Q, lies in the plane and is perpendieular to P and R. Analysis of 
the transformed U,, now indicates that the amplitudes of angular os- 


axis of maximum 
angular oscillation 


Fig.9. Suceinie acid. Prineipal axes of inertia 


cillation (w) are very small (0—2°) about the axes P and Q. But there 
is a large molecular angular oscillation of about 9° about an axis 
close to R. This axis is about 4° from R and close to the direction of 
the hydrogen-bonded columns. This result explains the small and ap- 
parently anomalous vibration of atom C,, because this atom lies close 
to the axis of maximum oseillation, and hence undergoes little move- 
ment. 

Results obtained from other structures, e.g. glycine? and succin- 
amide®, have shown that the vibration of the carboxyl carbon atom is 
anomalously small, and it is likely that a similar explanation applies 
fairly generally to thistype of structure where molecules are hydrogen 
bonded through their carboxyl groups. 

The translational vibrations (T) obtained for the succinie acid 
molecule are about 1.0: 102 Ä2 (@ — 0.10 Ä) in the direction of the 
c axis, about 2.5 - 102 Ä2 (% — 0.16 Ä) perpendicular to the molecular 
plane, and about 3 - 0.10 Ä2 (@ — 0.17,Ä) in the third direction Q. 


”R. E. MARSH, A refinement of the crystal structure of glycine. Acta Urys- 
tallogr. 11 (1958) 654—663. 

> D.R. Davies and R. A. PASTERNAK, A refinement of the erystal structure 
of succinamide. Acta Crystallogr. 9 (1956) 334—340. 
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Hence we find that the movement along the hydrogen bonded columns 
is very much less than in any other direction in the erystal. The motion 
in the other directions, where the molecules are linked by van der Waals 
attractions only, is however comparable to that found in anthracene 
and in other pure molecular crystals. This conclusion is in general 
agreement with the results obtained by Amorös and Caxur! in their 
interpretation of the x-ray diffuse scattering from suceinie acid. 
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Die Kristallstruktur des Au) 


Von H, JAGODZINSKI 
Max-Planck-Institut für Silikatforschung, Würzburg 
Mit 4 Abbildungen im Text 


(Eingegangen am 11. Juni 1959) 


Abstract 


The erystal structure of AuJ was determined by means of the powder 
method with focussing monochromators. AuJ belongs to the tetragonal space 
group P4,/nem (= D}}) with a = 4.3, ÄA,c = 13.7, A and c/a = 3.16. The unit- 
cell contains 4 molecules AuJ, which occupy the following positions: 

4Auin: 000, 340, 303, 033 


in « 11 
AA me 442, 332,1 


31-2 (= 0.18,). 


The erystal structure consists of Au—J chains with the remarkably short 
Au-—J distance of 2.62 Ä. 
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Auszug 


Die Struktur des AuJ wurde mit Hilfe von Pulveraufnahmen mit fokus- 
sierenden Monochromatoren bestimmt. AuJ gehört zur tetragonalen Raum- 
gruppe PA4,/nem (= Di) mit den Gitterkonstanten a = 4,3, Ä, c = 13,7, Ä 
und c/a = 3,16. In der Zelle befinden sich 4 Moleküle AuJ, die folgende Punkt- 
lagen einnehmen: 


4Auin: 000, 330, 303 


in» a 33 1 = 
AJ nz 442, 332% 2, 321-2 (2 = 0,15,). 


4 
Die Struktur besteht aus Au—J-Ketten, mit dem bemerkenswerten kurzen 
Au-—J-Abstand von 2,62 Ä. 


1. Experimentelle Durehführung 


Pulverförmiges AuJ von gelblicher Farbe wurde uns von Herrn 
Prof. See, Stuttgart, zur Verfügung gestellt, wofür wir ihm auch an 
dieser Stelle herzlich danken. Das Pulver war sehr feinkörnig, so daß 
auch unter dem Mikroskop keine einkristallinen Teile zu erkennen 
waren. Pulveraufnahmen nach dem Guinier-Verfahren zeigten immer 
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neben den Linien des AuJ auch die des reinen Au, deren Intensität 
durch das Präparier-Verfahren beeinflußt werden konnte. Versuche, Al 
als Eichzusatz hinzuzufügen, schlugen fehl, weil damit fast alles AuJ 
zu Au reduziert wurde. Nach Überwindung der Zuordnungsschwierig- 
keiten konnte die in Tab.1, Spalte 1 und 2 wiedergegebenen Linien- 
lagen vermessen werden. Durch sehr sorgfältige Präparierung (gün- 
stigste Absorptionsverhältnisse) wurde der allgemeine Streuunter- 
grund klein gehalten; durch stark überbelichtete Aufnahmen war eine 
genaue Bestimmung der Auslöschungsregeln möglich. Nach ein- 
gehendem Studium der Tab.1 erkennt man folgende allgemeine 
Auslöschungsregeln. 

1. 0kl nur mit 1 = 2n (typisch für eine c-Gleitebene senkrecht zur 
a-Achse) ; 

2. hkOö nur mith — k= 2n (typisch für eine n-Gleitebene senkrecht 
zur c-Achse). 

Gitterkonstanten: a = 4,3, Ä, c = 13,7, A, c/a = 3,16. 

Nicht erfaßt werden damit die Auslöschungen (211), (221), (213), 
(223) usw., d. h., hkl gemischt nur mit Z = 2n; dies ist jedoch keine für 
die Raumgruppen charakteristische Auslöschung. Die obengenannten 
Auslöschungsregeln führen eindeutig auf die Raumgruppe P4,/nem 
(= D!®), wenn man sowohl die Auslöschungsregel als auch die tetra- 
gonale Geometrie der Zelle nicht als zufällig ansieht. Als Dichte wird 
in der Literatur für Au) o = 8,25 angegeben. Mit diesem Wert erhält 
man, mit V = 259,8 Ä3, die Zahl n der Moleküle je Zelle zu n = 3,95, 
man darf also mit 4 AuJ-Molekülen im Zellvolumen rechnen. 

Ohne hier auf die einfache Diskussion der Unterbringung der 
4 AuJ-Moleküle einzugehen, sei erwähnt, daß man die noch nicht 
durch die Raumgruppe erfaßten Auslöschungen gesetzmäßig folgender- 
maßen erhält. Man setzt eine der beiden Atomarten in die allseitig 
flächenzentrierte Punktlage 000 (d) bzw. 004 (c), die andere Atomart 
belegt die Punktlage 4 42 (e). Diese hat nach den internationalen 
Tabellen die zusätzliche Auslöschung: hkl nur mit 1 = 2n vorhanden. 
Da beim allseitig flächenzentrierten Gitterkomplex nur Reflexe mit 
gemischten Indizes ausgelöscht sein müssen, erhält man eindeutig die 
oben erwähnten ‚zufälligen‘ Auslöschungen als zusätzliche Aus- 
löschung für die speziell gewählten Punktlagen. 

Aus geometrischen Überlegungen mit Hilfe der ungefähren Radien 
von Au und J folgt weiterhin, daß nur Au den allseitig flächen- 
zentrierten Gitterkomplex besetzen kann. Den ungefähren Parameter z 
für die J-Atome kann man aus dem bekannten van der Waalsschen 


Z. Kristallogr. Bd. 112 6 


82 H. JAGODZINSKI 


Abstand des J entnehmen, der etwa bei 4 Ä liegen sollte. Durch Varia- 
tion des Parameters z wurde die beste Übereinstimmung der theo- 
retischen und experimentellen Intensitäten bestimmt. 

Den Vergleich der berechneten und der gemessenen Intensitäten 
gibt Tab.1 wieder. Die Auswertung der Röntgenfilme war bei Ver- 
wendung von CuK«-Strahlung nur bis zu Beugungswinkeln von etwa 
90° möglich, da die Interferenzen bei großen Beugungswinkeln infolge 
Interferenzverbreiterungen durch Gitterspannungen eine hohe kon- 
tinuierliche Untergrundschwärzung erzeugen. Um den Parameter z 
einigermaßen zuverlässig zu bestimmen, mußte natürlich eine mög- 
lichst genaue Auswertung unter Berücksichtigung eventueller ther- 
mischer Schwingungen und der oben erwähnten Gitterspannungen 
vorgenommen werden. Wir haben daher das folgende Verfahren 
angewendet: 

Die Röntgenfilme wurden mit den üblichen Vorsichtsmaßnahmen 
photometriert; nach Abzug des allgemeinen Untergrundes wurde die 
Integralintensität der Reflexe durch Produktbildung der Höhe mit 
der Halbwertsbreite näherungsweise bestimmt. Bei koinzidierenden 
Linien haben wir die Photometerkurven auf linearen Intensitätsmaß- 
stab umgezeichnet und die integrale Intensität durch Vergleich mit 
dem Papiergewicht der ausgeschnittenen Reflexsruppe bestimmt. 
Durch Vergleich des ‚‚Reflexgewichts“ einiger koinzidenzfreier Linien 
mit dem Produkt aus Interferenzhöhe x Halbwertsbreite erhielten wir 
den Angleichungsfaktor. Die experimentelle Intensität ist in Spalte 4 
der Tab. 1 in relativen Einheiten wiedergegeben. Die Spalten 6, 7 und 8 
zeigen die berechneten Intensitäten für die drei Parameterwerte 
2 —= 0,150, z= 0,155 und 2 = 0,160; die Multiplikation mit dem 
Häufigkeitsfaktor der Flächen und dem bekannten Lorentzfaktor für 
Guinier-Aufnahmen! wurde dabei bereits berücksichtigt. Um die 
relative Angleichung an die gemessenen Intensitäten zu erreichen, 
fehlt noch die Korrektur mit dem Polarisationsfaktor, die Absorptions- 
korrektur und die Berücksichtigung der Gitterschwingungen und 
Gitterspannungen. Die Polarisationskorrektur ist dabei für die mono- 
chromatisierte Strahlung berechenbar?, sie ist wohl die geringfügioste 
Abweichung; schlimmer ist schon die Absorptionskorrektur für das 
blättchenförmige Präparat. Da eine völlig gleichmäßige Verteilung des 


! E. HELLNER, Intensitätsmessungen aus Aufnahmen in der Guinier-Ka- 
mera. Z. Kristallogr. 106 (1954) 122—145. 

® L.V. Azarorr, Polarization correction for erystal monochromatized xX-Tay 
radiation. Acta Crystallogr. 8 (1955) 701—704. 
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Pulvers nicht erreichbar war, mußte hier wegen des hohen Absorptions- 
vermögens des AuJ mit wesentlichen Abweichungen gerechnet werden, 
die kaum zu berechnen sind, wenn man nicht die genaue Verteilung der 
Substanzmenge auf dem flächenförmigen Präparat kennt. Die gene- 
relle Winkelabhängigkeit dieses Effekts kann man einer Arbeit von 
MEnzer® entnehmen. Da die Neigung des Primärstrahls zur Normale 
des Präparats etwa 45° beträgt, hat die Absorption bei einem Beu- 
gungswinkel von 45° ihr Minimum und steigt nach kleineren und 
größeren Beugungswinkeln an. Diese Korrektur verläuft also grund- 
sätzlich anders als die auf dem Einfluß der thermischen Schwingungen 
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Abb.1. Mit Hilfe der starken Intensitäten berechneter experimenteller Korrek- 
turfaktor für Polarisation, Absorption, Temperatur und Spannungen 


und der Spannung des Gitters beruhende. Für beide Effekte könnte 
2 sin? 0 
man in guter Näherung eine Funktion eG einführen, das ist 


also eine mit dem Beugungswinkel monoton abnehmende Funktion. 
Die zusätzlich notwendige Absorptionskorrektur läßt aber eine solche 
einfache Funktion nicht zu. Aus diesem Grunde haben wir auf em- 
pirischem Wege versucht, den verschiedenen Korrekturen durch eine 
nur von Beugungswinkeln abhängende gemeinsame Korrektur- 
funktion Rechnung zu tragen; solange diese Funktion einen ein- 
fachen Verlauf zeigt, wird dadurch die Strukturbestimmung nicht 
beeinflußt. Die exakte Korrektur-Funktion läßt sich bei kleinen 
Beugungswinkeln natürlich nur schlecht bestimmen, weil zu wenig 
Reflexe herangezogen werden können. Bei mittleren und größeren 
Glanzwinkeln macht sie jedoch ziemlich unabhängig von der Para- 
meterwahl die Differenz zwischen berechneter und gemessener Inten- 


3 G. MENZER, Debye-Scherrer-Aufnahmen an Pulverplättchen. Z. Natur- 
forschung 2a (1947) 335—343. 
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sität zu einem Minimum. Abb.1 zeigt die auf diese Weise erhaltene 
Korrekturfunktion, die sehr einfach aussieht. Die in Spalte 4 auf- 
geführten experimentellen Intensitäten sind mit den entsprechenden 
Funktionswerten zu multiplizieren. Durch Wahl von möglichst wenig 
absorbierenden Präparaten erhält sie einen einfachen Verlauf. Natür- 
lich ist sie für verschiedene Aufnahmen auch im allgemeinen ver- 
schieden anzusetzen. 

In Spalte5 der Tab.1 sind die nach dem oben beschriebenen 
Verfahren korrigierten experimentellen Intensitäten eingetragen, die 
Spalten 6, 7 und 8 zeigen die dazugehörigen theoretischen Intensitäten. 
Es wird dem Leser schwer fallen, die günstigsten Parameter auf den 
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als Funktion von 2; I, = berechnete Intensität; I, = korri- 


gierte experimentelle Intensität 


ersten Blick zu erkennen, da die Übereinstimmung in allen drei 


Spalten vorhanden ist. Wir haben daher iin Abb. 2 ed als Funktion 


des Parameters aufgetragen. Daraus erhält man den interpolierten 
Parameter z = 0,153. 


Rechnet man die Intensitäten auf Amplituden um und bestimmt 


in bekannter Weise den R-Faktor A unter Einschluß der 


nicht beobachteten Reflexe bis 20 = 90°, so erhält man für R den 
sehr genauen Wert 0,07. Allerdings darf die hohe Genauigkeit nicht 
dazu verleiten, eine analoge gute Genauigkeit des Parameters zu 
erwarten, da ja die Reflexe bei großen Beugungswinkeln nicht in die 
Berechnung eingeschlossen werden konnten. Mit Einkristallen wäre 
eine so gute Übereinstimmung wegen der beträchtlichen Absorptions- 
korrekturen wohl nicht zu erreichen. 


Tabelle 1 


1, 2, 5; 4 5 6. 7. 8. 
u 2 gemessene Takegraı- ee en rinnen, 
Indizes Br Reale Integral- Intensität, 2 2 
Intensität korrigiert z = 0,150 z = 0,155 z = 0,160 
(vgl.Abb.1) 
002 0,0125 0,0126 588 282 324 292 263 
102 0,0439 0,0439 380 190 191 182 173 
004 0,0504 0,0504 36 19 23 29 36 
110 0,0625 0,0626 115 68 69 69 69 
111 0,0657 0,0658 445 270 300 300 300 
112 0,0753 0,0752 19 13 10 15 20 
104 0,0817 0,0817 58 40 33 45 57 
113 0,0911 0,0910 258 191 199 199 199 
114 0,1131 0,1130 rn ne 41 es 34 Me 26 ns 
006 0,1134 0,1134 87 gu 99 
200 0,1252 0,1252 9 8 9 9 9 
202 0,1379 0,1378 186 186 170 181 191 
115 0,1414 0,1414 129 129 115 115 115 
106 0,1446 0,1447 22 24 16 8 3 
212 0,1693 0,1691 58 69 71 68 64 
re ) 0,1759 des ) 159 194 Be ) 224 R ) 217 “e ) 176 
008 0,2015 0,2016 17 23 28 20 15 
214 0,2068 0,2069 20 28 20 27 77 
117 0,2172 0,2170 39 57 69 69 69 
108 0,2328 0,2329 19 29 23 25 24 
206 0,2388 0,2386 8 13 15 11 9 
220 0,2504 0,2504 57 90 77 Zt 77 
222 0,2630 0,2630 35 32 29 
118 = 0,2642 ) 23 > 2 EL 0 > 8 3 
216 0,2699 0,2699 8 13 15 8 5) 
302 0,2942 0,2943 16 27 18 17 16 
224 0,3006 0,3008 m 13 12 14 17 
310 0,3131 0,3130 18 18 18 
0.0.10 - 0,3150 1 2 3 
311 0,3161 0,3162 2, 12 oo | 90 | 17° 
119 0,3179 0,3178 45 45 45 
312 = 0,3256 3 5 E 6 
208 0,3269 0,3268 ) 2 2 28 en 40 FR 5h ja 
304 0,3322 0,3321 6 12 6 8 10 
313 0,3414 0,3414 47 95 83 83 83 
1.0.10 - 0,3463 {) () () 2 6 
218 0,3580 0,3581 17 35 28 51 30 
314 0,3634 21 17 13 
a ) 0,3639 ee ) 65 135 % ). 144 = ) 114 m 115 
4.1.10 0,3778 0,3776 10 22 15 14 10 
315 * 0,3918 - - 76 76 76 
306 x 0,3951 - - 5 3 1 
322 0,4196 0,4195 19 u 25 24 23 
316 * 0,4264 - - 18 2 26 
2,0.10 0,4404 0,4402 ) En 1 95 wi f 90 Ne 80 ine 
1.1.11 0,4438 0,4438 35 35 35 
228 0,4521 0,4520 50 38 27 
0.0.12 0,4538 0,4536 25 61 12 71 19 69 21 | 64 
324 = 0,4573 9 12 16 
317 0,4675 0,4674 24 59 69 69 69 
2.1.10 - 0,4715 0 () () 3 9 
308 0,4834 0,4833, a es: 1 nes ae ER: 
1.0.12 0,4849 0,4849 12 5 3 


* Zusammenfall mit Au 
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2. Beschreibung der Struktur 


Die Verbindung stellt einen neuen AB-Strukturtyp dar. Die 
formale geometrische Verwandtschaft zum Hg,J, (a = 4,9, ce = 11,6) 
ist bedeutungslos. Nachbarschaftsverhältnisse (vgl. Abb. 3): 


Au hat 2 J-Nachbarn in 2,62 Ä 
4 Au-Nachbarn in 3,08 Ä 
J hat 2 Au-Nachbarn in 2,62 Ä 
4 J-Nachbarn in 4,1 Ä 
4 J-Nachbarn in 4,35 Ä. 


Abb.3 zeigt eine diagonal liegende AuJ-Kette, die offenbar durch 
homöopolare Bindungstendenzen ermöglicht wird. In Abb.3 liegen die 


O: 0 


Abb.3. Darstellung einer AuJ-Kette und ihr Zusammenbau zu AuJ-Schichten 


Ketten um a/2 2 = 3,08 Ä gegeneinander verschoben, während die 
J-Atome in Abb.3 zueinander kantenzentriert sind. Die so erhaltenen 
Schichten werden dann nach dem Prinzip einer dichtesten Packung 
zur Struktur zusammengefügt. 

Abb.4 zeigt das Strukturbild mit der Eintragung der Nachbar- 
schaftsverhältnisse der J- und Au-Atome. Die angegebenen van der 
Waalsschen Abstände mit 4,1 und 4,35 Ä passen gut zu den bisher 
bekannten van der Waalsschen Abständen des J. Die Au—.J-Abstände 
sind etwas klein, vergleichbare experimentelle Abstände liegen nicht 
vor, jedoch beträgt der Abstand Ag—J im Zinkblende-Gitter des 
AgJ 2,88 Ä. Dieser Wert paßt einigermaßen zum Au-—.J-Abstand, 
wenn man berücksichtigt, daß mit sinkender Koordinationszahl auch 
die Abstände kleiner werden. 

Der Winkel Au—J—Au innerhalb der in Abb.3 dargestellten Kette 
beträgt 72°. Damit haben die Au—Au-Abstände den relativ kleinen 
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Wert von 3,08 Ä, der nur wenig größer ist als der vergleichbare 
Abstand im metallischen Au (2,88 A). Die Einordnung in ein Modell 
mit kugelförmigen Ionen bereitet Schwierigkeiten. In Anbetracht der 
(wegen der kleinen Koordinationszahl 2!) hohen Deformation der 
Valenzelektronenwolken ist das wohl 
nicht sehr überraschend. 

Eine formale Analogie mit dem 
CdJ,-Gitter hinsichtlich des Struk- 
turtyps kann man entdecken, wenn 
man davon absieht, daß tetragonale 
J-Schichten anstatt hexagonaler im 
CdJ, vorliegen. Die „Kationendichte“ 
des Au ist jedoch doppelt so hoch, 
verglichen mit der Belegungsdichte 
des Cd?+ im CdJ,. Außerdem liegt, 
wie oben schon erwähnt wurde, kein 
richtiges Schichtgitter, sondern ein 
Kettengitter vor. 

Die vorliegende Strukturbestim- 
mung ist mit Hilfe von Pulverauf- 
nahmen nach dem normalen Debye- 
Scherrer-Verfahren nicht durchführ- 
bar, weil schon die Auslöschungsregeln 
nur dann bestimmt werden können, 
wenn der Untergrund der Aufnahmen 
gralesnditie? ieeN Dr Busubeisschr die mit J bzw. Au bezeichneten 
streng monochromatischer Strahlung ee 
erreicht werden kann. Strenge Koin- verhältnisse der beiden Atomarten 
zidenzen gab es nur für drei Inter- 
ferenzen, jedoch mußte wegen der Überlappung einzelner Linien- 
paare oder -gruppen die Intensitätsmessung für sie gemeinsam 
durchgeführt werden. 

Frl. G. Pıwpur danke ich für die Durchführung der experimen- 
tellen Messungen und die Berechnung der Strukturfaktoren. Der 
Deutschen Forschungsgemeinschaft verdanke ich die Überlassung von 
Röntgenapparaten. 


Abb.4. Strukturmodell des AuJ; 
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Einkristalluntersuchungen zum Problem 
der Hydrargillit-Entwässerung 


Von H. SAALFELD 
Max-Planck-Institut für Silikatforschung, Würzburg 
Mit 2 Abbildungen im Text 


(Eingegangen am 6. Juni 1959) 


Abstraet 


Single erystals of hydrargillite were first heated in vacuo at 350° and then 
up to 1000° in air. The break-down products, o- and n-Al,O; and corundum 
were subjeeted to mieroscopie and x-ray examination. It was found that the 
erystallites of the structures resulting from the break-down did not exhibit a 
random arrangement but, on the contrary, showed definite orientation. This 
permits conclusion to be drawn concerning the cerystal-chemical processes 
involved in the hydrargillite break-down. 


Auszug 


Hydrargillit-Einkristalle sind zunächst im Vakuum bei 350°C, dann an 
Luft bis 1000°C erhitzt worden. Die Zerfallsprodukte g-, 7-Al,O, sowie Korund 
wurden mikroskopisch und röntgenographisch untersucht. Es zeigte sich, daß 
die Kristallite der beim Hydrargillit-Zerfall entstehenden Strukturen nicht 
regellos, sondern orientiert angeordnet sind und somit Rückschlüsse auf die 
kristallchemischen Vorgänge beim Hydrargillit-Zerfall ermöglichen. 


1. Problemstellung, Literatur 


In den letzten 10 Jahren ist über den Vorgang der Hydrargillit- 
Entwässerung eine fast unübersehbare Zahl von Arbeiten veröffentlicht 
worden, an deren Beginn die grundlegende Untersuchung von STUMPF 
und Mitarbeitern! steht. Da es unmöglich ist, hier diese Literatur auch 
nur in den Grundzügen zu zitieren, sei nur kurz auf die bisher gesicher- 
ten Ergebnisse dieses komplex verlaufenden Vorgangs eingegangen. 


ı H. C. Srumpr, A. $S. Russe, J. W. NEwsoME and J. W. TUCKER, Thermal 
transformations of aluminas and alumina hydrates. Ind. Eng. Chem. 42 (1950) 
1398— 1403. 
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Die Entwässerung des Hydrargillits verläuft jenach den Umständen 
unterschiedlich. Herrschen zu Beginn der thermischen Entwässerung 
hydrothermale Bedingungen — sei es, daß die Versuche im Autoklaven 
durchgeführt wurden oder aber, daß im Inneren der Kristallite vorüber- 
gehend ein erhöhter Wasserdampfdruck herrscht —, dann bildet sich 
als erstes Entwässerungsprodukt stets Böhmit, AIO(OH). Beim weite- 
ren Erhitzen des Böhmits an Luft treten nahezu wasserfreie Übergangs- 
tonerden auf, die sich strukturell unterscheiden und wahrscheinlich 
die Keimbildungsarbeit des eigentlich stabilen Korunds herabsetzen. 
Es ergibt sich so folgendes Entwässerungsschema: 


Hydrargillit 2°> Böhmit #U> »-A1,0, 9%, 9-A1,0,4%> «-Al,O,. (D) 


Fehlen während der ersten Entwässerungsstufe hydrothermale Be- 
dingungen, so bildet sich nach den Untersuchungen von DE BoER und 
Mitarbeitern? sowie von BROwn und Mitarbeitern? kein Böhmit mehr, 
sondern die Entwässerung verläuft nach dem Schema: 


Hydrargillit 25 „-A1,0,%° > z-A1,0,40%, 2-A1,0,. (II) 


d-, x- und x-Al,O, haben mehr oder weniger gestörte Gitter, deren struk- 
turelle Natur durch die Einkristall-Untersuchungen des Verfassers 
teilweise aufgeklärt werden konnte®. 

PAP&E und TerTIAN führten die Entwässerungsversuche auch im 
Vakuum durch und fanden ein abweichendes Verhalten gegenüber den 
Entwässerungswegen I und II. Als erstes Entwässerungsprodukt soll 
sich hiernach eine nahezu röntgenamorphe Substanz bilden, die als 
o-Al,O, bezeichnet wurde. In einer kürzlich veröffentlichten Arbeit® 
sind weitere Ergebnisse der Vakuumentwässerung mitgeteilt worden. 
Ist das Hydrargillitpulver genügend fein, dann verläuft hiernach die 
Entwässerung wie folgt: 


Hydrarsillit — 0-Al,O, — 9-Al,0, — 6-A1,0, > «-Al,O, . (III) 


® J. H. DE Boer, J. H. M. ForrTUIn and J. J. STEGGERDA, The dehydration 
of alumina hydrates I — II. Prod. Kon. nederl. Akad. Wetensch. B 57 (1954) 
170—180, 434—443. 

3 J. F. BRown, D. CLARK and W. W. ELLIOTT, The thermal decomposition 
of the alumina trihydrate gibbsite. J. Chem. Soc. (London) 1953, 34—88. 

* Die Ergebnisse dieser Untersuchung werden demnächst veröffentlicht. 

5 D. Pap&w et R. Terrıan, Etude de la d&composition thermigque de l’hydrar- 
gillite et de la constitution de l’alumine activee. Bull. Soc. Chim. (France) 22 
(1955) 983—991. 

$ R. TERTIAN et D. PAPrGE, Transformations thermiques et hydrothermiques 
de l’alumine. J. Chim. Physique 1958, 341—353. 
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Bei grobkristallinem Material kann es zur teilweisen Böhmitbildung 
kommen. Dieser Böhmitanteil entwässert nach dem Schema I. Es 
wurde ferner beobachtet, daß das o-Al,O, in Wasser oder Wasserdampf 
sehr leicht zu Bayerit rehydratisiert, was beim y-Al,O, nahezu un- 
möglich ist. 

Fast alle diese Untersuchungen wurden an Pulverpräparaten durch- 
geführt, da die Synthese größerer Einkristalle bisher nicht gelang und 
die natürlichen Vorkommen größerer Kristalle sehr selten sind. Rönt- 
genographisch ist man daher auf Pulveraufnahmen angewiesen, die 
in ihrer Aussagemöglichkeit begrenzt sind. 

TERTIAN und Tuızox” haben als erste den Versuch unternommen, 
Entwässerungsversuche an Einkristallen von Hydrarsillit durchzu- 
führen, wobei sie feststellten, daß beim Erhitzen nicht nur die äußere 
Kristallgestalt erhalten blieb, sondern daß die sich bildenden Kristallite 
der Übergangsformen orientiert liegen. Wahrscheinlich aus Mangel an 
Material wurden diese Versuche nicht fortgesetzt. In eigenen Arbeiten 
hat der Verfasser® den gleichen Weg beschritten. In allen Fällen lagen 
die meisten Kristallite der Entwässerungs-Produkte orientiert vor, 
so daß röntgenographisch Texturaufnahmen möglich waren, die struk- 
turell wesentlich mehr aussagen als die üblichen Pulveraufnahmen. 
In einer größeren Arbeit, die demnächst veröffentlicht wird, sind die 
Entwässerungsreihen I und II näher untersucht worden. 

Die Erfolge, die mit der röntgenographischen Einkristallmethode 
erzielt wurden, waren Veranlassung, in gleicher Weise auch das Ent- 
wässerungsschema Ill zu untersuchen. Bei dem starken Rehydratations- 
vermögen von 0-Al,O, zu Bayerit bestand sogar die Hoffnung, mög- 
licherweise Texturaufnahmen von Bayerit zu erhalten und damit der 
bisher noch unbekannten Struktur dieses AI(OH), näherzukommen. 


2. Experimentelle Durchführung 


Als Untersuchungsmaterial dienten Hydrargillit-Einkristalle vom 
Ural (Schisimskaja Gora). Es handelt sich um 0.5 cm große und klare 
Blättehen, die nach Optik und Röntgenaufnahmen der monoklinen 


?” BR. Tertıan et H. Tuıson, Sur la constitution et la structure cristalline 
de Palumine activee. Compt. rend. [Paris] 230 (1950) 1677—1679. 

®a) H. SAALFELD, Zur Kristallographie der Hydrargillit-Entwässerung. 
Naturw. 43 (1956) 155—156. — b) Zur Entwässerung des Hydrargillits. Fortschr. 
Min. 35 (1957) 25—28. — c) Strukturfragen bei y-Al,0,. Fortschr. Min. 36 (1958) 
72-73. — d) The dehydration of gibbsite and the structure of a tetragonal 
y-Al,0,. Clay-Min. Bull. 3 (1958) 249257. 
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Modifikation zuzuordnen sind®. Diese Kristalle befanden sich in einem 
einseitig geschlossenen Glasrohr, das mit einer Ölpumpe evakuiert 
werden konnte (p < 0,1 mm Hg). Dieses evakuierte Rohr ist dann bei 
laufender Ölpumpe in einem kleinen Regelofen auf 350°0 erhitzt 
worden. Nach 3 Stunden Versuchsdauer wurden die Kristalle mikrosko- 
pisch und röntgenographisch untersucht. Die weitere Erhitzung bis 
1000°C erfolgte dann an Luft. Die Temperatur wurde bei diesen Ver- 
suchen schrittweise erhöht, um die Umwandlungsbereiche zu be- 
stimmen. 


3. Versuchsergebnisse 
a) Temperung bei 350°C 

Die bei 350 °C getemperten Kristalle waren weißlich trübe geworden- 
woraus bereits auf die erfolgte Entwässerung geschlossen werden 
konnte. Der Brechungsindex stieg auf etwa 1,68 an. Die trüben Kri- 
stalle ließen jedoch keine Einzelheiten erkennen. Im polarisierten 
Licht erschienen sie isotrop. 

Die Röntgenaufnahmen lassen schwach die Interferenzen von Böh- 
mit erkennen. Darüber hinaus zeichnen sich die Aufnahmen durch 
einen starken gleichmäßigen Untergrund aus, was auf „röntgen- 
amorphe‘“ Substanz schließen läßt. Es dürfte sich um das schon 
erwähnte o-Al,O, handeln, das offenbar nur einen geringen Ordnungs- 
grad besitzt. 

Ein Teil des Hydrargillits hat sich, wie erwähnt, in Böhmit um- 
gesetzt, der in bezug auf das ehemalige Hydrargillit-Gitter streng 
orientiert ist. Tab.1 zeigt die Orientierungen der Böhmitkristallite. 


Tabelle 1. Orientierungen der Böhmitkristalle 


Hydrargillit Böhmit Hydrarsillit Böhmit 

ta= 2,88Ä a — 2,86 Ä la= 23388A | a = 2,86 Ä 

265 =10,128 | Aunur =9.57A 2b = 10,12Ä Adam) = %42A 
ie) = AA 279,708 | Züri = 935UA 


Es handelt sich um die gleichen Orientierungen, die auch bei der 
hydrothermalen Entwässerung von Hydrarsillit beobachtet worden 
sind und die bereits früher beschrieben wurden®”. Die Orientierungen 


° In der noch nicht veröffentlichten Arbeit über Hydrargillit-Entwässerung 
von Einkristallen ist auch eine trikline Hydrargillit-Modifikation beschrieben 
worden. 
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sind durch die Gittergeometrie bedingt, die ihrerseits von der Atom- 
anordnung abhängt. Vor allem ist es die a«-Achse von Hydrarsillit, die 
unverändert in beide Böhmitorientierungen übernommen wird. Hier 
liegen Sauerstoffatome, die besonders fest gebunden sind. 


b) Temperung bei 300 °C 

Die auf 350°C erhitzten Kristalle wurden nach erfolgter mikro- 
skopischer und röntgenographischer Untersuchung bei 300 °C an Luft 
getempert. Wie zu erwarten, sind die Böhmitinterferenzen verschwun- 
den. Neu sind aber diffuse Reflexe von n-Al,O,, die aus der Umwand- 
lung von o-Al,O, stammen müssen !%,. Aus dem thermischen Zerfall von 
Böhmit hat sich oberhalb 450 °C ein kleiner Teil y-Al,O, gebildet, dem 
eine pseudokubische (tetragonale) Zelle zugrunde liegt®“. Im vor- 
liegenden Fall sind diese Interferenzen nur äußerst schwach. Auf einer 
Weißenberg-Aufnahme eines bei 800°C getemperten Kristalls sind 
praktisch nur die Reflexe des von PAr&E und TeErTIAN? bezeichneten 
n-Al,O, vorhanden. Die Interferenzen sind diffus und lassen sich 
kubisch indizieren. Wie erhofft, liegen die Kristallite dieses 7-Al,O, 
nicht willkürlich, sondern sie sind in bezug auf das ehemalige Hydrar- 
eillit-Gitter orientiert angeordnet. Als Gitterkonstante von 7-Al,O, 
wurde gemessen: 

a=7T80Ä. 


Die Orientierung ist aus Tab.2 zu ersehen. Aus der a-Achse von 
Hydrargillit wird eine [110]-Richtung von »)-Al,O,. Senkrecht auf den 
Sauerstoffschichten steht die [111]-Richtung, d. h. aus der ehemaligen 
Sauerstoffschichtung AABBAA... des Hydrargillits hat sich durch 
Verschieben der durch den thermischen Zerfall erhalten gebliebenen 
Sauerstoffnetze die kubische Folge ABOABC... gebildet. Die hier 
beobachtete Orientierung Hydrargillit — »-Al,O, ist anders als in dem 
Fall, wo als Zwischenstruktur Böhmit auftritt. Dies liest in der 
Oktaederverknüpfung des Böhmitgitters begründet °'. 

Auch scheinen n- und y-Al,O, unterschiedliche Kationenbesetzun- 
gen zu haben, denn das sich aus Böhmit bildende y-Al,O, wandelt sich 
erst in 0-Al,O, um, bevor die Kristallisation unorientiert liegender 


1 Die Bezeichnung 7-Al,O, stammt von STUMPpr!. n-Al,O, hat nahezu die 
gleichen Interferenzen wie y-Al,O,, wobei lediglich gewisse Intensitätsunter- 
schiede beobachtet wurden. Auch unterscheiden sich beide Formen in ihren 
Eigenschaften. 7 bildet sich normalerweise beim Bayeritzerfall, während y das 
primäre Abbauprodukt von Böhmit darstellt. Eine genauere strukturelle Be- 
stimmung beider Tonerden steht noch aus. 
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Tabelle 2. Orientierungen der Kristallite von 7-Al,O, und Korund 
— ee m u nn TE 

Hydrargillit | «a = 3x2,89 A b — Hl ® = DEN 
— 8,64 A 

n-Al,0, ano] =4xX2,7aAA | um = 481 A u = 13,45 A 
—= 10,96 Ä 

Korund a) | un = 3x2,75 Ä € — 15,012 mo] 3 AToA 

(hexag. = 8,24 A 

Aufstel- | = or 1 76 

u b) uns] = 18,25 A Ups.10.2] = 10,24 A | a = Au a 


Korundkeime einsetzt. Das hier beschriebene n-Al,O, geht dagegen 
direkt in Korund über (siehe Absatz 2c). In dem von TERrTIAN und 
Par£e® beschriebenen Entwässerungsschema III tritt allerdings 
9-Al,O, auf. Es kann dies entweder daran liegen, daß sich doch etwas 
Böhmit bildete, der dann der Anlaß zur Bildung von 0-Al,O, war oder 
aber daran, daß die Entwässerung bis zur Korundbildung im Vakuum 
durchgeführt wurde. Bei den vorliegenden Versuchen dagegen ist die 
Vakuumentwässerung nur bis 350 °C vorgenommen worden. 

Wegen der submikroskopischen Größe und der Isotropie der 
Kristallite von n-Al,O, waren mikroskopisch keine Einzelheiten zu 
erkennen. 


c) Temperung bei 1000°C 


Werden die zu n-Al,O, entwässerten Hydrargillit-Kristalle auf 
1000°C erhitzt, so setzt die Korundbildung ein. Abb.1 zeigt die 
Weißenberg-Aufnahme eines solchen erhitzten Kristalls. Die Inter- 
ferenzen von 7-Al,O, sind nur noch schwach vorhanden. Die meist 
scharfen Reflexe stammen von Korund und sprechen für eine strenge 
Orientierung der Korundkristallite. Eine Vermessung dieser Inter- 
ferenzen ergab zwei Orientierungen, die in Tab.2 enthalten sind. In 
Tab.3 sind die Verwachsungsflächen zwischen »-Al,O, und Korund 
eingetragen. 

Wie sind diese Orientierungen zu deuten? Man sollte annehmen, 
daß aus [111] von n-Al,O, die Richtung [0001] von Korund wird. 
Dies ist aber, genau wie bei der 
Entwässerung der Reihel, nicht der Tabelle 3. Verwachsungsflächen von 


Fall. In Abb.2 ist die stereogra- MSIE TEL 
phische Projektion der Achsenlagen n-Al,O, (kub.) (110) 
von Korund in bezug auf Hydrar- Kern a) (1120) 


gillit noch einmal angegeben. Aus (hexag..) b) 
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Abb.1. Weißenberg-Aufnahme eines auf 1000°C erhitzten Hydrarsillit-Ein- 
kristalls nach vorheriger Vakuumentwässerung. Diffus: Reflexe des noch vor- 
handenen 7-Al,O,. Scharf: Reflexe von Korund 


Abb.2. Stereographische Projektion der Korundorientierungen a und b (hexa- 
gonale Achsen) in bezug auf das Hydrargillitgitter ad 76 
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Gründen der Übersicht wurden die Zwillingsstellungen, die durch die 
Symmetrie des Hydrarsillits bedingt sind, fortgelassen. Die Achsen- 
längen können nicht die primäre Ursache dieser Textur sein, wenn- 
gleich der O—-O-Abstand (Hydrargillitrichtung a) als starke Bindungs- 
richtung erhalten bleibt nach dem Schema: 


Hydrargillit — n-Al,O, — Korund (Orientierung a) 
2.88 DITA 2,75 A (O—O-Abstand). 


Verständlicher werden die ÖOrientierungen, wenn man bedenkt, daß 
in den Korundrichtungen [121] und [110] Oktaederkanten liegen. 
Ganz offensichtlich hängen die Korundorientierungen mit der Katio- 
nenbesetzung im n-Al,O, zusammen und finden von hier aus ihre 
Erklärung. Eine Strukturbestimmung von n-Al,O, wäre daher wün- 
schenswert. 

Die mikroskopische Beobachtung läßt, wie schon im Falle von 
n-Al,O,, keine Einzelheiten erkennen. Nur bei sehr starker Beleuchtung 
sind im polarisierten Licht schwache Aufhellungen erkennbar, die für 
eine Orientierung der Korundkristallite sprechen. 


d) Wiederbewässerung von 0o-Al,O, 

Nach TerTIAn und PAr&E® rehydratisiert sich das o-Al,O, rasch 
zu Bayerit, wobei dieser Bayerit besonders gut kristallin sein soll. Da 
eine Strukturbestimmung von Bayerit bisher noch nicht durchgeführt 
wurde, bestand die Hoffnung, auf dem Wege der Einkristall-Entwässe- 
rung und anschließender Bewässerung zu Texturaufnahmen von Bayerit 
zu kommen. Hierdurch wären tiefergehende Aussagen möglich als aus 
Pulveraufnahmen. Zu diesem Zweck sind einige bei 350 °C im Vakuum 
entwässerte Hydrarsgillitkristalle in eine Wasserdampfatmosphäre ge- 
bracht worden, um eine allmähliche Kristallisation von Bayerit zu 
erreichen. Die Röntgenaufnahmen dieser Kristalle zeigen zwar eine 
sehr schöne Bayerit-Bildung, aber aus den Pulverringen ergab sich, 
daß die Bayeritkristallite völlig ungeordnet liegen, d.h. die erhoffte 
Orientierung tritt nicht ein. Damit scheidet auch dieser Weg aus, um 
näher an die Bayeritstruktur heranzukommen. 


4. Zusammenfassung der Ergebnisse 


Der von TErTIAN und Par&r® beschriebene Entwässerungsweg, d.h. 
die Entwässerung des Hydrargillits im Vakuum, wurde mit Einkristal- 
len durchgeführt. Hierbei gelang es, Einblicke in den Entwässerungs- 
mechanismus zu tun. Bei 350°C entsteht das stark gestörte o-Al,O, 
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neben einer kleinen Menge streng orientiertem Böhmit. Die weitere 
Entwässerung an Luft führt bei 800 °C zum kubischen n-Al,O,, dessen 
Kristallite orientiert zum ehemaligen Hydrargillit-Gitter liegen. Aus 
der kleinen Böhmitmenge entstand y-Al,O,, das aber wegen der stark 
diffusen Interferenzen kaum nachweisbar ist. 

Bei weiterem Erhitzen setzt bei 1000°C Korundbildung ein. Die 
scharfen Texturaufnahmen sprechen für strenge Vorzugsrichtungen 
der Kristallite. Es lassen sich zwei Orientierungen nachweisen. Ihre 
Begründung finden sie wahrscheinlich in der Oktaederanordnung des 
7-Al,O,-Gitters. 

Eine Rehydratation von o-Al,O, zu Bayerit im H,O-Dampf gelingt, 
wobei jedoch keine Orientierungseffekte beobachtet werden konnten. 

Ähnlich wieim Falle der hydrothermalen Entwässerung von Hydrar- 
oillit sowie der Erhitzung an Luft hat auch die Vakuumentwässerung 
bestimmte Orientierungen der neu entstandenen Kristallite zur Folge. 
Ihre Ursache ist in erster Linie in der Bindungsfestigkeit bestimmter 
Öktaederkanten-Richtungen zu suchen. 
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Auszug 


Auf Präzessionsdiagrammen von HfFe, werden neben den üblichen Inter- 
ferenzflecken auch Flecken in &-Form beobachtet. Die möglichen Deutungen 
dieser Diagramme werden diskutiert und die verschiedenen Fleckenformen von 
der Art, in der die Präzessionskammer Stäbe des reziproken Gitters registriert, 
abgeleitet. 


Abstraet 


In precession photographs of HfFe, both x-shaped spots and ordinary spots 
oceur. The paper discusses the possible interpretations of these photographs 
and derives the various shapes of the x spots from the manner in which the 
precession camera records rods in the reciprocal-lattice. 


The compound HfFe, is one of a large group of Laves phase 
compounds (Errıorr 1955). The Laves phases are structures of AB, 
compounds characterized by various networks of connected tetrahedra 
of the smaller B atoms in whose interstices the larger A atoms form a 
network which has either the diamond structure (which may be de- 
scribed as a cubic close-packed array “doubled’” by a translation of 
1/4 along [111]) or an array which may be described as a hexagonal 
close-packed array “doubled’ by a translation of about 0.4c along c. 
A third Laves phase may be described as an orderly alternation of the 
other two. These structures have been extensively discussed in the 
literature (BERRY and RAynor 1953; Eruiort 1955; LAves 1956; 
Lavzs and Wirte 1936). There are three of them: C15 (MgCu, type) 
which is eubic, O0,’ — Fd3m; C14 (MeZn, type) which is hexagonal, 
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Day! — P6,|mme; and 036 (MgNi, type) which is hexagonal, De,! — 
P6,/mme. The first two, which have been more frequently found than 
the third, are illustrated in Fig.1. In the MgNi, type, the other two 
arrangements alternate along the c,,, axis in such a way that the c 
parameter is doubled. 

In the course of an investigation by MATTHIAS and CORENZWIT 
(1957) of superconductivity in Laves-phase compounds, melts of the 
composition HfFe, were made with Armeo iron, heated in pure dry 


Fig.1. a. MgCu, (C15) structure; b. MgZn, (C'14) structure 


hydrogen to 1480 °C for 18 hours, then at 380° for 6 hours, and erystal 
bar hafnium. These constituents were fused together in a helium arc 
furnace. Debye-Scherrer patterns of the quenched material showed 
sharp lines of the eubic phase (a — 7.036 Ä) and broad weak lines of a 
hexagonal phase (a — 4.98, c — 8.13 Ä) in agreement with a report by 
Erziort (1955). There were also five unidentified lines. Since the 
difference between the patterns of the MgZn, and MgNi,-type struc- 
tures involves only very weak additional lines due to doubling of the 
length of the c axis, and small differences of intensity, it was not 
possible to determine from the powder pattern whether the hexagonal 
phase was of the MsZn, type or the MgNi, type. 
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A small flake that consisted predominantly of a single erystal was 
found in this material and diffraction patterns were taken with the 
Buerger precession camera, using zirconium-filtered molybdenum 
radiation. Fig.2 shows the zero-layer pattern with the precession axis 
normal to the flake. Fig.3 is a diagrammatie representation of some of 
the spots of Fig. 2. Two kinds of spots are present: strong sharp o-shaped 
spots and weak x-shaped spots. The weaker x spots have been omitted 
from Fig.3. (In addition, there are small sharp spots from a small 
adhering erystal that must be disregarded.) 

In view of the Debye-Scherrer pattern, the strong, o-shaped spots 
were originally interpreted as belonging to the zero layer of the cubie 
reciprocal-lattice normal to [111] and they could be so indexed. The 
spacing of the horizontal row ofreciprocal-lattice points passing through 
the origin in Fig.3 corresponds to d = 2.48 or dgs, Of the eubic face- 
centered Laves phase, and also to d,,. (@«/2) of the hexagonal Laves 
phase. The x-shaped spots, which could not be indexed on the cubic 
lattice, were interpreted as due to the hk0 reflections from thin parallel 
lamellae of hexagonal material (sandwiched between thicker matrix 
layers) whose c axis was parallel to the [111] direction of the cubie 
erystal and whose a* axes are indicated in Fig.3, 30° to [110]*, cubie. 
Such thin layers would give reciprocal-lattice rods parallel to c* for 
each reciprocal-lattice point of the hexagonal crystal and as each rod 
passes through the Ewald sphere twice, the x-shaped spots are formed. 

The shapes that x spots from reciprocal-lattice rods should have 
on a precession photograph are shown diagrammatically in Fig.3. 
These can be determined most easily graphically, by reference to 
Fig.3 in BUERGER’s monograph on T'he photography of the reciprocal- 
lattice (1944). Add the point 5’, the orthogonal projeetion of 5 onto 
the film and therefore the center of the eircle through O’P’. Call the 
point where the rod cuts the reciprocal-lattice plane (the plane of the 
OP eirele), Q, and call the projection of this point onto the film’. When 
Q' lies on the circle O’P’, the film spot will lie on this circle but as the 
circle O’P’ rotates around O’ so that @’ is off the circle by a small 
distance x, measured along a radius from 8’, then the spot on the film 
will lie beyond 9’ (i.e. farther from the O’P’ circle) along the same 
radius because it will be the projection of a deeper (or shallower, 
according to direction) intersection of the rod with the Ewald sphere 
(cf. BuerGer’s Fig. 4 of the recording of the n level). 

A convenient arrangement for tracing on paper the resulting curve 
on the film is to superpose a plain sheet of paper over a piece of polar- 
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coordinate paper with a pin through both at the circumference of 
some eirele (0’P’) on the polar-eoordinate paper. The pin point is 
at 0’. Place a point Q’ on the plain paper. As the point Q’ is rotated 
until it is x units away from the O’P’ circle, measured along a polar- 
coordinate radius, plot a point, say x units beyond it, along the same 
radius. The point could be nz units beyond it, where » is an arbitrary 


i \ / i 
i NER, x 
2 e x 
y f 
PEN 
. . / N \wr - 
. - . . “ ® = 


Fig.2. Zero-layer precession photograph with precession axis normal to major 

surfaces of crystal. Since some of the weak spots mentioned in the text became 

invisible as a result of the multiple photographie processes required to produce 
the black-on-white print, it was necessary to darken them by pencil 


scale factor that we have kept constant for the whole plot. The dis- 
tance 0 @’ is of course the distance from the center of the precession 
photograph to the spot in question. 

In this manner the shapes of x spots as shown in Fig:3 were 
determined and they correspond to the shapes of the x spots in the 
precession photograph, Fig. 2. 
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The analytical expression for these curves was determined, on the 
basis of the above-deseribed graphical construction, by F. W. SinDEn 
and M.C. Gray (1959). In terms of polar-coordinates x and p with the 
origin at the point 9’, where x is the distance from the O’P’ eircle 
(as above) and @ the angle S’Q’0’, 


Ih SE 
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Fig.3. Diagram of the Fig.2 photograph: weak x spots omitted 


where R, is the radius of the O’P’ circle, i.e. the distance S’O’, and R, is 
the distance 0’Q’. As mentioned above, x may be multiplied by a scale 
factor n. 

A caleulation of the thickness of the slice of the reciprocal-lattice 
sampled in a precession photograph taken with a layer screen with a 
5mm annular opening gave a value of 0.05 reciprocal-lattice units 
whereas the nearest cubie reciprocal-lattice points in a section normal 
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p 


to Fig. 3 along A—A is 0.06 so that it was unlikely but just possible 
that the z-shaped spots came from a closely neighboring layer of the 
cubiec reciprocal-lattice rather than from a hexagonal crystal. To check 
this possibility, a precession pattern (Fig.4) was taken normal to 
Fig.2 (and 3) at the line A—A in Fig. 3. Since this line goes only 


[3 


“ 


Fig.4. Precession photograph normal to Fig.3 along A—A. Since some of the 

weak spots mentioned in the text became invisible as a result of the multiple 

photographie processes required to produce the black-on-white print, it was 
necessary to darken them by pencil 


through x-shaped spots, then if these spots were due to cubic reci- 
procal-lattice points lying above or below the line A—A, i.e. just out 
of the plane of Fig. 2, a “vertical’’ section through A—A should show no 
spots on the zero row (A—A). Such spots do show in Fig.4 which can 
be indexed on the hexagonal reciprocal-lattice of the MgZn, structure 
shown in Fig.5. Therefore the x spots are not from a neishboring 
reciprocal-lattice layer. 
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The values of (Lp)F?x 103 caleulated for HfFe, in the 014 (MgZn,) 
structure are given in Table 1 for comparison with roughly estimated 
observed intensities. The quality of the pattern does not permit 
precise intensity observations, but the agreement with the intensities 
as estimated is g00d, with the exception of a single reversal (10-6 
and 10:7) which is unexplained. 
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Fig.5. Hexagonal reciprocal-lattice section normal to Fig.3 along A—A 


The vertical streaking in Fig.4 again indicates the presence of 
reciprocal-lattice rods parallel to c. 

The presence of a few weak spots (weaker on the original than in 
the print in which the contrast has been photographically increased) 
vertically halfway between those of the Ü14 spots in Fig. 4 suggests the 
presence of the MgNi, (C'36) structure whose c parameter is just twice 
that for the MgZn, (014) structure. But the hk0 net for the 036 struc- 
ture is the same as that for the (14 structure which gives us no 
explanation for the two different types of spots of Fig.2. Because of 
this, and in view of the presence of several other extra spots from the 
satellite erystal that can also be seen in Fig.4, and the absence of 


104 ELIZABETH A. WooD 


some (36 spots which should be visible if spots which are present are 
attributed to the 036 structure, the spots in question were not consider- 
ed adequate evidence for the presence of the 036 structure. The 
intensities of the spots of the main pattern of Fig. 4, listed in Table 1, 
do not agree with the caleulated intensities for the 036 structure. 


Table 1. Intensities of spots in Fig.4, compared with (Lp)F” > 103 for the CO 14 
structure 


(ip)Fx10? ı ee (Dp)E@LoT ET 
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obs obs obs, obs 

10-3 1354. vvs 22.0 36.8 s 54.0 2.6 not obs. 46-0 7.8 W 
10-4 5.4 W 22-1 59.2 vs Zu+1 1% not obs. 16-1 12.2 M 
10-5 29.5 s 22.2 0.3 not obs 54.2 2.7 not obs 46.2 0.01 not obs. 
10.6 8.7 W-M 22.3 10.2 M 34.3 27.8 M-S 46.3 3,8% W 
10.7 8.4 M 22.4 0.5 not obs Fu-h 1.5 not obs 46-4 0,2* not obs. 
10.8 14.5 Mi 22.5 68.4 vs Fu-5 11.8 W-M 46-5 4u,3* u-S 
10.9 4.4 W 22.6 20.2 M 34.6 4.3 W 
10.10 3.9* w 22.7 0,1 not obs, 34-7 4.9 W 

22.8 4.3 # Fu.8 11.7* WM 

22.9 0.2 not obs. 54.9 6.5* W-M 

22.10 11.9* W-M 


* Lp factor cannot be read very accurately. 


The “vertical” section through the cubic reciprocal-lattice at 
AA, i.e. the section parallel to [111] cubie, is shown in Fig.6 and 
we now see that these cubie spots do not occur on the “vertical” 
precession pattern (Fig.4). The cubie reciprocal-net spacing in the 
A--A direction is the same as that of the hexagonal reciprocal-net and 
in the c,,, direction it is twice that of the hexagonal reciprocal-net, 
but in the c,,, direction the cubie net is translated with respect to the 
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Fig.6. Cubie reciprocal-lattice section normal to Fig.3 along A—A 
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hexagonal net by 4 c,,,. So we must abandon the hypothesis that the 
0 spots are due to the zero layer of the cubie reciprocal-lattice normal 
to [111]. 

Returning to the photograph of the hk0 layer (Fig.2) we find good 
agreement, considering the difficulty of estimating the intensities, 
between the intensities of the x spots and the (Lp)F?x 10-3 caleulated 
for the C14 structure (Table 2). This is consistent with the inter- 
pretation of the vertical section photograph (Fig.4). Thus all of the 
spots of Fig.4 and the x spots of Fig.2 are satisfactorily explained by 
the 014 structure of HfFe,. 


Table 2. Intensities of x spots in Fig.2, compared with (Lp)F? x 10 for the C 14 


structure 
hk-l (Ep) F? x 10 1 
10-0 13.0 M 
20-0 39.2 D 
30-0 52 * 
40-0 10.0 W-M 
50-0 1.8 not obs. 
"60-0 50.6 “ 
11-0 137.0 * 
22-0 110.0 2 
33:0 22.2 * 
21-0 4.1 VW 
31-0 2.6 VVW 
41-0 25.0 * 
51-0 1.9 VVW 
32-0 1.8 VVW 
42-0 7.6 W 


* Coincident with o spot: no x spot. 


In Fig.2, the x spots are lacking wherever the reciprocal-lattice 
point is occupied by an o spot. If the o spots were from “matrix 
material”, thicker layers between which the lamellae of the (14 
structure are sandwiched epitaxially, then such material would be 
hexagonal with a = 2.837 Ä and a* axes 30° to those of the 014 
structure. But the prominent presence of hexagonal material with 
a — 2.87 Ä is inconsistent with the evidence of the powder pattern, 
and neither hafnium nor any of its known compounds with iron has 
such a structure. 
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A second, alternative, interpretation is that the reciprocal-lattice 
rods are due to stacking faults in the 014 structure. Examination of 
Figures 2 and 3 shows that if all the spots are indexed on the 014 
lattice, for which a* axes are given in Fig.3, then those reciprocal- 
lattice points occupied by o spots and not by x spots are those hk0 
spots for which h—k = 3n. Epwarps and Lırson (1942) showed that 
stacking faults at regular intervals in cobalt would result in “lines 
parallel to the c axis” in reciprocal space for all refleetions except those 
for which h—k = 3n, the nature of the stacking faults being such that 
planes with this condition are unaffected by them. An associated paper 
by Wırson (1942) shows that the same condition holds in the general 
case of a random distribution of stacking faults. 

If the Edwards-Lipson-Wilson analysis is applicable to HfFe, 
which does occur in structures that are related to both the cubie 
close-packed and hexagonal close-packed structures of cobalt (see the 
first paragraph of this paper), then stacking faults must be considered 
as a possible interpretation of the reciprocal-lattice rods. Both of the 
papers just cited show that the “lines” in the reciprocal-lattice should be 
longer for cases where l is even than for cases where I is odd, and 
EpDwARrDS and Lırson show experimental verification of this. Fig.4, 
for which all of the spots are from reciprocal-lattice points where 
h—k # 3n, does not clearly show this distinetion for odd and even | 
values, but the quality of the photograph is such that the comparison 
is difficult to make. 

Stacking faults should indeed be expected in the Laves phases. 
The structures of the various phases are similar in terms of a stacking 
sequence, as emphasized by LavEs and Wirte (1935) and the fact that 
very small energy differences must exist between them was pointed 
out by Laves and LÖHBERG (1934). These authors studied “quasi- 
binary’” systems with pairs of Laves phases as end members. From 
rotation and oscillation photographs of single erystals they found 
evidence of “two-dimensional layer formation” indicated by streaks in 
the photographs. These occurred, “accompanied by doubling of the 
c axis” in the systems MgNi,—MgZn, and MeNi,—MgCu,, for example, 
but the authors do not state at what composition. 

It seems very likely that we are here dealing with the same 
sort of effect that was observed by Lavzs and LÖHBERG and that 
the weak spots in Fig.4 which indicate a doubled c axis may 
be intimately related to stacking faults causing the reciprocal-lattice 
rods. 
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Unfortunately, the erystal which gave the patterns of Figures 2 
and 4 has been lost, but another sample has been found which shows 
the same diffraction effects plus satellite spots. Further work with this 
sample is expected to yield interesting results. 

It is a pleasure to acknowledge the kindness of Sınyev ©. ABra- 
HAMS who critically read the original manuseript of this paper, of 
VERA B. Compron who substantially assisted in its preparation, and 
of H. J. SEUBERT who drew the diagrams. 

Especially the writer wishes to thank R. G. Traurine for calling 
to her attention the paper by EpwArns and Lirson and for fruitful 
discussion of stacking faults and their diffraetion effects. 
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Auszug 


Einige bekannte Methoden der Phasenbestimmung werden diskutiert und 
verglichen. Es wird das Prinzip begründet, daß gewisse auf einzelne Atome 
angewandte Operationen zum gleichen Ergebnis führen wie Operationen, die 
auf die ganze Struktur bezogen sind. Auf Sayrzs Quadriermethode („squaring 
method‘) angewandt, führt dieses Prinzip zu quantitativen Ausdrücken für die 
Summen von der Art AR ,F, „ und den Maximalwert & |F,||P%-,|- Die Betrach- 


tung wird auf kubische und höhere Potenzen der Dichte ausgedehnt. Den Ab- 
schluß bildet die Entwicklung eines statistischen Verfahrens und seine graphische 
Darstellung. 


Abstraet 


Some known methods of phase determination are discussed and compared. 
The principle that certain operations applied to separate atoms give the same 
result as operations on the entire structure is presented. This principle, applied 
to the squaring method of SAYRE, leads to quantitative expressions for the 
sums of the kind ZF,F,_, and the maximum value of Z|F,| |F,-,|. These 

p 


ideas are carried to cubed and higher powers of the density. Finally, a proba- 
bility procedure is developed and illustrated graphically. 


I. Introduetion 


The workers in the field of phase determination have frequently 
observed that there is a kinship between many of the methods pro- 
posed by various authors, as evidenced by the similarities in the final 
equations presented for use to the practical crystallographers. "These 
similarities show up in the works of ZACHARIASEN!, SAYRE?, COCHRAN®, 
VAUGHAN®, and WOooLrson’, and in the equations proposed by 
McLaAcHLAN and HARKER® in their quantitative treatment of the 
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method of vector convergence which stemmed from the work of 
BUERGER? and others. Even the HArKER-KaAsPpoR$ inequalities have 
been shown to be similarly related. Although Kırız and Hauprman? 
have used a unique approach with methods of derivation that are 
dissimilar to all others, their final equations encompass many that 
have been proposed before and since. Apparently all methods of 
phase determination thus far presented are correct, and the remaining 
problem is to extend their usefulness through a derivation that is 
acceptable and understandable to all. 

It is the purpose of the present paper to suggest that raising the 
electron density to various powers (including the second power, as 
illustrated by SayYre’s squaring method?) leads to the deduction of 
almost all known phase relationships. This has become possible 
through the introduction of two quantitative relationships which will 
be presented here. A physical interpretation is carried along with the 
mathematics. A simple use of probability theory is introduced toward 
the end. All principles are derived on the basis of an one-dimensional 
erystal with the understanding that they can be carried to two and 
three dimensions. 


II. A table of familiar funetions 


We wish to present the following general function in integral form 

De I = . [oz +w)o(, + w)...0o(&,+ w,)da...de, (1) 
1 Us %; om 
where m is the number of integrations and n is the number of functions 
o(&; + w,). A similar function in summation form is 
ZOP (2) 
he An 

These functions have particular interest to crystallographers when the 
values of x,w, and h,p, acquire special values. 

The simplest example of equation (1) arises when m =0(0,n=1, 
u, = 0, and x, = x, for then 


0, = 0(®) (3) 
and the simplest example of equation (2) is 
Fr — Be (4) 


If we designate that qg = g, we mean that the two functions o, and ?F 
“belong”” to one another. It is known that for every o, there exists a ’F 
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which corresponds. This is established through the erystallographic 


relationship connecting the simplest functions, equations (3) and (4), 
namely 


IE ef 
o() =. z a IK er ihx/a (5) 
h 
and the converse a 
F, En [ o(x) e?7 ihx]a dx (6) 


0 
where o(x) is herein defined as the number of electrons per linear 
Ängstrom at the position x within the interval 0 to a, and F,isa 
Fourier coefficient or structure factor. 

As shown in Table 1, the substitution of equation (5) into equa- 
tion (1) for each set of special conditions determines the ?F (entered in 
column 7) which belongs to each 0,. Columns 2, 3, 4, and 5 of Table 1 
give the special values of %, w, n, and m. These restraints result in 
the four types of functions which we wish to consider, i.e., (a) conse- 
ceutive Pattersons, (b) multiple Pattersons, (e) structures raised to 
powers, and (d) shifted Patterson products. Both the consecutive 
Patterson and multiple Patterson originated from attempts to ex- 
tend the convolution operation that Parrerson!® originated in1935. 
Although the Patterson function is a member of both sets, other and 
higher members are dissimilar. For example, the consecutive Patterson 
structure of order n contains N” “super-Patterson” atoms, some of 
which are piled up at the origin, where N is the number of atoms in 
the initial structure, o(x). In contrast, the multiple Patterson structure 
contains N !/n! (N — n)! “atoms” distributed throughout n-dimensional 
Space, U, Uy, ..., %. When n = N, there is only one “atom”. These 
multiple Pattersons suggested themselves from the double Pattersons 
(n = 2) of Sayrel! and VAUGHAN, the latter author seeing possible 
means of sign determination through their use. 

The powers of the density in a structure (see Table 1) were intro- 
duced through the squaring method of Sayre; and the shifted Patterson 
products were introduced as a physical process for treating Patterson 
maps containing identifiable peaks. The procedures were promoted by 
several authors, notably BUERGER’, and applied to quantitative 
equations for sign determination by McLacHtan and HARKER®. In 
addition to those functions listed in Table 1, there are other useful 
variations such as WooLrson’s?® combination of squared and cubed 
structures for application to erystals containing two kinds of atoms; 
and also CocHRAN’s® partial method. 
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III. Operations on atoms versus operations on structures 


The objective of placing some of the phase-determination methods 
on a quantitative basis is achieved through the fact that certain oper- 
ations, when applied to each atom of a structure separately, give the 
same result as when applied to the entire structure as a whole. We will 
:Ilustrate this with the shifted Patterson product, referring to the paper 
of McLacuLan and HARKER®. These authors demonstrated that if 
every atom in the structure were identical and Gaussian so that 


gar) = ae” (7) 


where o,(r) is the electron density throughout the atom, these atoms 
could be Pattersonized to give 


Pu) = | Qulr) gulr + w) dV = a? (a2) We TR. (8) 
Finally, the Patterson atoms can be squared, giving 
P2 (u) = at (n]2b)?e”" = Keufr) (9) 


where K = (na/2b)®. 
The scattering factors of the squared-Patterson atoms can be 
computed from the equation 


ling 1 P lu), en Melt du— Kfy: (10) 


Now, placing these squared Patterson atoms at positions x, in the 
cell, we have erystal structure factors 


HEN, (11) 


Comparing this result with that of the bulk structural shifted 
Patterson product, we first find that the coefficients of squared- 
Patterson structure are 


"FP,= 523 LE 2 (12) 


When one of the Patterson structures is shifted a distance d, with 
respect to the other before multiplying, then the coefficients of the 
resulting shifted-Patterson product are 


2 1 A 
„2 Zu Ba 2 [eslal en, erh — h)dıla (13) 


(corresponding to ??F, of Table 1). It has been shown by BuERGER and 
others that if the initial structure is centrosymmetrice and if the 
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distance d, is a through-center vector, then the maxima on the map 
of the shifted Patterson product are at exactly the same relative 
positions as the atoms in the initial structure except for a strong peak 
at the center. When corrections are made for this central peak, the 
computed structure factor of this array of squared-Patterson atoms 
should be identical to that expressed by equation (11). Solving for F',, 
these authors presented the following equation 


F,= er Z [Fr PLF)-n, "cos 2n(2h, — h) dal 


= E= 2) f„cos 2rchd,/a. (14) 


This equation gives the signs of the F values unambiguously and its 
validity is based on the fact that the shifted Patterson product applied 
to the entire structure is equivalent to Pattersonizing the separate 
atoms in situ and squaring the new “atoms’”’. The equivalence of cer- 
tain bulk operations and operations on individual atoms also applies 
to raising densities to powers, as we now proceed to show. 


IV. The squaring method 
As SAYRE pointed out, the squaring of a structure does not change 
the position of the atoms. The operation is as follows: 
1 —2nihr/a 
ea)= DR, 
h 


a 
0°(x) ee F EF, | = IF, Fa 
& hı 2 ha 
— EN F,, e Zrilhı + h)zla \ (15) 


hı ha 
Letting Ah, + h, = h and h, = p, we get SAYRE’s equations 


il —2nihs 
a) EZ FR, ,) er 
Ra? 
and 


1 
mr nl, (16) 
p 

(see also Table 1). 
SAYRE was successful in obtaining the signs for a hypothetical 

structure as well as for a practical structure recognizing that since the 

atoms had changed only in shape but not in position, the ?F, should 


tend to be the same;in sign as F',. This he expressed by the relation 
2F, = ZF Fr), = SaF, (17) 
p 
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Table 2. Test data on Sayre’s hypothetical structure 


a 2 3 4 5 I Re 8 9 10 
2 KR 
SQ SQ o 
a g S S = 
& u lee RZ I 
a ee 
5. g Bes a & >; 
EI SQ — a Sr, 
z Rn R = S N ® Saar S je 


| 1 0 1 ||| 
0.707 | 5.657 | 0.50 80.0 79.98 | 80.0 | 80.0 80.0 | 40.0 


0 

1 | 0.706 | 0.999 | 0.50 |—14.16 |—14.16 |—14.16 | 43.67 80.0 | 40.0 
2 | 0.700 |-0.408 | 0.497 — 5.82 |— 5.85 |— 5.79 | 35.85 79.5 39.7 
3 | 0.685 |-0.481 | 0.492 |—- 6.92 |— 6.87 |— 6.95 | 36.58 73.4 39.2 
4 | 0.668 !—1.276 | 0.486 |—-18.62 |—18.56 |—18.60 | 38.92 TRUSU 38.8 
0.642 | 0.347 | 0.476 5.16 5.12 5,15, |033.71 76.1 38.0 


5 

6 | 0.615 |-1.782 | 0.466 |-27.04 |—26.98 |—-27.00 | 49.29 74.5 37.2 
7 | 0.585 |-0.540 | 0.458 |— 8.42 |— 8.36 |— 8.40 | 34.44 73.0 | 36.5 
8 | 0.548 1.408 | 0.440 | 22.58 | 22.54 | 22.60 | 41.98 70.4 | 35.2 
9 | 0.515 | 2.798 | 0.426 | 46.40 | 46.29 | 46.40 | 56.58 68.0 34.0 
10 | 0.477 |—1.290 | 0.409 |-22.20 |—22.28 |-22.20 | 37.71 66.2 33.1 


11 | 0.440 | 0.481 | 0.394 8.62 8.52 8.60 | 26.26 63.0 | 31.5 
12 | 0.421 |—-0.637 | 0.386 |—11.96 |—11.63 |—11.67 | 26.88 61.5 | 30.7 
13 | 0.365 |—0.519 | 0.358 |—10.22 |—10.14 |—10.20 | 25.88 57.2 | 28.6 
14 | 0.326 | 0.383 | 0.339 7.96 7.80 7.96 | 25.57 54.2 | 27.1 
15 | 0.292 |—-1.813 | 0.321 |-39.90 |—39.34 |—39.80 | 42.48 51.1 25.5 


16 | 0.260 | 0.766 | 0.303 | 17.90 | 17.61 | 17.82 | 30.13 48.4 | 24.2 
17:1. 0.228315.0.7184| 70:2841 217.902)017:.912| 71782) |727.09 45.3 | 22.6 
18 | 0.198 | 0.381 | 0.264 | 10.18 9.79 | 10.17 | 25.94 42.1 21.0 
19 | 0.171 |—0.049 | 0.245 — 1.42 |— 1.96 |— 1.40 | 20.93 39.0 19.5 
20 | 0.146 |-0.070 | 0.226 |— 2.18 — 1.68 |— 2.18 | 14.86 36.1 18.0 


21 | 0.129 |-0.098 | 0.200 |— 3.30 — 3.17 |— 3.24 | 18.64 33.6 16.8 
22 | 0.109 |-0.026 | 0.193 |— 0.94 — 0.96 — 0.94 | 13.68 30.9 15.5 
23 | 0.092 |-0.174 | 0.177 — 6.96 |— 6.59 |— 6.83 | 16.21 28.3 14.1 
24 | 0.074 |—0.367 | 0.161 —16.10 i—15.49 |—16.04 | 21.91 25.8 12.9 
25 | 0.064 | 0.362 | 0.146 | 17.48| 16.92 | 17.01 | 17.95 23.4 har 


26 | 0.52 0.027 | 0.132 1.44 1.50 1.411 11.51 21.1 10.6 


where $S means “has the same sign as’. If one of the terms in the 
summation is dominant, a simple phase relation results. 

Looking at the individual atoms, we see that after squaring, the 
“atomic’ structure factor is 


= [Oleg 2) 0,8) 608 2naraae (18) 
en ö 


which can be computed. 
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The erystal structure factors are (when all atoms are alike) 


= 2, cos 2schx,/a = 2f, 3 0 2rhx,/a 


and 
20, —.2 2 (?f,) cos 2nhx,/a = 2 (*f,) 2 cos 2rchx,ja. 
Therefore | | 
= ll En: (19) 
Combining equations (16) and (19) we get 
En = ach) En. & 


Equation (20) is a quantitative expression of equation (17), ü.e. 
SAYRE’s equation (1.3) and is the first contribution in the present 
paper. To test equation (20) we use SayYkr’s data from his hypo- 
thetical structure. His structure has eight atoms at respective positions 
aa = — 0.113,2,/a = + 0.234, 2,/a = + 0.361,and x,/a = + 0.438. 
The atoms are Gaussian, 2 the form o,(2) = e”"®" and consequent 


scattering factors f, — 75 e@=it) (ha)” (gee column 2, Table 2). 


From this data SAYRE ee F', as shown in column 3 of Table 2 
The squared atoms have the form o,?(x) = e"!® and, from equat- 
ion (18), ?f, is computed and shown in column 4, from which SayYrRE 
calculated «a(?F,) as shown in column 5. SAYRE’s equation a(?F,) 
— N FF), \s shown to be valid by the close agreement between 


p 
columns 5 and 6. SAYRE obtained the summation N FF, _, by actually 


performing the complete process of cross tolens all F, and 
F,„_,for given values of } and adding. Column 7 shows the validity of 
performing the much easier process of computing a(?f,/f,)F,, thus 
verifying equation (20) which does not require a full prior knowledge 
of all phases. 

SAYRE’s procedure for sign determination is to select an inner 
product FF, _,, that is sufficiently large in Y FF, _, that this one 


p 
term governs the sign of F',, see equations (17) and (20). What deter- 
mines whether a term F, F,_,, is sufficiently large is that it must be 
greater than one half the total 2 IF,| F,_,|- Although this total can be 


computed from the F values, SAvYRE suggested that it can not exceed 
g* 
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a(?F,) for allh. For the hypothetical structure this is 80, a restrietion 
that is too liberal to be very useful (see column 8 of Table 2). A more 
striet restrietion is 


| z | rn < alfılio) Fo (21) 


p=—° 


which decreases with increasing h as shown in column 9 of Table 2. 

A more probable total is one half a(?f,/fo) F, displayed in column 10 of 

Table 2. Sayrzs longhand total I |F,| |F,_,| is shown in column 8. The 
p 


very rough correlation between columns 8 and 10 suggests that the 


90 


80 


e—o SAYRES z/FollFn-,| 


TEE (4 JFal=l& Forn-o| 


70 


Q 
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Fig. 1. Graphs showing the highest possible value of 3 |F,,| |F,-, |max = «CH/fo)F 


p 
and the most probable value which is one half of this. Note that the actual 
sum from SAYRESs data, plotted in black dots, never exceeds the computed limit 
a(?f/fo) F, but hovers about half the limit. The sum 3 F,F,-,, plotted in 


D 
open circles, has a trend similar to that of X |F,| |F7-,|- 
» 
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probable total (a/2)(?f,/f) F, is a mean about which the actual 
2 |\F,| |F,_,| fluctuate (see Fig.1). Fig.1 also shows |a(2f,/f,) F,| the 
p 


absolute magnitude of FF, _,,see columns 6 and 7 of Table 2. The 
p 
shapes of the curves for 


> IR, | | and Do) 
p p 


suggest that the totals, with or without signs, are governed by the 
magnitude of a few large terms. 

These values, a(?f,/f,) F, and a(?f,/fo) F, will be useful in the part of 
this paper dealing with the graphical representation of probability 
theory. 

In the meantime we are in agreement with Sayrr’s deduction in 


equation (17) providing |F, | |F,_,.| 2 5 (f/fo) Fo]. Equation (17) 
could be rewritten, changing p to h, and h—p to h, to give 


SER) ale) (22) 


which is the form of ZACHARIASEN’s result, where S means “the sign 
of’. When the particular values are such that h, = h,, then 


SF? = SF,,, (22a) 


Equation (22a) means that if two F values are both large and if one of 
the h’s is double the other, then the one having the large h is positive 
regardless of the sign of the other. For example, column 3 of Table 2 
shows F, and F, are both large. According to equation (22a) F', is 
positive regardless of the sign of F‘. 

Since equation (20) does not express all we know about the sum- 
mation, some modifications can be made. The first is that the sum- 
mation contains a term, F,F,, twice, which can be transferred to the 
opposite side of the equation. Changing the limits of summation in (20) 
and dividing by 2 gives 


7,5 Ch) —P|= Z Fr (23) 
Sn 
(exceluding p = h). The limiting equation (21) becomes 
r,|3 ehlid Pal = & Pl rl (24) 
= 


(exeluding p = h). These computations are shown in columns 2 
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and 3 of Table 3. Using the Karle-Hauptman? terminology for this 
case, we let F,/F, = F, and equation (23) becomes 


[97 
HoF, 


(excluding p = h). 


em BB (25) 


py=1 


Table 3. Data for probability computations 


1 2 3 4 
5 a 
=: | 
n = 
h = > Some examples of large products 
= Sao! 
IS Kos Bi 
ER Rt 
> ai 
0 8.0 8.0 - 
1 34.34 1.42 FF, = 1.88, Fol = 17.22, Fur = 2.18 
2 37.38 0.58 
3 36.48 0.75 re 9297] 
4 31.59 2.10 
5 36.04 0.61 
6 27.10 3.42 Tr 210810 
m 33.45 1.15 ER) =13:56, Pf = 2.81, 8,05 = 228, 7,05 -4129 
8 27.20 3.35 
9 18.30 7.38 IE 06 
10 25.80 3.90 Tal, u, aa — Be, an — Re 
11 28.78 1.58 
12 27.10 2.23 
13 25.67 2a Enls— 1.14 
14 24.94 1.81 FeF; = 5.02, FF, = 3.29, Pf = 3.62 
15 15.30 9.64 I II 
16 19.86 4.57 
7 18.54 4.85 Teen, = Wele 
18 18.34 2.93 Jh, = Mose Ale RR A RN 
19 19.22 0.42 Fof, = 7.22, FR, = 4.53, Pf, = 1.85 
20 17.60 0.69 
21 16.25 1.06 
22 15.35 0.32 
23 13.12 2.43 
24 10.82 5.97 FF, = 10.15, Fiefs = 2.16, Fisfs, = 1.36 
25 9.65 6.50 FF = 4:68, Fief, = 4.29, Frfs = 2.02 
26 10.35 0.55 
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V. Higher powers of the density funetion 


Analogous to the squaring method, the third power gives (see 
Table 1) 


1 
R FE DD E nf ne Rhhs (26) 


hı ha 


and the general power n gives 


N 1 
Me Ma 5 DA N ee (27) 


hı he hn-ı 
Analogous to equations (19) and (20) we get, for the cubed structures, 


aßr,) = Chi) Fr = N En (28) 


and, for the nth power, 


ea (F,)= a Chln=z De DEE, en ee (29) 


ha Än-ı 


where ”f, = 2 [ 0% (x) cos 2nhx/a de. 
0 


The maximum value of the summation is 


—ı 
2 e er '.k- Ru 3 ee. = a" nlfo) Fo- (30) 
hı he hn-ı 
Table 4. Results of raising densities to various powers 
Powers | Special conditions Useful results 
Second General S Fan = S Fufn" 
(squared 
structure) h,=h, SF,)= SF (positive) 
Third General Se Er 
(cubed 
structure) h=h=h=h Se, =Sf} =SF, 
hı => h; S Ponstns 73 SEP = Sn 
Fourth General Ss Dur == Ss Denen 
nee ehh SFn = SF (positive) 
iM ld S Farm =S Ffm = S Fan 
h,=h, nd u=h, S Fon = SFR. F}, (positive) 
hı = hy S Fonıtnaths 57 SE, Pnfn z Sy, En 
Fifth General SF nurnatntnen = nn En 
hh=h,=,y=h,y=h=h|SF,„=SF,=SF, 
and so forth 


* S means “the sign of”. 
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Equations (29) and (30) can be subjected to further restraints through 
logic similar to that used to get equations (23) and (24). When the 
terms in the summations are sufficiently large, then sets of sign 
determining equations are valid, such as those shown in Table 4. 
Although many of the equations in Table 4 are redundant, some are 
useful; and one particular generality is easy to use: 


SR, = Ser (31) 


which predicts that if n is even, then F',, is positive regardless of the 
sign of F, (see F,, F,, and F,, of Table 2); and if n is odd, all F',, have 
the same sign (see F,, F},, and F,, in Table 2). Care must be used in 
deeiding how big is sufficiently big, however (see F, and F,, of Table 2). 
When a term follows the condition 


PP 2 35 Chlt) — Ral| Fo (32) 


in the squaring method, for example, no doubt arises, but when the 
product FF, ,,, although large, is not as great as one half the value of 
the expression in the brackets of equation (32), then probability 
considerations!? are helpful. 


VI. The use of probability theory 


If one has m terms of equal and known magnitude added together 
but does not know the sign of each nor the sign of the sum, the problem 
is similar to that of a random walker on a street system as shown in 
Fig. 2. The walker starts at the point O and terminates on the diagonal 
ab, without turning back, to the left, or downward any time during his 
wanderings. The number of positive terms, (m +), is represented by 
points on the vertical axis and the negative terms, (m—), on the hori- 
zontal axis. Hence the straight line ab follows the equation (m +) 
+ (m —) = m, just as a straight line can be representedbyx + y= k. 
The total number of ways of wandering northward and eastward 
along the streets from O to ab is 2”. The number of ways of wandering 
from O to any particular point (m -+), (m —) is 


m! 
W [(m +), m] = (m+)! [Im— (m-+)]! 


and the probability of a wanderer terminating at (m +), (m —) is 


_ Wlm+),m]) _ m! 
P[(m +), m] = Om TO pmhimemh]‘ (33) 
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If m is large enough, this exact equation can be replaced by the 
approximate binomial equation 
Pl(m +), m] = — e {m —mfapım, (34) 
V 2% 
The eurve for P[(m +), m] is plotted in Fig. 2, showing a maximum at 


(m +) = m/2. 


(1 Owy)zws(sw) 


(m+) 


(6) (m-)=m=(hmax -ı) 


(m-) 


Fig.2. A random course from the point O to the point P and the probability, 
P [(m-+-), m], of the wanderer’s terminating at P. 


We are interested in the case where one term is extremely large and 
the remaining terms are numerous and nearly equal, as shown in 
Fig.3. Let us examine equations (23) and (24). There are huax— 1 
terms in the summation SF ,F, _, (where h.ax is the largest Miller 

v 


index) and this sum can not exceed the value X |F,| |F,_,|- If one 


p 
term, say FF is extremely large, then equations (23) and (24) can 


be rewritten: 


max 
Rh) —E| FF = 2 (35) 


h—pı 


(excluding p=handp= p,) and 
Amax 
re rn = 2 ll (80) 
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(exeluding p = h and p = pı). The left hand side of these equations 
can be computed accurately, and results from Sayre’s example are 
shown in columns 2 and 3 of Table 3. First we use equation (36) to 
solve for a factor T as follows. The distance from O to B in Fig.3 is 
associated with rl; Br) Pill the distance O to A is associated 


with the one big term F,F,_,, and the distance A to B represents the 


Im), 


] 
m= eo) 


Fig.3. The effect of having one large term in an otherwise uniform-sized series 

of terms. The relative probabilities that the large term is the same sign as the 

summed point P or different are represented by the points P[(m-+), m) and 
P[(m+-),, m] on the curves 1 and 2. 


remaining distance, Fu: (?f,/fo) — 1A] — |F,|\F)_,,|- This distance is 
divided into h.x — 2 = m steps which, in SaYRr’s example is 26 — 2 
— 24. Dividing mbyF, R (lt) — 1] — |F,.| IF ,.| gives a factor T 


which is useful later. 


hmax 


We must remember that equation (35) expresses X FF, , (eX- 
-=1 


p= 
celuding p = h and p = p,) which is the difference between the sum of 
the positive terms and the sum of the negative terms (m +) — (m —) 
or, using equation (35) 


ve [3 ent Ro) FR, 
— (m +) — (m—) = 2 [(m +) — m]2]. (37) 
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Combining equations (37) and (34) and using the definition 
a 
T =] {Fr [5 Chlto — Full - Pr. (38) 


one gets the relation 


P[(m +),m] — nn er (T?]4m) Ir, B Entm—R%| F |F2,| Fr» 1? (39) 


which expresses the probability that F,and F,F,_,, have the same or 
opposite signs, dependent upon whether plus or minus is inserted in 
the equation in front of |F, | |F,—_..|- 

For example, when = 15, the large term, |F, | |F,_,,| is |FsF'| 
=9.97 as shown in Table3, m = hu. — 2 = 24, T = 24/(15.30 
— 9.97) = 4.50 and 


max 


Fu: hl) —Ro| F |Fors| = 9.64 # 9.97 = — 0.33 07 + 19.61. 


Substituting these values into equation (39) gives 0.40 as the probabi- 
lity that F\, is the same sign as the product F,F',, and 2.6x 10% as the 
probability of a different sign, i.e., the odds are about 10% that the 
signs are the same. 
Of course the foregoing example was not a particularly good one 
because |F', ||F,_,,|= 9.97 is greater than one half I |F,||F,_,| = 15.30 
p 


and we knew beforehand what the answer had to be, see equation (32). 
If we had used the more awkward but exact equation (33) the odds 
would have been computed to be infinity instead of about 10%. 

When there is not just one large dominant term in the series, then 
one can solve for the probabilities that the chosen F', is the same sign 
as the various combinations N, of the two or more largest. For 
example, choosing h = 10 from Sayk#r’s illustration, the largest terms 
(see Table 3) are F,F, = + 5.59, FF = + 4.55 and FF = + 2.73. 
These can be combined as shown in Table 5. The generalization of 
equation (39) is 


1 2 @ a pe: _ „12 — 
Pia)= 508 Imujg enim=r.]| = 2}? Iomas-1-n) (40) 
where » is the number of terms in the combination and T is now 
Th ea m|-121 (m 


where |),| means the sum when all terms are considered positive. 
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Fig.4 shows N, and 5, on the same basis as is used in Figures 2 
and 3. The probabilities recorded in Table 5 show some ambiguities 
characteristie of practical problems. 

This probability procedure can be applied to methods involving 
raising the densities to higher powers as well. 


(m), 


keriesie era mr = 


TIFielIFzl 


Fig.4. The graphical representation of the computations associated with 2, of 
Table 5. Only 2, and 2, are shown. 


Table 5. Calculated probabilities 


Combinstin AP = | AR= | mB-=- | > | m. 
number, c + 5.59 + 4.55 + 2.73 = Z 2 
| 

et | are | + + 12.87 0.028500 
PD) > | == — — 12.87 0.000039 
3 Be er ze PT 0.267000 
4 — | — + — 7.41 0.006000 
5 re —- + | 2083.77 0.400000 
6 | — | -- — — 3477 0.005800 
7 = | + + 69 0.341000 
8 = = — 14 24 .1:69 0.143400 
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Regelungserscheinungen 
bei der paramorphen Umwandlung von SiO, Kristallen 


Von 0. W. FLÖRKE 
Max-Planck-Institut für Silikatforschung, Würzburg 
Mit 6 Abbildungen im Text 


(Eingegangen am 6. Juni 1959) 


Abstraet 


The structural relationships between the SiO, polymorphs play an important 
röle in the formation of paramorphs. Proceeding from this concept it is shown 
to be improbable that melanophlogite from Sieily is a paramorph of quartz 
after ceristobalite. 

The related orientation present in quartz paramorphs after cristobalite were 
investigated in the occurence of Ellora caves, India and in those after tridymite 
in material from Monte Grotto (Euganean Hills) and Colorado. In all these 
cases the quartz has been deposited in definite orientation in respect to the 
lattice of the primary erystals. It is assumed that these related orientations are 
of widespread importance in the formation of miero-erystalline quartz showing 
preferred orientation such as chalcedony. 


Auszug 


Bei der paramorphen Umwandlung spielen die strukturellen Verwandt- 
schaften der SiO,-Modifikationen eine wichtige Rolle. Von dieser Vorstellung 
aus wird wahrscheinlich gemacht, daß der Melanophlogit von Sizilien keine 
Paramorphose von Quarz nach Cristobalit darstellt. 

An Hand der Paramorphosen von Quarz nach Cristobalit von Ellora Caves, 
Indien, und von Quarz nach Tridymit vom Monte Grotto, Euganeen und von 
Colorado, werden die Orientierungsbeziehungen untersucht. Bei diesen Para- 
morphosen hat sich der Quarz stets orientiert nach dem Gitter der ursprüng- 
lichen Kristalle abgeschieden. 

Es wird angenommen, daß diesen Orientierungsbeziehungen bei der Bildung 
mikrokristalliner Quarzvorkommen mit Vorzugsorientierung (z. B. Chalzedon) 
eine allgemeine Bedeutung zukommt. 


Bei der Untersuchung der Strukturbeziehungen zwischen den ver- 
schiedenen SiQ,-Modifikationen! war es aufgefallen, daß auch beim 


10.W.FLÖRKE, Strukturanomalien bei Tridymit und Cristobalit. Ber. dtsch. 
Keram. Ges. 32 (1955) 369—381. 
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Quarz — ähnlich wie bei Cristobalit und Tridymit — Schichtverbände 
von SiO,/,-Tetraedern existieren, die infolge ihres atomaren Aufbaus 
eine wichtige morphologische Rolle spielen müßten. Diese Tetraeder- 
schichten — beim Cristobalit liegen sie parallel den Oktaederflächen 
{111}, beim Tridymit parallel den Basisflächen {001}? und beim Quarz 
parallel den Rhomboederflächen {101} — sind im Sinne von P. HArT- 
MAN und W. G. PERDOK? ‚„‚flat-faces‘‘, das heißt sie enthalten mehr 
als einen PBC-Vektor. Über die morphologische Bedeutung der diesen 
Schichtanordnungen entsprechenden Kristallflächen wurde bereits in ! 
und ? berichtet. Hier soll darauf eingegangen werden, welche Bedeu- 
tung diese Tetraederverbände und die PBC-Vektoren für Regelungs- 
und Wachstumserscheinungen bei der paramorphen Umwandlung der 
verschiedenen SiO,-Formen haben. Besonderes Interesse verdienen 
dabei die natürlichen Paramorphosen. Ein bekanntes Vorkommen die- 
ser Art soll der durch A. v. LAsauLx erstmalig beschriebene Melano- 
phlogit von Roccalmuto und Lercara nahe Girgenti auf Sizilien sein’. 
E. MArLrLARD® hatte wenig später gefunden, daß die regelmäßigen und 
scharf begrenzten, hellbraun durchsichtigen und oft nach (111) in der 
Art des Flußspates verzwillingten Würfel aus Büscheln von Chalzedon- 
fasern aufgebaut sind und hatte die Vermutung ausgesprochen, daß 
es sich um Paramorphosen von Quarz nach Cristobalit handelt. Auch 
G. FRIEDEL? vertrat diese Auffassung. F. ZAmBonını® glaubte auf 
Grundmikroskopischer Untersuchungen zwei verschiedene Ausbildungs- 


2 Bei der Beschreibung hexagonaler Kristalle wird in der vorliegenden Mit- 
teilung stets das dreigliedrige Symbol bezogen auf ein echthexagonales Achsen- 
kreuz verwendet. Bei der Beschreibung von Cristobalit wird kubische, bei der 
Beschreibung von Tridymit hexagonale Symmetrie vorausgesetzt. Daß diese 
Formen bei Raumtemperatur niedrigere Symmetrie haben, ist für die angestell- 
ten Überlegungen belanglos. 

3 P. HarrmAan and W. G. PERDOK, On the relations between structure and 
morphology of erystals, I. and II. Acta Orystallogr. 8 (1955) 49—52, 521—529. 

40. W. FLÖRKE, Über Kieselsäurekristalle in Gläsern. Glastechn. Ber. 32 
(1959) 1—9. 

5 Die ältere Literatur über Melanophlogit ist im Handbuch der Mineralogie 
von C. Hıntze, Band I,, 1538—1542, referiert. 

* E. MALLARD, Sur la tridymite et la christobalite. Bull. Soc. Frang. Min. 
13 (1890) 161-179. — Note sur la melanophlogite. Bull. Soe. Franc. Min. 13 


(1890) 180—182. 
? &, Frieder, Sur la melanophlogite (1). Bull. Soc. Frang. Min. 13 (1890) 


356—372. 
8 F, ZamBonını, Einige Beobachtungen über die optischen Eigenschaften 


des Melanophlogit. Z. Kristallogr. 41 (1906) 48—52. 
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formen des Melanophlogits unterscheiden zu können, diese Beobach- 
tung wurde aber bis heute noch nicht bestätigt. Auch eigene Versuche, 
bei denen mehrere Handstücke mit Essigsäure und Schwefelkohlen- 
stoff vom Begleitgestein aus Kalk und Schwefel befreit worden waren, 
blieben in dieser Hinsicht erfolglos, es wurde nur Melanophlogit 
gefunden, der bereits restlos in Quarz umgewandelt war, nicht aber 
die von Zamponint beschriebenen Würfel mit noch viel isotroper 
Substanz neben Quarz. — 1938 griffen 8. v. GLISZCZYNSKI und E. 
Sroıcovıcı?® das Melanophlogitproblem erneut auf. Sie stellten mit 
Röntgenaufnahmen fest, daß als kristalliner Bestandteil des Melano- 
phlogits nur Quarz in Frage kommt; die mikroskopischen Untersuchun- 
gen bestätigten im wesentlichen die Ergebnisse der älteren Autoren. 
An Hand von geometrischen Überlegungen versuchten sie, den 
Beweis zu führen, daß die Melanophlogitwürfel Paramorphosen von 
Quarz nach Cristobalit sind. Sie hatten festgestellt, daß die Quarz- 
kristallite in der Mitte der Würfel so orientiert sind, daß ihre optischen 
Hauptachsen zu den Würfelflächen senkrecht stehen. Allerdings ist 
diese Orientierung nur schlecht ausgebildet. Daneben wurden noch 
Häufungspunkte der optischen Achsen beobachtet, die von der zuerst 
genannten Orientierung um 45 oder 13° abweichen. Wie weiter unten 
zu zeigen sein wird, ist die zuerst genannte Orientierung der Quarz- 
kristallite mit den strukturellen Verhältnissen bei Quarz und Cristo- 
balit in Einklang zu bringen, die beiden anderen Orientierungen er- 
geben aber keine vernünftige Beziehung zur Cristobalitstruktur. 
Gegen die Paramorphosenhypothese gibt es indessen ein sehr 
gewichtiges Argument. Bis heute ist an keiner Stelle der Erde ein Vor- 
kommen von würfelig kristallisiertem Cristobalit entdeckt worden. 
Die Form {100} tritt bei den bekannten Cristobalitvorkommen nur 
sehr selten und dann nur untergeordnet auf. Die beherrschende Form 
ist {111}. An anderer Stelle! * konnte gezeigt werden, daß man das von 
der Struktur des Cristobalits her auch nicht anders erwarten sollte. In 
Sizilien müßten also ganz außergewöhnliche Bildungsbedingungen 
beim Wachstum von würfeligen Cristobalitkristallen geherrscht haben. 
Eigene Röntgenuntersuchungen an einzelnen Melanophlogitwürfeln, 
die nach Art der Einkristallaufnahme um die drei Hauptrichtungen 
[100], [111] und [110] gedreht wurden, ergaben keinen Hinweis auf 
eine bevorzugte Orientierung der Quarzkristallite (Abb.1). Die 
Melanophlogitwürfel sitzen meistens auf einer Rinde von blaugrauem 


9» S,v. GriszczynskI und E. Sroıcovicı, Beitrag zum Melanophlogit- 
problem. Z. Kristallogr. 99 (1938) 238—250. 
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traubig-nierigem Chalzedon, der die Kluftflächen von stark mit Schwe- 
fel imprägniertem Kalkstein überzieht. Als Begleitmineral tritt noch 
Coelestin auf. Der Chalzedon verkörpert einen schlecht kristallisierten, 
wenig gut umgewandelten Typ. Auf Guinieraufnahmen erkennt man 
neben diffusen Quarzinterferenzen auch die charakteristische Haupt- 


b 


Abb.1. Melanophlogit von Roccalmuto. a) Drehaufnahme um [111], b) Dreh- 
aufnahme um [100] 


Z. Kristallogr. Bd. 112 9 
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interferenz!° von stark fehlgeordnetem Tieftemperatur-Cristobalit 
(= Opal-Cristobalit nach O. Brarrscm!!). Dies ist ein Zeichen dafür, 
daß sich der Chalzedon bei niedrigen Temperaturen aus dem ursprüng- 
lichen Opal über Cristobalit entwickelt hat und daß er geologisch 
gesehen jung ist. Da die Melanophlogitwürfel auf dem Chalzedon sitzen, 
müssen sie jünger sein als dieser, und der Chalzedon muß allen Be- 
dingungen, denen sie bei ihrer Entstehung und Umwandlung ausgesetzt 
waren, auch ausgesetzt gewesen sein. Wenn es sich tatsächlich ursprüng- 
lich um würfelige Cristobalitkristalle handelte, dann müssen sie sich 
wesentlich schneller und vollständig in Quarz umgewandelt haben, 
während die winzigen und stark gestörten Cristobalitkriställchen in 
der Rinde dies wenigstens zu einem Teil nicht taten. Eigene Versuche 
zeigten, daß sich unter hydrothermalen Bedingungen im Labor 
entsprechend große Cristobalitkristalle von der Blauen Kuppe bei 
Eschwege und synthetische Kristalle praktisch nicht in Quarz um- 
wandelten, während sich mikrokristalline Vorkommen von Tief- 
temperatur-Cristobalit umwandelten. Auch diese Überlegungen machen 
es fraglich, ob es sich bei den Melanophlogitwürfeln tatsächlich um 
Paramorphosen von Quarz nach Cristobalit handelt. Es wäre von der 
Paragenese her gesehen durchaus möglich, daß es Pseudomorphosen 
nach Flußspat sind. 

Durch A.vAan VALKENBURG JR. und B.F. Buıe!? ist aber ein 
Vorkommen beschrieben worden, wo eindeutig Paramorphosen von 
Quarz nach Cristobalit vorliegen. In Hohlräumen des Basalts von 
Ellora Caves im Staate Haiderabad in Indien, die mit Chalzedon aus- 
gekleidet sind, haben sich im Inneren — an Mordenitnadeln sitzend — 
oktaedrische, oft nach dem Spinellgesetz verzwillingte, Cristobalit- 
kristalle erhalten, während die Oktaeder nahe und in der Chalzedonrinde 
in Quarz umgewandelt sind. Die Umwandlung ist in diesem Falle ein- 
deutig von der Außenwand der Drusen vor sich gegangen, auch der 
Chalzedon muß ursprüngliech aus Cristobalit bestanden haben, wie 
seine aus Oktaederflächen aufgebaute Oberfläche zeigt. VAN VALKEN- 
BURG und Buie fanden, daß die optischen Achsen der Quarzkristallite 


10 O. W. FLÖRKE, Zur Frage des „Hoch‘-Cristobalits in Opalen, Bentoniten 
und Gläsern. N. Jahrb. Min. Mh. 1955, 217—223. 
I 1ı Q. BrAITscH, Über die natürlichen Faser- und Aggregationstypen beim 
SiO,, ihre Verwachsungsformen, Richtungsstatistik und Doppelbrechung. 
Heidelb. Beitr. Min. Petr. 5 (1957) 331—372. 

12 A. VAN VALKENBURG JR. and B. F. BuıE, ÖOctahedral cristobalite with 
quartz paramorphs from Ellora Caves, Hyderabad State, India. Amer. Mineral. 
30 (1945) 526-535. 
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in den Paramorphosen mit weiten Streuungen den Tetragyren der 
ursprünglichen Cristobalitkristalle parallel liegen. Sie wollen dieses 
Ergebnis aber nicht im Sinne einer bevorzugten Orientierung der 
Quarzkristallite gedeutet wissen. 

Nach den in ! entwickelten Vorstellungen sind die Rhomboeder- 
flächen von Quarz {101} und die Oktaederflächen von Cristobalit {111} 
strukturell korrespondierende Flächen. Beim Quarz verlaufen inner- 
halb der (101)-Fläche zwei verschiedene PBC-Vektoren; der eine ent- 
spricht der Richtung [010], der andere der Richtung [101]. Beide 


Abb.2. Quarz paramorph nach Cristobalit, Ellora Caves, Hyderabad-State. 

(111)-Cristobalit // (101)-Quarz. Stereographische Auswertung der Meßergeb- 

nisse von A. VAN VALKENBURG JR. und B. F. Bure!?. Die Dreiecke deuten die 

Ausstichspunkte der Trigyren, die Quadrate die Ausstichspunkte der Tetra- 
gyren der ursprünglich vorhandenen Oristobalitkristalle an. 


Vektorenscharen spannen ein Netz auf, das dem hexagonalen Netz 
sehr ähnlich ist, das in der (111)-Ebene des Cristobalits von den den 
Richtungen [110]und [101 entsprechenden PBC-Vektorenscharen auf- 
gespannt wird. Legt man die (111)-Ebene von Cristobalit und die (101)- 
Ebene von Quarz einander parallel und läßt die Richtung [110] von 
Cristobalit und die Richtung [010] von Quarz zusammenfallen, dann 
weicht die [101]-Richtung von Quarz von der [101]-Richtung von 
Cristobalit um rund 10° ab. Die Atomabstände und die Tetraeder- 
anordnungen stimmen in diesen Richtungen ebenfalls befriedigend 
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überein. Man kann deshalb erwarten, daß bei der Umwandlung einer 
dieser Kristallarten in die andere diese Flächen und Richtungen dem 
Wachstum der neu sich bildenden Kristalle die Richtung weist, daß 
es also zu orientierten Abscheidungen der neuen Kristallart nach der 
alten kommt. In Abb.2 ist das Meßergebnis von!? etwas vereinfacht 
wiedergegeben. Unter Zugrundelegung eines Cristobalitkristalls, dessen 
[111]-Richtung im Mittelpunkt des Wulffschen Netzes nach oben aus- 
sticht, wurden die Häufungsstellen der Ausstiche der optischen Achsen 


9° 


902 


180° 
Abb.3. Quarz paramorph nach Tridymit, Mte. Pendise, Teolo, Buganeen. 
(001)-Tridymit // (101)-Quarz. Stereographische Auswertung der Meßergebnisse 
von E. MAtrARD®. Das Sechseck markiert den Ausstichspunkt der Hexagyre 
der ursprünglich vorhandenen Tridymitkristalle. 


der Quarzkristallite mit gestrichelten Linien umfaßt, die schraffierten 
Stellen deuten besonders große Dichte der Ausstichpunkte an. Zu- 
sätzlich wurde in die Projektion der locus geometricus für die Aus- 
stichspunkte der optischen Achsen eingezeichnet, wenn man voraus- 
setzt, daß alle Quarzkristallite mit ihren Rhomboederflächen {101} 
parallel zur (111)-Fläche des zugrunde gelesten Cristobalitkristalls 
orientiert sind. Es ist ein Kleinkreis mit 52° Abstand vom Projektions- 
mittelpunkt. Man sieht, daß sich die gemessenen Ausstiche der opti- 
schen Achsen auf oder in der nahen Umgebung dieses Kleinkreises häu- 
fen. Stellt man zusätzlich die Forderung, daß die PBC-Vektoren in 
den {101}-Flächen der Quarzkristallite den PBC-Vektoren des ur- 
sprünglichen Cristobalit-Kristalls parallel orientiert sein sollen, dann 
sollten ihre optischen Achsen etwa parallel den Tetragyren des zu- 
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grundegelegten Cristobalit-Kristalls ausstechen, was durch die Mes- 
sungen auch einigermaßen gut bestätigt wird. 

Paramorphosen von Quarz nach Tridymit wurden erstmals durch 
E. MatvArD® beschrieben. Es handelt sich um ein Vorkommen von 
großen tafeligen weiß-trüben Kristallen vom Monte Pendise in den 
Euganeen. MALLARD fand auch, daß der Quarz orientiert gewachsen 
ist. Nach seinen Angaben bilden die optischen Achsen der Quarz- 
individuen mit der Basisnormalen des ursprünglichen Tridymits [die 


0° 


902 


180° 


Abb.4. Quarz paramorph nach Tridymit, Euganeen. (001)-Tridymit // (101)- 

Quarz. Stereographische Auswertung eigener Meßergebnisse an Quarzpara- 

morphosen nach Tridymit aus den Euganeen. Die hexagonalen a-Achsen der 

ursprünglich vorhandenen Tridymitkristalle stechen bei 60, 180 und 300° aus 
dem Umfang der Projektion aus. 


Basisebene (001) des Tridymits entspricht in ihrem atomaren Aufbau 
der Oktaederfläche (111) des Cristobalits] Winkel zwischen 30 bis 50°. 
Aus Abb.3 geht hervor, daß diese Orientierung nur schlecht mit den 
oben entwickelten Vorstellungen harmoniert. Eigene mikroskopische 
und röntgenographische Messungen an diesen Paramorphosen ergaben 
indessen, daß die Orientierungsbeziehung besser erfüllt ist, als MAr- 
LARD angibt (Abb.4). Röntgenographisch wurden einzelne Tafeln der 
Paramorphosen nach der Einkristallmethode untersucht, wobei die 
Orientierung der Quarzkristallite gut zum Ausdruck kam (Abb.5). 
Ein weiteres Beispiel hat L. L. Ray"? beschrieben. Er vermutete, daß 


13 L.L. Ray, Quartz paramorphs after tridymite from Colorado. Amer. 
Min. 32 (1947) 643—646. 
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in Paramorphosen von Quarz nach tafeligem Tridymit aus Colorado die 
optischen Achsen der Quarzindividuen parallel der Basisnormalen des 
ursprünglichen Tridymitkristalls liegen würden, fand diese Vermutung 
aber durch seine Messungen nicht bestätigt. Wertet man die Meßergeb- 
nisse von Ray in einer stereographischen Projektion aus (Abb. 6), dann 
zeigt sich wieder, daß die Ausstichpunkte der optischen Achsen um den 
Kleinkreis mit 52 ° gehäuft sind, d.h. daß die aus strukturellen Gründen 
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Abb.5. Quarz paramorph nach Tridymit vom Mte. Pendise, Teolo, Euganeen. 
Drehaufnahme um [001] des ursprünglichen Tridymitkristalls 


zu erwartenden Orientierungsbeziehungen gut erfüllt sind. Ray gibt 
allerdings nur an, wie die optischen Achsen in Beziehung zur Basis- 
normalen des Tridymits liegen, nicht aber, wie sie in Beziehung zu des- 
sen a-Achsen orientiert sind, die Projektion ergibt deshalb eine gleich- 
mäßige Verteilung längs des Kleinkreises. 

Diese Messungen zeigen, daß sich bei der paramorphen Umwandlung 
von Quarz nach Cristobalit oder Tridymit die Quarzkristalle in ganz 
bestimmter Weise nach dem Gitter des ursprünglichen Kristalls zu 
orientieren suchen. Analoge Orientierungserscheinungen beim Weiter- 
wachstum von Cristobalitdendriten zu tafeligen Tridymitkristallen 
sind in? ausführlich beschrieben worden. Es ist das überhaupt die 
einzige bisher feststellbare Bildungsweise von Tridymitkristallen, und 
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wohlausgebildete Tridymitkristalle sind deshalb auch stets, den 
Öktaederflächen des ursprünglichen Cristobalits entsprechend, ver- 
vierlingt. Es ist wahrscheinlich, daß diesen Orientierungsbeziehungen 
bei den Umwandlungen und dem Wachstum der verschiedenen kristal- 
linen SiO,-Formen eine allgemeine Bedeutung zukommt und daß sie 


180° 


Abb.6. Quarz paramorph nach Tridymit, Colorado. (001)-Tridymit // (101)- 
Quarz. Stereographische Auswertung der Meßergebnisse von L. L. Ray!3 


besonders bei der Entstehung mikrokristalliner SiO,-Vorkommen mit 
Vorzugsorientierung eine wichtige Rolle spielen. F. Lavzs!* und O. 
BrartscH" haben bereits darauf hingewiesen, daß einige Chalzedon- 
vorkommen paramorph nach Lussatit sind, weitere Untersuchungen 
werden hier noch ein reiches Arbeitsmaterial vorfinden. 


14 F, Laves, Einfluß von Spannungen auf die Regelung von Quarz und 
Cristobalit im Chalzedon, Lussatit und Quarzin. Naturwiss. 27 (1939) 705—707. 
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X-ray diffraetion and gravimetrie study of 
the dehydration reactions ol gibbsite * 
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Auszug 
Die Reaktionen, die sich bei der Entwässerung eines gut kristallisierten 
Gibbsits unter Atmosphärendruck bei ansteigender Temperatur oder isotherm 
abspielen, werden mittels Röntgenstrahlbeugung und unter Anwendung gewichts- 
analytischer Methoden untersucht. Die folgenden Reaktionen 


&-Al,0, - 3H,0 Sein -Al,O; ° H,0 + 2H,0 I 
(Gibbsit) (Boehmit) 

«-Al,0, : 3 H,O ne x-Al,0,;, + 3H,0 ai 

&-Al,0, - 1,0 rag y-AL,O, (ag?) + H,0 an! 


konnten quantitativ bestätigt werden. Der Ablauf der Reaktionen I und II 
wurde unter isothermen Bedingungen beobachtet; Aktivierungsenergien von 
31 bis 35 kcal/Mol bzw. 46,5 kcal/Mol wurden bestimmt. Es wurde nachgewiesen, 
daß der Reaktion I eine Induktionsperiode vorausgeht ; weniger sicher ist dies für 
die Reaktion II. In der Reaktionsgleichung III weist (aq?) auf die Möglichkeit 
hin, daß y-Korund fest gebundenes Wasser oder Hydroxylgruppen enthält. Die 
Struktur des y-Korunds wird einer Betrachtung unterzogen auf Grund neuer 
Überstrukturbeobachtungen an nahezu wasserfreiem Material. 


Abstraet 


The dehydration reactions under normal atmospheric conditions of a well 
erystallized gibbsite have been studied by x-ray diffraction and by gravimetrie 
methods. Incremental and isothermal heat-treatments have been used. Quanti- 
tative verification is obtained of the reactions: 


«-Al,O, : 3 H,O 100 200 «aAL,0;:H,0-72H;0 I 
(gibbsite) (boehmite) 

&-Al,0, : 3 H,O Se AO EN a 

&-Al,0, - H,O sro rALO lag?) ERO aM 


 *Contribution No. 58—96, from the College of Mineral Industries, The Penn- 
sylvania State University, University Park, Pa., USA. 
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The kineties of reactions I and II are studied isothermally and activation ener- 
gies of 31 to 35 keal/mole and 46.5 kcal/mole respectively are derived. Clear 
evidence is obtained for an induction period preceding reaction I, but the 
evidence is less decisive for an induction period for reaction IT. The nature of the 
y-Al,O, is considered and new data are presented for long-range order in the 
nearly anhydrous material. In reaction III, (aq?) indicates the possibility of 
essential water in the y-alumina. 


Introduetion 


The discovery by Professor von LAue in 1912 of the diffraction of 
x-rays by crystalline matter opened up vast new horizons for research 
on the structure of matter and of radiation. Among the many aspects 
of solid state research made possible by x-ray diffraction, one can list 
the qualitative and quantitative analysis of solid-state reactions, and 
the mechanisms and kinetics of these reactions. 

The dehydration reactions of gibbsite have been studied for many 
years by x-ray diffraction methods supplemented by gravimetriec, 
thermal and other measurements. The work up to about 1954 has been 
well summarized by RusseELt ei al. (1956). It was not until about 1951 
that the true nature of the process began to be understood. RooksBy 
(1951) noted that both boehmite, «-Al,O, : H,O, and an anhydrous 
alumina appear to form at relatively low temperatures, but BRows, 
CLARK, and Erriort (1953) first elearly recognized that the decom- 
position follows two routes, one leading to boehmite and its dehydra- 
tion products, and the other proceeding directly to an anhydrous 
alumina. Subsequently DE BoER and his colleagues (1954a, b, 1956) 
and TeErTIAn and PAP&e (1953, 1954, 1955, 1958) dealt comprehen- 
sively with the character of these reactions. 

It appears that in the temperature range about 150 to 200°C, a 
water vapor atmosphere builds up in the gibbsite particles (providing 
these are not too small, > 1) creating a hydrothermal condition 
favorable to boehmite formation. At about 200 to 220°C, the internal 
pressure causes a fracturing of the crystals which releases the pressure 
and terminates the formation of boehmite. Conditions are now favor- 
able for the formation of an anhydrous phase, generally designated 
x alumina. 

The boehmite remains stable to about 300 °C and then decomposes 
to y alumina, about which there has been much discussion, (see 
below). 

The precise sequence of events depends on the particle size of the 
gibbsite and if this is sufficiently fine then boehmite formation may 
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scarcely oceur. Water vapor atmosphere plays an important part, so 
that the results depend on whether one uses low-pressure conditions, 
normal atmospheric conditions, or hydrothermal conditions as in the 
work of Ervın and OsBorx (1951), Roy and OsBorn (1954). 

Kinetie aspects ofthereactionshave been given little attention. The 
work of Eyraup and Goron (1954) is exceptional in that they 
studied dehydration rates in the temperature range 206 to 243°C and 
in the pressure range 1x107°— 15 mm Hg water vapor pressure. 
They obtained activation energies from 31 to 63 kcal/mole for this 
pressure range. They also studied the dehydration rates of boehmite 
in the range 442 to 542 °C. 

The present experiments have verified quantitatively the dehydra- 
tion reactions of a well-erystallized gibbsite under normal atmospheric 
conditions and have studied the reaction rates for the transformations 
gibbsite>boehmite and gibbsite> x alumina. Weight-loss measure- 
ments have been made with a thermobalance for (a) step-wise tempera- 
ture increments with 12 hr. heatings at each temperature, and (b) 
isothermal conditions. Quantitative x-ray measurements with a 
diffractometer have been used to measure products. The gibbsite used 
in this work was supplied by the Aluminum Company of America, who 
kindly furnished the following analysis: Loss on ignition 36.98°/,; 
CaO 0.020/,; TiO, 0.002%/,; NazO 0.45°/,; SiO, 0.0130/,; Fe,O, 0.021°,. 


The dehydration reaetions 
a) Incremental dehydration curve 


Fig. 1 shows the percentage weight loss W of gibbsite obtained by 
successive 12 hr. heatings, and the differential curve dW/dT' plotted 
against temperature T. The latter resembles differential thermal 
analysis curves of well-crystallized gibbsite (cf., MAckenzım 1957, 
p. 313). Letters A, B, C and D indicate the approximate limits of the 
three reactions corresponding to the peaks of the dW/dT curve. 


b) Products formed by incremental heat-treatment 


X-ray analyses were made on samples carried through the same 
heating schedule, withdrawn at selected temperatures, and cooled in a 
desiccator. Fig.2 shows the results of the quantitative analyses. 
Curve (a) gives the amount of gibbsite on an absolute scale relative to 
100°/, for the initial material. Curves (b) and (c) show boehmite and 
anhydrous alumina on relative scales. The results agree with those of 
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ParsE and Tertran (1955) and of DE Borr ef al. (1954), and agree 
quantitatively with the following reactions: 


«-Al,O, 3 H,O ng %ALO, H,O + 2 H,O I 
@ALORSIEROR SE HT yeA1,0, el u 


«-Al,0, : H,O > y-Al,O, (aq?) + H,O IH 


300°C 
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Fig. 1 


Fig.3 indicates that during the first reaction, the loss of gibbsite 
and the gain of boehmite are proportional to the weight loss. The 
slope of line (a) in Fig. 3 gives 

Percentage loss of gibbsite 3 


Percentage loss of water 2 


This agrees exactly with relation I, according to which for any loss of 
gibbsite the system loses only 3 of the water content. Since $ of the 
water remains associated with Al,O,, the product is strietly the mono- 
hydrate Al,O, - H,O. 

Comparison of Figs. 1 and 2 shows that during reaction II a 60°), 
loss of gibbsite is attended by a 60°/, weight loss, i.e., loss of water, which 
agrees with relation LI. 


—— gibbsıte(% of ınitial amount) Curve(a) 
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Finally, from relations I and III, it is seen that the weight loss 
associated with reaction III should be half that associated with reac- 
tion I. This is confirmed within the aceuracy that the reaction limits 
can be located in Fig.1. The weight loss due to reaction I is about 
25 to 30°/, and that due to reaction III is about 15°/,. 

The nature of the anhydrous (or nearly anhydrous) alumina and 
the manner in which it forms are of considerable interest. The lowest 
temperature at which the anhydrous alumina can be measured with 


20 


40 


and anhydrous alumina(c) 


——» Percentage loss gibbsite (a) 


——- Relative amountof boehmite(b) 


100%.%,.200 0 20300 200.0 500 ) 20008 zo 
—— Temp.(°C) —— Percentage weight loss 


Fig. 2 Fig. 3 


reasonable accuracy is about 300 °C and at this temperature reaction II 
is essentially complete. It has not been found possible to measure the 
x-alumina within the temperature range 220 to 230 °C where reaction II 
mainly oceurs. According to curve (c) in Fig. 2, the anhydrous alumina 
increases inversely as the boehmite decreases, which is in general 
agreement with reaction IIland which suggests that itis the y-alumina 
which is being measured. However, when curve (c) is prolonged towards 
lower temperatures, then it is evident that the curve takes the form 
shown by the broken lines in Fig. 2, and that the sharp rise corresponds 
to the y alumina. It is then a valid question why, at the higher 
temperatures, the measurements presumably give the total anhydrous 
alumina. In the first place, the anhydrous alumina has been measured 
by the integrated intensity of the strongest reflection; this occurs at 
20 = 67°(CuKe) corresponding to d = 1.39 Ä, and is common to the 


——> Relative amount boehmite (b) 
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% y, n, and other anhydrous forms (with the possible exception of 
x Al,O,). The probable reason why the y alumina appears to be mea- 
sured together with » alumina at the higher temperatures when it is 
not measurable at the low temperatures is that the erystallinity 
improves with the temperature. This improvement continues beyond 
450 °C wheretheanhydrous alumina has attained itsmaximum amount; 
the reflections become clearer, but the integrated intensity remains 
essentially constant. There seems, then, to be a good justification for 
regarding curve (c) as a measure of total anhydrous alumina. 


c) The nature of the anhydrous aluminas 


The designation of the anhydrous or nearly anhydrous phases as 
x and yalumina gives rise to a number of questions. The speeific 
evidence for yalumina as a product of reaction II is slender. The 
reflections are diffuse and appear to be consistent with the powder 
diagram given by RussELL et al. (1956). However since the y pattern 
is made up of reflections which also appear in the y pattern, a clear 
distinction is scarcely possible. 

The evidence for the nature ofthe y alumina formed by reaction III 
is much clearer. The form designated y by RooksgY (1951) is the cubic 
spinel-type structure recognized many years earlier by HÄca and 
SÖDERHOLM (1935) and VERWEY (1935)1, and is the » form of Rus- 
SELL et al. (1956). The latter authors use y for a product giving more 
reflections than can arise from the cubie spinel-type structure. SAAL- 
FELD (1958) has found a tetragonal cell for the alumina derived from 
gibbsite and this seems to fit the pattern listed by Russern as the 
y form. RooKsBY (1951, p. 253) had previously recognized a tetragonal 
form and designated it the ö-form. 

The evidence obtained in the present work is in line with the 
y form of RusseLL and the tetragonal structure of SAALFELD. Spe- 
cifically, a strong reflection at 20 = 46° (CuKe«), the position of the 
strong (400) reflection from the spinel structure, is found to be double 
with spacings 1.98 and 1.95 Ä. These correspond to the tetragonal re- 
flections (400) and (040) witha =b = 7.92 Ä and (004) with ce = 7.80Ä, 
which agree well with SAALFELD’s values 7.95 Ä and 7.79 Ä respec- 
tively. Also the longer spacing gives about twice the intensity of the 
shorter spacing, in agreement with a tetragonal cell. 


1 Also by Korpes (19535). 
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d) The presence of water in y alumina 


As already stated, the alumina from reaction III may not be 
strietly anhydrous. Fig.1, upper curve, indicates that the last few 
percent of water remain to higher temperatures than the temperature 
range in which reaction III mainly oceurs. This raises the question 
considered by pE BoER and HouBen (1952) whether y alumina is 
a hydrogen spinel with ideal formula HAI,O, analogous to LiAl,O,. In 
terms of oxides, this composition 
can be written Al,O, + H,O which 
corresponds to the retention of 75 
or 6.70/, of the original ‘water’ and 
therefore to 93.5°/, dehydration. 


In the present work it has been 
observed that the y alumina formed 
inthetemperaturerange 3250500 °C 
gives rise to a small angle diffraction 
peak in the region of 29 = 1 to 2° 
with CuKe« radiation. With a 4° in- 
cident slit on the diffractometer, these 
small-angle, long-spacing reflections 
94% are easily observed and have been 
(5% N Er described briefly by BRINDLEY and 
(60%) NAKAHIRA (1959). They are illus- 
tratedin Fig.4. Specimensdehydrated 
to 80°/, and 85°/, completion still re- 


| tain boehmite which therefore ac- 
| | Bars 

0 N 2 5 4 counts for some of the remaining 

—— 28/(Cuk«) water. At 430°C, the boehmite is no 

Fig. 4 longer deteetable andthedehydration 


is 94%/, complete corresponding to 
the hydrogen-aluminum spinel formula; there is a well-defined reflec- 
tion from a spaeing of 65 Ä. Usually only one order of this reflection 
can be found, occasionally a second order, and in relation to the dif- 
fraction angle, the peaks are broad. Therefore it must be supposed 
that there is a statistical long-range order in the nearly anhydrous 
phase. 


Since the long-range parameter varies with the degree of dehydra- 


tion, becoming longer as the ‘water’ is removed, it seems reasonable to 
suppose that the remaining ‘water’, probably (OH) ions, is distributed 
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in a statistically regular way. While this does not eonfirm the HAI 
spinel concept, it strongly supportsthe view that the final removal of 
water extends over a considerable temperature range. 

A further point of interest is that when gibbsite is brought directly 
to a temperature in the range 350 to 450°C, the long spacing is less 
well-defined than when a slow temperature rise is employed. Gentle 
thermal treatment seems to produce a better long-range order than an 
abrupt thermal treatment. 

It seems not unlikely that a similar argument may apply to the 
cubic and tetragonal forms af y alumina. A slow dehydration from a 
favorable initial structure leads to the ordered tetragonal form. A more 
drastie treatment and/or less favorable starting material may give rise 
to a statistically cubie form. Evidence for this is provided by TuRrTIAN 
and PAP&E (1958). 


e) Changes in erystallite sizes during reactions 
During reaction I, the boehmite and gibbsite reflections are of 
similar breadths, indicating comparable erystal sizes. At the onset of 
reaction II, the boehmite reflections broaden considerably correspond- 
ing to a sudden decrease in crystal size, while the gibbsite reflections re- 
main sharp. De BoEr and his colleagues (1954a, b) have studied in con- 
siderable detail the fissuring of the particles at this stage of the reaction. 


Kinetie studies 
a) Gibbsite—Boehmite reaction 

Fig.5 shows the percentage weight loss of samples plotted against 
time when heated isothermally at 188°, 194°, 201°, and 205°C. X-ray 
data confirm that boehmite only is formed. 

The curves are sigmoidal in form with well-defined induction 
periods. Similar curves are obtained in many solid state reactions. 
The induction period corresponds to the period of formation of reaction 
nuclei. Reaction fronts develop, are propagated into thecrystals,andgive 
rise to an increasing rate of reaction. Retardation sets in for one of two 
reasons: a) reacting material becomes used up, b) a water vapor 
atmosphere develops which has a retarding effect. The latter is likely 
to be a major influence in the present case. 


b) Gibbsite>y-Al,O, reaction 
Fig. 6 records percentage weight loss for isothermal heat-treatment 


at 232°, 237°, and 240°C. The curve for 205° (reaction I) is also given 
for comparison with those at the higher temperatures. 


— > Percentage dehydration 
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X-ray tests prove that boehmite is still the first product formed, 
but above 250), weight loss the boehmite remains constant and the 
reaction goes to x Al,O,. The curvesare straight lines over a considerable 
range and this agrees with the results of EyRAUD and GoTox. The linear 
range of the present curves appears to be more restrieted than these 
authors found, which is consistent with their use of low pressures 
(1-10°3 — 15 mm Hg) and the present use of normal atmospherie con- 
ditions. 


100 


—— dehydration (°/o) 


5 100 150 0: 70200, Wr 200600 ae 
—— Time(Mın.) —— Time(Min.) 


Fig. 5 Fig. 6 


The curve for 232 °C in Fig. 6 shows very clearly a kink at the stage 
where reaction I is nearing completion and reaction II is about to be- 
gin. This kink suggests a nucleation period for the second reaction. 
Similar but smaller kinks also occur at 237° and 240 °C but are scarcely 
visible in Fig. 6. 


c) Activation energies for the gibbsite—boehmite reaction 


To determine an activation energy E, we require to find appropriate 
rate constants, k, and then to apply the Arrhenius-type relation, 


BA (1) 
or log. k = log. A — 0.4343 E/RT (2) 


where 7 is the temperature in degrees Kelvin, R the gas constant, and 
A a ‘frequency’ constant. To find a significant rate constant, one requi- 
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res to interpret the form of the reaction curve, and severalapproaches 
are possible for the gibbsite-boehmite reaction. 

In the first place, the model analysed by BRApLey, CoLvIn and 
Hume (1932a, b) seems relevant. They considered flat lamellar cerystals 
nucleated on the flat faces according to a law ofthe type — dn/dt = kn. 
A surface, once nucleated, was supposed to become reactive very 
quickly over its entire area, and the reaction interface to spread at 
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Fig. 7 


constant velocity into the crystal. This treatment takes no account of 
the retardation arising from the vapor atmosphere and therefore can 
apply only in the earlier stages. In brief, their analysis leads to the 
conclusion that if « is the percentage of material (gibbsite) reacted at 
time t, then for the central range of the sigmoidal curve, 


logo (1 — x) = constant — 0.4343 kt. (3) 


Fig.7 shows log], (1 — «) plotted against ? (time) for various tempera- 
tures. From the linear parts of the curves in Fig.7 the nucleation 
constant %k is determined, and hence the corresponding activation 
energy. 
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In Fig. 8, line (a) shows log, k plotted against 1 IT(°K). The rela- 
tion is linear and the activation energy is 


E = 32.5 kcal/mole. 


An alternative method, often applied to curves of the kind shown 
in Fig.4, is to take the induction period t, (the ‘dead-time’ at the 
commencement of each curve) as a measure of the initial rate of 
nucleation. Then by plotting log,,(1/t,) against 1/T(°K), an activation 


(b) 


——> Log, 1/t (sec) 
S 
& 


3.10°* 310? 


21 0E 220019220522 77822 
—— 1/T(°K)-103 


Fig. 8 


energy is obtained. The plot (b) shown in Fig.8 has practically the 
same slope as that of plot (a). The activation energy obtained by this 
method is 


E = 33 — 35 kcal/mole. 


A third method is to take the reaction rates over the nearly linear 
parts of the curves in Fig.5. These rates also fit an Arrhenius-type 
relation, and the activation energy found by this procedure is 


E = 31 — 32 kcal/mole. 


BRADLEY, Corvın and Humz (1932b) analysed this last method on the 
basis of their model and showed that the energy obtained was less than 


the activation energy for propagation of the reaction, and that the 
value derived did not admit of a simple interpretation. 
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d) Activation energy for the gibbsite>y-Al,O, reaction 


The data in Fig.6 provide only one way for determining an acti- 
vation energy for this reaction, namely by considering the slopes of 
the linear parts of the reaction eurves. In Fig.8, the logarithms of 
these reaction rates are plotted against 1/7, and the resulting straight 
line (c) gives an activation energy 


E = 46.5 kcal/mole. 


This value is greater than those obtained for the gibbsite-boehmite 
reaction and indeed this is evident from the steeper slope of the Arrhe- 
nius plot shown in Fig.8. 

There is uncertainty about the preeise character ofthis activation 
energy. It is probably analogous to the value derived from the linear 
parts of the gibbsite-boehmite reaction curve. 


Diseussion 


The dehydration reactions of a well-erystallized gibbsite under 
normal atmospherie conditions are shown to agree quantitatively 
with the reactions designated I, II, and III, and to support the views 
of DE BoER et al. (1954, 1956) and of Park and TerTIAN (1955). 
There is no evidence for the formation of fractional hydrates. New 
information is obtained relating to the removal of the last traces of 
water; a long-range spacing of 30 to 90 Ä suggests that the ‘water’ 
may be held in a statistically regular manner. 

Rate studies under isothermal conditions have been made in the 
temperature ranges corresponding to reaction I (gibbsite — boehmite) 
and reaction II (gibbsite — x alumina). Decomposition curves for 
reaction I are of sigmoidal type with very well marked induction 
periods. An activation energy of 31—35 kcal/mole is derived by three 
methods of which two are related to the nucleation process, and the 
third is less well defined but may be related to the propagation of the 
reaction. The reaction is retarded by the development of a water 
vapor atmosphere and not by an approach to completeness of reaction. 

The decomposition curves for reaction II are linear in agreement 
with the work of EyrAaunD and GoTon (1954) and give an activation 
energy of 46 keal/mole. This lies within the range 31—63 kcal/mole 
found by Eyraup and GoToN for pressures 1.10=°—-15 mm Hg. A 
comparison must be made between the values 46 and 63 kcal/mole; 
the agreement is not very close, but the results are probably sensitive 


10* 
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to the particular experimental conditions. There is evidence for & 
short nucleation period preceding the development of reaction II but 
it is much less clear than that for reaction I. An overlapping of the 
final stage of reaction I with the commencement of reaction II possibly 
due to some inhomogeneity in the reacting powder makes it diffieult 
to study precisely the onset of reaction 11. 
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Auszug 


In Fortsetzung früherer Untersuchungen über die Beugung von Röntgen- 
strahlen an ZnO werden neue experimentelle Ergebnisse der anomalen Streuung 
an Zinkblende-Kristallen mitgeteilt. Die experimentellen Daten stehen, im 
Gegensatz zu den an ZnO gewonnenen, im wesentlichen mit der Annahme im 
Einklang, daß die Korrektionen der Atomformamplituden für anomale Streuung 
unabhängig vom Beugungswinkel sind. 

Die Ergebnisse reichen nicht zu einer klaren Entscheidung zwischen Werten, 
die sich auf Grund der Theorie von PARRATT und HEMmPSTED oder der Theorie 
von Hönt berechnen lassen. Die gute Übereinstimmung der beobachteten mit 
den berechneten Daten im Fall der Zinkblende läßt vermuten, daß die theore- 
tischen Schwierigkeiten beim ZnO auf der Anwesenheit zweier gleichartiger 
anomal-streuender Zentren je Zelle, nämlich der Zn-Atome, beruhen. 


Abstraet 


Continuing an earlier study of x-ray scattering by ZnO, experimental 
measurements are reported on anomalous dispersion by single erystals of eubie 
ZnS. Contrary to the results on ZnO, the ZnS8 experimental values are in essen- 
tial agreement with theoretical calculations using angular independent anoma- 
lous-dispersion corrections for the atomie scattering factors. The experimental 
results do not permit a clear choice between the two sets of available theoretical 
values of Af’ and 4f”, viz., those values based on work by PARRATT and Hrmr- 
STEAD and on work by Hönt. The good agreement with present theory in the 
case of ZnS gives support to the view that the theoretical diffieulty with the 


ZnO arose from having two identical anomalous scatters (the zine atoms) per 
primitive unit cell. 
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Introduction 

Despite the development in recent years of counter techniques 
which are more suited to the experimental study of anomalous dis- 
persion than the earlier methods, there have been no recent attempts to 
verify the formulae which take into account the effects of dispersion 
on the Laue scattering of x-rays. Starting with Coster and Knon’s 
classical experiments, most of the experimental work on this subject 
was done in the 1930’s under much more difficult experimental 
conditions than exist today. This work is summarised in JAmzs (1954), 
who concludes that the experiments neither contradict the theory, nor 
do they support it, except in a general way. 

Apart from the intrinsic interest in the phenomenon and its 
potentiality for providing information relating to the electronic states 
of erystals, the application of dispersion theory becomes increasingly 
important in crystal-structure analysis as attempts are made for 
higher aceuracy in determining atomie positions and thermal para- 
meters. A warning to the effect that it may be unjustifiable to ignore 
these effects in many crystal-structure determinations was made by 
TEMPLETON (1955). This warning is based on the results of PARRATT 
and HErmPsTEAD (1954) who pointed out that for a large number of 
elements there is no region of normal dispersion in the usual range of 
x-ray wavelengths. 

In the course of a structure analysis of ZnO using MoK« radiation, 
data were obtained by HARRISON et al. (referred to hereafter as HJT, 
1958) which clearly showed effects arising from anomalous dispersion. 
Efforts to allow for these effects theoretically brought to light large 
discrepancies between the usual theory (JAMES, 1954) and the ex- 
perimental results. A review of the theory at that time suggested that 
the discerepancies arose from the anomalous scattering of two like atoms 
per primitive unit cell. Also it was expected that the usual theory 
would be valid for MoK« scattered by zinc atoms in a structure 
providing there was only one zinc atom per unit cell as, for example, in 
the case of the zine blende form of ZnS. This paper is concerned with 
an experimental test of this predietion and gives the results of inten- 
sity measurements on zinc-blende erystals and compares them with 
theory and with the earlier results on ZnO. 


Experimental method 
Our method is based on a quantitative measurement of the devi- 
ations from a generalization of Friedel’s law, viz., that the intensities 
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of all reflections related by the Laue symmetry of the structure 
should be equal. When the actual erystal structure is non-centro- 
symmetric, then the presence of anomalous dispersion will produce 
deviations from this rule. According to generally accepted theory the 
magnitude of these deviations can be expressed by assigning to each 
atom an atomic scattering factor f= fP+ Af + i4f'=Ff + iAf" 
where f?is based on the usual Thompson scattering by a distribution of 
free electrons, f = fP + Af’ is the total in-phase, and Af’’ the out-of- 
phase, anomalous atomie scattering factors. Substituting / in the 
erystal structure-factor formula we obtain the following expressions 
for Laue-symmetry-related reflections hkl and h’k'T. 
For ZnS, space group F 43 m, 


hkl all odd: 
A+k+l-1 a 
Ina Ir Te N) i vet r =-!1) 3 Io (1) 
Inn tn 7a A 
D% 
hkl all even: 
AI 
—_ 0, 2 
: (2) 


e 2 : : AU < i 
where /,,, is the integrated intensity, and — is a convenient means of 


comparing experiment with theory since it eliminates the d-dependent 
absorption and polarization factors. 


The comparable expression for ZnO, space group P6,mec, is: 


Ta La VWÄL u 7, Af’,, sin Arlu (3) 
InatImı a m Mzant 9)? + 2/9 f’z. (cos 2ru—1)+ AP’ 
2 


where u is the fractional z parameter of the oxygen atoms relative to 
the zinc lattice, and the terms Af’, and Af’’, are neglected. 

It is to be noted that equations (1)—(3) assume the validity of 
caleulating the crystal structure factor F from the atomic scattering 
factors in the usual way except that the atomie scattering factors are 
corrected for anomalous dispersion. No temperature factor is needed 
providing one assumes it is the same for each type of atom. 

The single erystals were shaped in such a manner that equivalent 
reflections (reflections related by the point-group symmetry elements) 
could be measured with no change in the x-ray paths inside the erystal. 
Thus only non-uniformity in erystal texture and thus in extinction 
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could produce changes in the absorption factors for each group of 
equivalent reflections. In the ZnO work this was achieved by using 304 
diameter needle-shaped erystals with the c axis coinciding with the 
needle axis. The uniform hexagonal cross-section meant that a 180° 
rotation about an axis perpendicular to the c axis had no effect on the 
external geometry. For the present work the ZnS$ erystals were ground 
as nearly as possible to spheres, about 180u diameter, which eliminated 
significant changes in absorption as the erystal was reoriented. 


p-0° 


@©=180° 
Fig.1. Polar plot of 100(AI/T) for ZnS erystal No.1.hkl all even, 
MoX« radiation. 


Considerable effort was made to detect systematic errors arising 
from crystal texture or other causes. In both the ZnO and the ZnS 
studies equivalent reflections at several values of 20 were measured for 
which theory predicted no intensity change arising from anomalous 
dispersion. The measured values consistently agreed with theory to 
within our estimated experimental uncertainty. As a further check 
measurements were made using CuX« radiation. Since 4 for this 
radiation is about twice that of MoKX«, the scattered amplitude is 
much larger and this should accentuate any effects arising from ex- 
tinetion. The linear absorption coefficient of ZnS is 175 cm! for MoX« 
and 284 em! for CuX« (ALLEn, 1952). This makes the normal ab- 
sorption larger for CuX«x which should increase even further the 
effects of non-uniformity in the erystal texture. Again no significant 
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deviation from the theoretical values was observed (see Table 2 
below). Finally, in both studies, sets of independent measurements 
were made on two erystals. The agreement of results from each pair 
of erystals was also within our estimated experimental uncertainty. 
Fig.1 shows a stereographic plot of our hkl even data for one of the 
ZnS$ crystals. There is a slight tendency for low intensities to lie in one 
quadrant, but the effect is the same order of magnitude as our un- 
certainty. 

The Zn$ erystals were natural specimens from Oklahoma, U.S.A. 
obtained through Ward’s Natural Science Establishment, Rochester, 
New York. Rotation photographs showed no evidence of twinning or 
unusual strain. The crystals were ground to a spherical shape by 
tumbling in an emery cloth lined cylinder; the final diameters were 
both 0.18 + 0.02 mm. Microscopie examination showed no flat faces 
or other marked deviation from a spherical shape. This was con- 
firmed by the absence of any significant variation in x-ray inten- 
sities which could be attributed to shape effects (Fig.1). Crystal 
number 1 was mounted about the [001] axis, number 2 about the 
[101] axis. 

The intensity measurements were made on ZnS with a General 
Electric proportional-counter detector, single-crystal orienter and 
diffractometer on a XRD-3 diffraction unit. The 0/20 scanning method 
was used (FURNASs, 1957). This is identical with the technique de- 
scribed briefly in HJT. With the single crystal orienter it is only 
possible to measure intensities of equivalent reflections in one 
hemisphere of the limiting sphere of the reciprocal lattice with- 
out remounting the crystal. For hkl all odd, the four equivalent 
reflections of ZnS are equal in pairs, but the two pairs are not 
equal if there is a phase change arising from anomalous disper- 
sion. We measured 28 sets of equivalent reflections of this type. 
For hkl all even, all four reflections should be equal thus providing 
a self-consistency check in addition to those checks on systematic 
errors mentioned above. 


Experimental results 
a. ZnS (zinc blende). 


The experimental results using MoK« are given in Table 1 and 
shown in Fig.2 along with theoretical values based on equation (1). 
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A 
The values of = represent the results from four equivalent 


reflections at a given Bragg angle 9. For hkl odd, the data points 
represent at least two measurements of =. The open data points 


represent single measurements on a group of four equivalent re- 
flections; the indicated error is that estimated from the uncertainty 
in background subtraction: This estimated background error of from 
2 to 4 per cent in the intensities agreed well with the observed spread 
in measurements. The solid data points were chosen as check points 
and each solid point represents at least 20 intensity measurements 
with the error shown representing the mean-square deviation of the 
average from that set of measurements. 


030 


— sin® 


Fig.2. AI IT for ZnS using MoX«radiation: eurve 1, hkl all even; curve 2, theo- 

retical using DAUBEN-TEMPLETON Af’ and 4f’; curve 3, theoretical using 

Hönt Af’ and 4f’. Triangles, crystal No. 1; eireles, erystal No. 2. Solid data 
points are “check points”. 


For hkl all even, where all four reflections are theoretically equal, 
the data are plotted on the axis where au —= 0; the indicated error 


shows the deviation among the four measurements. The deviation from 
theory is no larger than that expected from background uncertainty 
in the intensity measurements. We regard this as a strong indication 
that variations in crystal texture are not serious. This is further 
supported by data in Table 2 taken with CuX« which accentuates 
texture effects as discussed above. 
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Table 1. Experimental results for ZunS using MoK« 


mn A an ne ee ee ee ee er BIT 
Theoretical values 
hkl sind | 100 (AI/T) obs. DAUBEN- a 
| TEMPLETON 
he Fr a a 
Orystal 1 | 
el 1 11.7 + 1.0 | 9.4 103 
333 12.8 
SL, 162 13.9 11.0 
511 —_ A er , 
| | AR? 
fl, 20. 1081 
0.47 14.3 E16 | 0.0 
le Kl 16.6 + 2.5 Zitat 16.9 
911 0.60 20.7 5 3.2 24.3 19.4 
A | 20.8 + 3.4 24.5 19.7 
ri 0.65 19.8 + 4.1 251 20.2 
7113 0.68 20.8 4 3.8 25.3 20.4 
135 14.8 
153 0.39 0 1.8) 16.4 13.0 
555 0.57 19.4 23.2 23.6 18.4 
513 0.39 12422048 16.4 13.0 
1715 0.57 18.6 + 0.6* 23.6 18.4 
71718 0.73 SARA 21.05 25.4 2er 
Crystal 2 | 
Tee 022 9.0 + 1.0 9.4 73 
313 0.29 Te N) akort 9.4 
333 0.34 10.0 1.2 13.9 11.0 
er Me 15.3 + 1.3 20.0 16.1 
373 0.54 17.5 = 3.5 22.6 18.1 
191 0.60 20.2 4 3.3 24,3 19.4 
393 23.4 
717 0.65 Ne: NT] Do 19.7 
Hlesı 0.68 er 233 20.4 
353 | 044 \ 15.4 + 0.3* 182 14.5 
555 0.57 19.9 + 1.0* 23.6 18.4 
7157 0.73 | 25.2.-120.6* 25.4 2102 


* Denotes “check points’. 


Table 2. CuK« Results for ZnS 


hkl sin 0 100 (AI/I) obs. Theoretical values 
313 .61 3.4 + 1.2 3.0 

333 .68 | 3.0 + 1.5 2.2 

353 .94 0.9 + 1.0 0.9 

040 .64 0 +12 0 

242 .70 0 +14 0 
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Fig.3. AI/Ifor ZnO using MoKx« radiation: solid lines are theoretical values 
using indicated u parameters: circles, erystal No. 1; triangles, erystal No. 2. 
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b. Zine oxide (wurtzite). 
For ready reference, Fig.3 gives the data for ZnO from HJT* 
obtained by the same experimental methods as the ZnS results. 


Theory of anomalous dispersion 


Before discussing the experimental results, a short review of the 
relevant theory will be given. The normal atomic scattering factor f? 
is the number of free electron dipoles which would scatter x-rays in the 
same amount as the actual atom. The usual theory of anomalous 
dispersion, upon which equations (1)—(3) are based, also seeks to 
replace each atom with an equivalent number of free-electron dipoles 
(or higher electric moments) all of which will not in general be in phase 
with the scattering by an actual free electron. Having replaced the 
atomic scattering by a complex atomic scattering factor, one then 
builds up the crystal-structure factor, F, by means of the geometrical 
structure factor. 

Hönt (1933) sought to evaluate Af’ and Af’ from a quantum- 
mechanical treatment of the isolated atom. He approximated the 
bound state and excited state wave functions by use of hydrogen-like 
solutions using empirical estimates of the screening from inner and 
outer electrons. Hönt also dealt with the angular dependence of 
Af' and Af’ giving explieit formulae for calculating the quadrupole and 
octopole contributions. 

If, as Hönt concludes, we can safely ignore terms other than 
dipole, then the semi-empirical approach suggested by PARRATT and 
HEmPrSTEAD (1954) removes the need to know the actual wave func- 
tions. By using the measured mass absorption coefficient u, of an 
element, one can immediately use the relation 

U = og Hm (4) 
where 
} is the x-ray wavelength 
r, 18 the “electron radius’”, e2/mc? 
A is the element’s atomie weight 
Z, is Loschmidt’s number. 


* Discrepancies between the theoretical curves shown here and those in 
Fig.2 of HJT arise from the erroneous use of a temperature factor in the earlier 
paper. The authors are indebted to R. PARTHASARATHY, University of Madras, 


for pointing out this error; the degree of disagreement between theory and 
experiment remains unchanged. 
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The determination of Af’ involves an integration, but it also uses 
the measured values of u,, for the elements. Daugen and TRMPLETON 
(1955) have applied PARRATT’s method to determine many values of 
Af' and Af” of interest in x-ray diffraction. 

By writing the matrix elements involved, it can be shown rigo- 
rously by quantum mechanics that use of equation (4) to construct the 
dispersion-modified erystal structure factor F in the usual way will be 
valid at 20 — 0. At values of 29 other than zero the situation is not so 
clear. As discussed in HJT, the need for the wave functions to satisfy 
the crystal symmetry may introduce serious departure from the 
usual theoretical results and it may be necessary to compute the 
anomalous crystal-structure factor directly. This is especially true when 
two or more identical anomalously scattering atoms are present in 
each unit cell. In such a case ground-state wave function, e.g. of an 
electron in the zinc K shell, will be greatly modified even when one 
uses the tight binding approximation. The need for a wave function 
having a symmetry appropriate to the structure results in a corre- 
lation between the phases of wave functions at the various atoms 
within the unit cell. This correlation is strongest in the case of identical 
atoms. As one approaches the situation where only one atom per unit 
cell is appreciably anomalous, one should approach agreement with 
the usual method of constructing F from the complex atomie scattering 
factors. 


Discussion of experimental results 


On Fig.2, along with the data, are shown theoretical curves based 
on equations (1) and (2). Equation (2) for reflections with hkl even is 
clearly satisfied by curve 1 to well within experimental uncertainty, 
but this is a result which can be predicted by the crystal symmetry. 
The major significance of this curve is to show a lack of systematic 
errors in the measurements. For reflections with hkl all odd, curves 2 
and 3 are drawn based on equation (1). Values of f",, are from BURGHUIS 
et al. (1955) while f°, values are from VrErvort and ÖGrım (1949). 
Curve2 is based on values of Af’„, = 0.3, Af’„) = 1.6 and Af’s= 0.13 
all found using PARRATT’s method, the zinc values taken from DAUBEN 
and TEMPLETON; the value of Af’,;, = 0.13 was based on Höntn’s 
calculations. Curve 3 is based on Af’,„„ = 0.21, Af’z„n = 1:3, Afs= 0.13, 
and Af’;,=0.12 all based on Höntr’s tables found in James. Table 1 
shows the curve 2 theoretical values under the heading “DAUBEN- 
TEMPLETON’ and the curve 3 values under the heading “HöxL”. 
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The theoretical values for CuX« shown in Table 2 are based on the 
following values: Af'„)—= — 1.7 and Af'n = 0.8 from DAUBEN-TEM- 
pr#ToN tables and Af’s= 0.29 and Af’',— 0.56 from Höxtr’s tables in 
James. It is of interest that use of equation (4) gives Af’s = 0.56 also. 
It is clear that agreement of experiment with theory is quite satis- 
factory indicating no appreciable erystal-texture difficulties. The 
small theoretical values arise from the term (fs Af’zu—f zn Af's) in 
equation (1). 

Clearly if real discrepancies exist between theory and experiment in 
the anomalous scattering of MoK«radiation by cubicZnS erystals, they 
are very minor compared with the ZnO results shown in Fig.3.. There, 
using plausible, but unknown u parameters, we found equation (3) 
and the experimental data uncorrelated except at low values of 20. 

In summary, using identical experimental technique for ZnO and 
cubic ZnS, we have found essential agreement with theory for the 
ZnS, but for ZnO the deviation between theory and experiment was 
such as to completely vitiate an accurate structure analysis. 

This work was supported through the Sarah Mellon Scaife Ra- 
diation Laboratory by the Office of Ordnance Research, U.S. Army, 
(Contract No. DA-36-061-ORD-516). 
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Auszug 


Während (nach BUERGER) eine Transformation als Folge von Temperatur- 
veränderungen entweder eine „displacive‘‘ oder „reconstructive‘“ ist, verhält 
sich eine Transformation als Folge von Änderungen der chemischen Zusammen- 
setzung immer als eine „displacive‘‘ Transformation entweder erster oder einer 
höheren Ordnung. Bei jeder Silikat-Transformation sind Änderungen bezüglich 
der Tetraeder-Bausteine beobachtbar als Auswirkung einer oder beider der 
folgenden Ursachen: 

1. Größen-Veränderung der Kationen, die außerhalb der Tetraeder liegen, 
und damit verbundene Änderungen der effektiven Radienverhältnisse. Diese 
Ursache kann sich im trockenen Zustand auswirken. 

2. Veränderung der Si,Al-Verteilung auf Grund der kürzlich bewiesenen 
Mobilität der Si- und Al-Ionen im festen Zustand. Ein Mechanismus wird vor- 
geschlagen, bei welchem Wasser ein nötiger Katalysator ist: die Tetraeder 
werden von diffundierenden Protonen und Hydroxylionen geöffnet und ge- 


schlossen. 


Abstraet 

Whereas a thermal transformation is either displacive or reconstructive 
(BUERGER), a compositional transformation is always displacive, either first or 
higher order. 

Any silicate transformation involves a rearrangement of the building blocks 
of tetrahedra. It can result from either one or both of two causes. 

(1) Changes in the sizes of the cations outside the tetrahedra and in the 
ratios of their effeetive radii; this mechanism can operate in the dry state. 

(2) Changes in the Si-Al distribution, due to the recently proved Si-Al 
mobility in the solid state; a mechanism is proposed with water as necessary 
catalyst: tetrahedra are pried open and closed by diffusing protons and hydroxyl 


IonSs. 
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Introduetion 


There are good reasons why the silicate building blocks (tetrahedra, 
isolated or in pairs, rings, chains, sheets, and frameworks) have been 
oiven a key role to play in the determination of silicate erystal struc- 
tures. There is never any doubt that the silicon coordination poly- 
hedron is a tetrahedron, and that its size, although it is a funetion of 
aluminum substitution, varies within narrow limits. The classi- 
fication of silicates based on the structural nature of the building 
blocks is extremely useful. The Si-O bond, with a Pauling bond 
strength of 1, is usually the strongest bond in the structure so that we 
have come to think of it as being the most stable one t00. 

In the early days of silicate structure determination, it was justi- 
fiable and often essential to idealize a structure in the course of its 
investigation. As early as the thirties, however, it was pointed out 
that idealized structures could only be first approximations. For 
example, HENDRICKS and JEFFERSON (1939) suggested that, in the 
various forms of the micas, the silicate sheets may be differently 
distorted from ideal hexagonal symmetry, depending on which cations 
are present between the sheets. Such cations, which lie outside the 
tetrahedra, will be called ‘external cations’” or simply “cations’”. 
Mecaw (1952) stressed the structural importance of the external 
cations in afwillite and other caleium hydroxy silicates: “There is 
often danger of neglecting the importance of Ca ions in this kind of 
structure. This comes about because, in determining a structure, it is 
often easiest to begin with the oxygen packing or the placing of 
silicate groups, leaving Ca to be filled into the vacant sites. Once the 
structure is known, however, it is misleading to continue thinking in 
such terms, because the detail of the Ca—O bonding is clearly an 
important feature, which needs to be given adequate attention.” 
Refined erystal structures are showing the importance of the role 
played by the cations in shaping the silicate building blocks. 


Deformation of the silicate building blocks as a funetion 
of cation variation 


The various assemblages of tetrahedra have long been thought of as 
being rigid, a hypothesis probably derived from their idealized con- 
figurations. It is now clear that these building blocks of tetrahedra are 
not as rigid as we had found it convenient to assume. (1) The Si—O—Si 
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bond angle ranges over at least 20° (from 140° to 160°) even for a 
given amount of (Si,Al) substitution in the tetrahedra. Dr. TA- 
KEUCHI has kindly pointed out to us (private communication) that 
there is evidence of an increase in this bond angle with temperature; in 
high-temperature forms the angle does approach 180°. Dr. Ta- 
KEUCHI interprets this fact as indicating an increased ionic (or a 
decreased covalent) character of the Si-O bond with rise in tem- 
perature. (2) The tetrahedra are not regular; there is considerable 
range in the four Si—O distances of individual tetrahedra. Both 
observations are readily understood if we keep in mind that oxygen 
atoms which are shared between tetrahedra containing aluminum 
instead of silicon or oxygen atoms which are not shared between 
tetrahedra, tend to balance their uncompensated charge by forming 
corners of polyhedra around external cations. The attraction of the 
cations on such oxygen atoms thus affects the (Si,Al)—O—(Si,Al) 
bond angle and pulls the tetrahedra out of shape. Any change in 
the size or shape of the above cation polyhedra has a repercus- 
sion on the arrangement of the silicate building blocks. This is illu- 
strated by the hexagonal structures of CaAl,Si,O, and the low- and 
high-temperature forms of hexagonal BaAl,Si,O, (TAR&UCHI and Don- 
NAY, 1959). 

The cations may change if (1) temperature or (2) composition is 
made to vary. 

(1) Thermal transformations.—For a given chemical composition 
and when only one kind of cation is present, lowering the temperature 
may change the ratio of effective radiv rg; /Fcation (DONNAY and Donnay, 
1952). The resulting structural rearrangement may be a displacive 
transformation (example: high to low nepheline) or a reconstructive 
transformation (example: carnegieite to sodium nepheline). When two 
different cations are present, say sodium and potassium, changing the 
temperature will change their effective radius ratio: (rx4+/Nx+)nieh temp. 
> (rya+/Pk+)iow temp. A Tise in temperature may also produce increased 
disorder in the cation distribution. That this may happen is easily 
understood since cations have been shown to diffuse through the 
feldspar structures at temperatures as low as 300-400 °C (WYARrT 
and SABATIER, 1956a). The extent of disordering, however, is dif- 
ficult to appraise by x-ray techniques and so far no information is 
available. 

(2) Compositional transformations.—In the case of minerals the 
most important cause for the variation in cations is the ever-present 
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substitution solid solution. Examples: NaAlSi,0, to KAISi,O, in the 
high-temperature feldspars (DONNAY and DoxnAy, 1952); NaAlSiO, 
to K,..Na,.,AlSiO, in nephelines (DONNAY, SCHAIRER, and DoNNAY, 
1959); and (Li,Al),NaB,Al,Si,0,,H, to Fe,NaB,Al,Sig0,,H, to 
Ms,NaB,Al,8i,0,,H, in tourmalines (EPPRECHT, 1953). 

The change in composition, unlike the change in temperature, 
always leads to a displacive transformation if it leads to any trans- 
formation at all. Whereas a reconstructive transformation must 
always be of the first order, a displacive transformation may be either 
of the first-order or of a higher-order. The distinction is an easy one to 
make; it has been found convenient and useful. If a plot of cell volume 
vs. composition shows no break, the solid solution range represents 
one phase, as is the case, for example, for the high-temperature alkali 
feldspars. It we know the erystal structures of the end members, we 
can make a resonable interpolation for any structure of intermediate 
composition. If, on the other hand, the plot of cell volume vs. com- 
position shows a singularity, as in the case of nephelines, we are dealing 
with a second-order transformation (DonnAv, 1956); if it shows a 
discontinuity, as in the case of tourmalines, we are dealing with a 
first-order transformation. In either case the mineral phase must be 
divided into subphases, each of which should have its structure deter- 
mined if we want to claim knowledge of the “erystal structure of the 
mineral”. In the case of tourmalines, by a fortunate accident, struc- 
tures were determined for erystals whose compositions fall near the 
(Li,Al) and Mg end members, elbaite and dravite respectively. Major 
structural differences in the shape of the silicate building block, here 
a six-membered ring of tetrahedra, were observed. The ring has 
hexagonal symmetry in the lithium tourmaline elbaite (Iro and 
SapanaGA, 1951) and is ditrigonal—not even pseudo-hexagonal—in 
the magnesium tourmaline dravite (Doxnnay and BUERGER, 1950). 
The structure of the iron tourmaline schorlite is still unknown. 

Although the order of the transformation can be read from the 
curve of cell volume vs. composition, it is of course always possible 
that what appears to be a singularity in the curve actually is a dis- 
continuity, which could be found if the accuracy of the experimental 
procedure were sufficiently increased. This possibility, however, does 
not destroy the practical usefulness of the distinction: if the trans- 
formation is of the first order, thetwo cerystalline forms should co-exist 
at the transition composition; ifit is of the second order, no such two- 
subphase region is to be expected. 
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Deformation of the silieate building blocks as a funetion of amount 
of (Si, Al) substitution and degree of ordering 


The percentage of aluminum substituting for silicon in a given 
tetrahedron in the cell, averaged over all cells, is known to affeet the 
average size of that particular tetrahedron, that is, its mean Si—O 
bond length. Indeed the mean Si—O bond length has often been used 
as a measure of the extent of the (Si,Al) substitition. In addition, 
there is a experimental evidence (LiEBAv, 1959) that the bond angle 
(Si, A—O—(Si,Al) increases beyond its usual range with increasing 
Al content. For 50 per cent (Si,Al) substitution, it can open to 180°, as 
in hexagonal CaAl,Si,O, (TAk&ucHı and DonnAY, 1959), even for a 
low-temperature form. 

The degree of ordering of Siand Al ions during the primary growth 
of alumino-silicate erystals is no doubt determined by the composition 
of the melt, and the temperature and rate at which crystallization 
proceeds. But how can these ions, each of which is firmly held by four 
strong bonds and fits tightly inside an oxygen tetrahedron, redistribute 
themselves in a erystal? This question has long been a baffling one. 
For its answer we turn to a critical experiment recently performed by 
two of us (WYARrT and SABATIER, 1958). At 500°C, in the presence of 
an aqueous solution of KCl under a pressure of 600 bars, single erystals 
of labradorite were converted into an oriented intergrowth of ortho- 
clase and anorthite, according to the following reaction 


Ko.08Na9.39Cag.59Alı.50Si2.u0g + 0.39Kt 


2 


= 0.41 KAISi;O, + 0.59 CaAl,$i,O, + 0.39 Nat. 


24 hrs. 


The reaction product is a pseudomorph after labradorite; the mutual 
orientation of original erystals and reaction products leaves no doubt 
that we are dealing with a solid state reaction. This experiment proves 
the ability ofthe Siand Al ions, as well as that of the external cations, 
to move about in the crystal. In previous experiments the mobility of 
Si and Al ions had been inferred from the assumption that high- and 
low-temperature forms of feldspars are characterized by different 
degrees of Al-Si ordering. A change in the degree or ordering, however, 
can only be proved by refined structure determinations of both the 
initial and the final forms, a task which takes many years of careful 
work and which has only recently been carried out for the first time, 
namely for low- and high-temperature albites (FERGUSON, TRAILL, and 
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TAYLOR, 1958). These authors show that the sizes offour non-equivalent 
tetrahedra indicate complete disorder in high albite and almost 
complete order in low albite. 

We may confidently assume that a similar order-disorder re- 
lationship holds for the low- and high-temperature forms of other 
feldspar compositions. On this assumption the diffusion experiments 
(WYArT and SABATIER, 1956a, b) show that, between 350 and 700°C, 
both the presence of water and the substitution of cations are pre- 
requisites for the motion of Siand Al ions through the erystal structure. 
How can we account for these findings? We propose the following 
mechanism. 

Substitutions of cations for one another, known to occur at 
relatively low temperatures, necessitate cationic movements that put 
a strain on the oxygen atoms shared by tetrahedra; at higher tem- 
peratures, these bridge oxygens already under strain are attacked by 
H+ ions which precede the OH- ions into the crystal structure when 
water diffuses from the surface. The attacked bridge oxygen is thus 
changed into an OH- group, which will remain the corner of only one 
tetrahedron, SiO,OH. The other tetrahedron is left incomplete. 
Silicon and aluminum ions of such incomplete tetrahedra have room 
to escape and will tend to exchange places to form a more stable 
structure. The strong positive field of the silicon in an incomplete 
tetrahedron will attract the OH-- ions of the diffusing water, to form 
another SiO,OH complete tetrahedron. Where only one bridge oxygen 
had been, two hydroxyl groups are now brought close together. Under 
these eircumstances water will be regenerated and the two tetrahedra 
will be reattached to each other. The water thus formed can, with 
equal probability, contain the original bridge oxygen or the oxygen 
that was brought in by the diffusing OH- ion!. In either case its role 
is strietly that of a catalyst; almost all of it leaves the structuret. 

H. TAyLor and coworkers (private communication 1959) dehy- 
drated caleium hydroxysilicates in solid-state reactions that took place 
between 700° and 900 °C. They were driven to the conclusion that the 
Si-O bonds in the calecium hydroxysilicates are weaker than the 
Ca—O bonds. The Ca—O framework is preserved in the reaction 
product, while the silicate building blocks have changed in character. 
Their observation can be understood as follows. A bridge oxygen which 


" Ina feldspar treated with H,018, it was found that ca. 20°/, of the oxygen 
had been replaced by the tagged oxygen. Less than 0.1 weight°/, H,O was found 
in the reaction product (WYARrT and SABATIER, in preparation). 
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is changed to a hydroxyl ion has the strength of one of its two Si—O 
bonds reduced to zero, as explained above. The Sit? that is left with 
only three Si—O bonds has only 75°/, of its charge compensated. It is 
therefore no longer firmly held in place. An oxygen forming, say, six 
Ca—O bonds of Pauling strength 1/3 and undergoing a similar change 
to a hydroxyl ion, is left with six bonds of strength 1/6. The six Catt 
ions which now have one OH-- ion each in their coordination octahedra 
still receive six bonds of total strength 13, so that 92°/, of their 
charge is compensated. They are thus held in place. In general, we 
would expect that, above a certain threshold temperature, which is 
necessary to impart sufficient energy to the proton catalyst, the Si—O 
bond involving a bridge oxygen becomes the weakest bond in a silicate 
structure. 

Our proposed mechanism also explains the surprisingly large effect 
that the presence of water has on the transformation temperature of 
silicates, like the one described by Davıs and TuTTLE (1952) for the 
change of the hexagonal and orthorhombie forms of CaAl,Si,0;5: 
“. .. in the presence of water vapor at 1000 kg/cm?, both forms invert 
to anorthite at temperatures well below (700°C) those at which no 
change can be detected when heated in the absence of water.” 

Our explanation ofthe mobility of the Si and Al ions rests on the 
catalytie action of protons and hydroxyl ions. We must therefore 
ascertain the presence of these ions wherever Si and Al are found to 
rearrange themselves in the solid state. The amount of water to be 
looked for may be extremely small and it may be firmly held between 
the mosaic blocks and at the surface of the crystal. Methods other than 
chemical analysis and infrared spectroscopy may have to be used to 
detect it. 
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Abstraet 


The conditions are formulated for the appearence of the faces (001), (011) and 
(111) in simple cubic homopolar lattices under the influence of adsorption of 
foreign substances. Consideration is given to the interaction energies (9, 9.) 
between first and second nearest neighbours in the erystallizing substance. The 
adsorption is referred to the model suggested by STRANSKI. Mean desorption 
energies (Ap) are ascribed to the different degrees of adsorption. It is shown that 
here also the condition of STRANSKI and KAISCHEWw has been fulfilled. For, the 
equilibrium planes and those growing over two-dimensional nuclei are identical. 
Therelation is valid for any system, consisting ofa erystal anda vapor or conden- 
sed phase. The phase surrounding the crystal may be a supersaturated one. 


Auszug 

Es werden die Bedingungen für das Auftreten der Flächen (001), (011) und 
(111) im einfach kubischen homöopolaren Gitter bei der Adsorption von Fremd- 
stoffen aufgestellt. Hierbei werden am kristallisierenden Stoff die Wechsel- 
wirkungsenergien zwischen erst- und zweitnächsten Nachbarn (91, Y1r) berück- 
siehtigt. Für die Adsorption wird das von STRANSKI vorgeschlagene Modell 
verwendet. Den verschieden starken Adsorptionen werden mittlere freie De- 
sorptionsenergien (A) zugeordnet. Es wird gezeigt, daß auch hier die Bedingung 
von STRANSKI und KAISCHEW erfüllt ist, denn die Gleichgewichtsflächen und 
die über zweidimensionale Keime wachsenden Flächen sind identisch. Die Be- 
ziehung gilt allgemein für ein System Kristall/beliebige Dampf- oder konden- 
sierte Phase. Die den Kristall umgebende Phase kann dabei übersättigt sein. 


Einleitung 
Bei energetischen Berechnungen an homöopolaren Kristallen kann 
man sich bekanntlich auf die Berücksichtigung der Wechselwirkung 
zwischen Gitterbausteinen mit kleinem Abstand beschränken. Die 
Gleichgewichtstracht! läßt sich dabei einmal nach der Methode von 
1 Als Tracht eines Kristalls wird wie üblich die Gesamtheit seiner Kristall- 


formen {hkl}, geordnet nach ihrem Anteil an der den Kristall begrenzenden 
Oberfläche bezeichnet. 
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STRANSKI und KaAıscHEw bestimmen; hierbei genügt es, die mittlere 
freie Abtrennungsenergie von Eckbausteinen oder Kantenbaustein- 
reihen zu berechnen. Die andere Methode geht vom Gibbs-Wulffschen 
Satz aus und verwendet die freien Oberflächenenergien. 

Die Betrachtungen können auch auf die Wachstumsflächen aus- 
oedehnt werden; man ermittelt dabei die Gleichgewichtsform der 
Volmerschen zweidimensionalen Keime. Dies kann wiederum mit 
Hilfe der mittleren freien Abtrennungsenergien, die hierbei für die 
Randreihen ermittelt werden, erfolgen; hieraus lassen sich nämlich die 
Randlängen bestimmen. Dieses Verfahren stellt eine Variation der 
Methode von STRANSKI und KAISCHEW dar. Es ist aber auch möglich, 
die freien Randenergien zu berechnen und zu untersuchen, ob diese in 
allen Randrichtungen größer als Null sind. Nach allen Methoden lassen 
sich die Gleichgewichts- und Wachstumsflächen beim Gleichgewichts- 
druck des unendlich großen Kristalls ermitteln; bei Übersättigung ist 
dies nur mit Hilfe der mittleren freien Abtrennungsenergien möglich. 
Hierüber ist kürzlich von HoniGMmAnN? zusammenfassend berichtet 
worden (vgl. auch °»%). 

Bis vor kurzem beschränkten sich diese Berechnungen auf die 
Kristallisation aus der reinen ideal verdünnten Dampfphase. Zahl- 
reiche Beispiele, die sich allerdings meist auf heteropolare Kristalle 
beziehen, zeigen, daß die Wachstumsform und damit auch die Gleich- 
sewichtsform durch die Anwesenheit von Fremdstoffen wesentlich 
beeinflußt werden kann. Eine Zusammenstellung über diese Literatur 
findet man bei HonıiGMANnN? und BUcCKLEY?. 

Mit Hilfe des Stranski-Modells für die Adsorption von Fremdstoffen 
wurde die Abhängigkeit der freien Oberflächenenergie von der Ad- 
sorption berechnet®:” (vgl. auch?). Damit war es zum ersten Male 

® B. HoniGMAnN, Gleichgewichts- und Wachstumsformen von Kristallen. 
Darmstadt, 1958. 

® M. VOLMER, Kinetik der Phasenbildung. Dresden und Leipzig, 1939. 

* O0. Knacke und I.N. STRANSKI, Die Theorie des Kristallwachstums. Er- 
gebnisse der exakten Naturwissenschaften 26 (1952) 383—427. 

5 H. E. BuckLey, Crystal Growth. New York und London, 1951. 

° I. N. STRANSKI, Propri6tes des surfaces des eristaux. Bull. Soc. france. 
Mineral. Crist. 79 (1956) 359—382. — Die Gleichgewichtsform von Kristallen 
unter Berücksichtigung von Adsorptionsschichten fremder Moleküle. Tercera 
Reunion internacional sobre reactividad de los solidos Madrid, Seccion I (1956) 
657—670. — Eigenschaften der Kristalloberflächen. Kristalltrachten in reinem 


Zustande und in Gegenwart artfremder Stoffe. VDI-Berichte 20 (1957) 5—11. 


” OÖ. Knacke und I. N. STRANSKT, Kristalltracht und Adsorption. Z. Elektro- 
chemie 60 (1956) 816-822. 
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möglich, die Gleichgewichtsformen auch bei der Beeinflussung von 
Fremdstoffen zu berechnen. Diese Überlegungen wurden kürzlich$ 
ausgedehnt; es wurde an Hand eines Beispieles der Verlauf der 
Stabilitätsbedingungen in Abhängiekeit von der Temperatur und dem 
Fremdstoffdruck untersucht. 

In früheren Arbeiten von Brısvakov® wird ebenfalls der Einfluß 
von Fremdstoffadsorption auf die Gleichgewichts- und Wachstums- 
formen von Kristallen untersucht. Da den Überlegungen kein kon- 
kretes Modell über die Adsorption zugrunde gelegt wird, können nur 
allgemeine Schlußfolgerungen gezogen werden. Mit der von Buıis- 
NAKOV angenommenen Erniedrigung der freien Oberflächen- bzw. 
freien Randenergie lassen sich keine Trachtänderungen, sondern 
lediglich Änderungen der Gleichgewichtsformgröße deuten. Für eine 
Trachtänderung müssen die relativen Erniedrigungen der freien 
Öberflächenenergien für die einzelnen Flächen verschieden sein. Beim 
Wachstum wird von BLISNAKov angenommen, daß zum Durchdringen 
der Adsorptionsschicht eine Aktivierungsenergie erforderlich ist. Da 
keine Unterschiede zwischen der Adsorption auf einer glatten Fläche, an 
einer Halbkristallage und an anderen Gitterplätzen gemacht werden, 
kann hiermit lediglich eine Änderung der Wachstumsgeschwindigkeit 
erklärt werden, nicht aber eine Beeinflussung der Wachstumsform. 

Ein Weg, um zu quantitativen Schlüssen über die mit einer Ad- 
sorption verbundene Trachtänderung zu gelangen, wurde erstmals 
durch STRANSKI® entworfen. Freilich setzt das Verfahren stets voraus, 
daß wir den elementaren Adsorptionsvorgang genau kennen. In den vor- 
liegenden Berechnungen wirdebenso wie inden Arbeiten von STRANSKI®»? 


8 R. LAcMAnN und I. N. STRANSKI, The effect of adsorption of impurities 
on the equilibrium and growth forms of crystals, in: R. H. DorEemUs, B. W. 
ROBERTS und D. TURNBULL, Growth and perfection of erystals. John Wiley & 
Sons Ine., New York, 1958. 

° G. BLiswaXov, Einfluß der Adsorption auf die Gleichgewichtsform und 
die Keimbildungsarbeit der Kristalle. Bull. Acad. bulg. Sci., Serie Physique 
3 (1952) 23—41. — Einfluß der Adsorption auf die Gleichgewichtsform und die 
Keimbildungsarbeit von Kristallen. Comptes Rendus Acad. bulg. Sci. 6, Nr. 2 
(1953) 13—16. — Über die Wachstumsformen der Kristalle und den Einfluß der 
Adsorption auf die lineare Kristallisationsgeschwindigkeit. Bull. Acad. bulg. 
Sei., Serie Physique 4 (1954) 135—152. — Die Kristalltracht und die Adsorption 
fremder Beimischungen. Fortschr. Mineralog. 36 (1958) 149—191. — G. Bris- 
NAKoV und E. KırkovA, Einfluß der Adsorption von fremden Stoffen auf das 
Kristallwachstum. Bull. Acad. bulg. Sci., Serie Physique 4 (1954) 153—166. 
— Der Einfluß der Adsorption auf das Kristallwachstum. Z. physik. Chem. 206 


(1957) 271—280. 
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das einfach kubische Gitter mit rein homöopolarer Bindung zugrunde 
selegt. Die Größe und Form der adsorbierten Molekeln ist etwa gleich 
der der kristallisierenden Molekeln. Für die Adsorption gelten also die 
gleichen geometrischen Voraussetzungen wie für die Kristallisation. 

Bei der Adsorption wird nur die Wechselwirkung zwischen den 
adsorbierten Molekeln und den erstnächsten Nachbarn des kristalli- 
sierenden Stoffes berücksichtigt. Alle Gitterplätze, auf denen eine 
adsorbierte Molekel mit einer Molekel des kristallisierenden Stoffes im 
Abstand d (= Gitterkonstante, in diesem Falle auch im Abstand zum 
erstnächsten Nachbarn) in Verbindung steht, zeigen somit im Mittel 
gleichstarke Adsorption; Entsprechendes gilt für Gitterplätze mit 
2 bzw. 3 erstnächsten Nachbarn. Nach STRANSKI entspricht dies der 
Betätigung von ein, zwei bzw. drei Advalenzen. So zeigt eine glatte 
(001)-Fläche nur Adsorption mit einer, (011) mit zwei und (111) mit 
drei Advalenzen. Eine Betätigung von mehr als drei Advalenzen sei 
ausgeschlossen. 

Für die Wechselwirkung zwischen den kristallisierenden Molekeln 
werden die Betrachtungen (vgl.6”) auf die zweitnächsten Nachbarn 
ausgedehnt. 

Es sollen im folgenden nach dem Gibbs-Wulffschen Satz und der 
Methode von STRANSKI und KaAıscHEwW die Bedingungen aufgestellt 
werden, unter denen die Flächen in der Gleichgewichtsform erscheinen. 
Ferner soll untersucht werden, welche Flächen über zweidimensionale 
Keime wachsen. Die Überlegungen werden auch in Abhängigkeit von 
der Übersättigung durchgeführt. Nach der Bedingung von STRANSKI 
und Karschew!0 sind die über zweidimensionale Keime wachsenden 
Flächen und die Gleichgewichtsflächen identisch. 

Obgleich den abzuleitenden Beziehungen das Modell von STRANSKI 
über die Art der Adsorption zugrunde liegt, sind sie bezüglich der 
Stärke der Adsorption nicht an die quantitativen Verhältnisse, wie sie 
STRANSKI annimmt, gebunden. 


Symbole und Definition der benutzten Größen 

[0 — freie Oberflächenenergie (allgemein) 

Oooı = freie Oberflächenenergie der (001)-Fläche von der 
Größe N, :d? (d = Gitterkonstante); auf ihr befinden 
sich N, Oberflächengitterplätze 

"I. N. STRANSKI und R. KAıscHEw, Gleichgewichtsform und Wachstums- 


form der Kristalle. Ann. Physik [5] 23 (1935) 330-338. — Kristallwachstum 
und Kristallkeimbildung. Physik. Z. 36 (1935) 393—403. 
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ren — freie Oberflächenenergie der (011)- bzw. (111)-Fläche 
derselben Größe mit N,/y2 bzw. N,/V 3 Ober- 
flächengitterplätzen 


a — Erniedrigung der freien Oberflächenenergie durch Ad- 
sorption von Fremdstoffen; Größe der Flächen wie bei o,,, 

F; — Flächeninhalt der i-ten Fläche 

h; — Zentraldistanz der :-ten Fläche vom Wulffschen Punkt 

9 PL — freie Abtrennungsenergie eines Bausteines des kristalli- 


sierenden Stoffes von einem gleichen Baustein im 
Abstand d (erstnächster Nachbar) bzw. dy 2 (zweit- 
nächster Nachbar) H 

Ag’ — mittlere freie Desorptionsenergie je Adsorptionsplatz 
mit einem erstnächsten Nachbarn des kristallisierenden 
Stoffes; sie entspricht der mittleren freien Desorptions- 
energie je Adsorptionsplatz einer glatten (001)-Fläche. 
Diese Art der Adsorption soll als Eineradsorption 
bezeichnet werden. 

Ag’, Ag’ = mittlere freie Desorptionsenergie je Adsorptionsplatz 
mit zwei bzw. drei erstnächsten Nachbarn entsprechend 
der Adsorption auf einer glatten (011)- bzw. (111)- 
Fläche (Zweier- bzw. Dreieradsorption) 

Pad — mittlere freie Abtrennungsenergie — unter Berück- 
sichtigung der Adsorption — für einen Baustein des 
kristallisierenden Stoffes von einem Gitterplatz auf 
— nicht in — einer glatten Fläche 

Pı,, — freie Abtrennungsenergie aus der Halbkristallage; im 
einfach kubischen Gitter ist 9, = 391 + 6 Yıı 

O5 Pk — mittlere freie Abtrennungsenergie eines Eckbausteines 
bzw. einer Kantenbausteinreihe 

Om — mittlere freie Abtrennungsenergie der m-ten Netzebene 
ausgehend von einem Eckbaustein bzw. von einer 
Kantenbausteinreihe 
9, ist also identisch mit 9, oder 9x 

(hkl)/(h’k’V) = Bezeichnung für den Rand eines zweidimensionalen 
Keimes, der sich auf der (hkl)-Fläche befindet. Die 
Bandrichtung verläuft parallel der Kombinations- 
kante von (hkl) mit (h’k'V) 

11 Da es keinen brauchbaren Ansatz über die Temperaturabhängigkeit der 
freien Energie gibt, setzt man freie und Gesamtenergie gleich; dies entspricht 
einer Extrapolation auf den absoluten Nullpunkt. 
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0; — spezifische freie Randenergie des ö-ten Randes 

L; — Länge des i-ten Randes 

9 — mittlere freie Abtrennungsenergie der Randreihen 
eines zweidimensionalen Keimes 

N — Zahl der Bausteine einer Randreihe 

Po — Gleichgewichtsdruck des unendlich sroßen Kristalls 

10 — Gleichgewichtsdruck der m-ten Netzebene 

p, — Gleichgewichtsdruck eines zweidimensionalen Keimes 

Ai), Us &y = thermodynamische Potentiale. 


Die verwendeten Symbole und Bezeichnungen entsprechen im all- 
gemeinen denen von HONIGMANN?. 


Ermittlung der Gleichgewiehtsflächen in Abhängigkeit von 
den Ao-Werten nach der Methode von GIBBS-WULFF 


Die folgenden Betrachtungen beziehen sich zunächst nur auf die 
Verhältnisse beim Gleichgewichtsdruck des unendlich großen Kristalls. 

Beim einfach kubischen Gitter ist, wie STRANSKI gezeigt hat (vgl. HonIG- 
MANN?), im reinen Fall (alle 4o = 0) (001) die einzige Gleichgewichtsformfläche 
(91 >= 0) und Pn> Yıu--- = 0). Sind 9% Pıı >00 und One = 0, so treten (001), 
(011) und (111) in der Gleichgewichtsform auf. 

Nach dem Gibbs-Wulffschen Satz!? müssen bekanntlich folgende 
Ungleichungen für die Flächen (001), (011) und (111) erfüllt sein, damit 
sie in der Gleichgewichtsform auftreten: 


Oo <V 2 Op und og <Y 3 on (1.1a, b) 
u v2 a and V 3 6m (1.2a, b) 
Opa Va3, 00 und an Von: (1.3a, b) 


Nur solche Flächen, für die beide Bedingungen gleichzeitig erfüllt 
sind, gehören zur Gleichgewichtsform. Diese einfachen Beziehungen 
gelten nur, wenn man lediglich (001), (011) und (111) zu berücksichtigen 
braucht. 


Bei den zugrunde gelegten Modellvorstellungen für die Adsorption brauchen 
auch nıcht mehr Flächen berücksichtigt zu werden. Betrachtet man die hk0- 
Flächen, so ist für diese Ao 7% < A0gı, wenn die Eineradsorption bevorzugt ist; 
ist dagegen die Zweieradsorption bevorzugt, so ist Aoyo < A0yı. Die hkO- 
Flächen kommen somit neben (001) oder (011) oder beiden nicht zum Zuge. 
Analoges gilt für die hkl-Flächen. 


'” Nach dem Gibbs-Wulffschen Satz muß o,/h, für alle Flächen den gleichen 
Wert einnehmen. 
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Will man die Existenzbedingungen nach dem Gibbs-Wulffschen 
Satz mit denen nach der Methode von STRANSKI und KAISCHEW, die 
im nächsten Abschnitt abgeleitet werden sollen, vergleichen, so muß 
man Beziehungen zwischen o* und @ sowie zwischen Ao* und Ay 
aufstellen. 

Zum Trennen eines Kristalls parallel zu einer (001)-Ebene ist im 
reinen Fall die freie Energie 19, + 49, Je Gitterplatz aufzuwenden; 
die freie Oberflächenenergie beträgt somit je Gitterplatz Ip, + $py.. 
Es ist also 

01 = N, 3 [pı + 4yırl. 


Für die anderen Flächen erhält man 


KsleNz 2 area 
op — ya? [29 + 6911), in FT an 3 [391 + 6911). (2) 


Zur Desorption je Gitterplatz auf einer (001)-Fläche ist im Mittel die 
freie Energie Ay’ erforderlich, somit ist 


Ad = Nr Act und analog 
k N,4o"” % N,Ag'' 5 
Ach — a 5 Ace = 5 3 
01 V2 111 v3 ( ) 


denn auf einer glatten (001)-, (011)- und (111)-Fläche können nur 
Einer-, Zweier- bzw. Dreieradsorptionen auftreten. 

Setzt man nun die Ausdrücke (2) und (3) in die Bedingungen (1) 
ein, indem man berücksichtigt, daß o — o* — Ao* ist, so erhält man an 
Stelle von (1) folgende Ausdrücke: 

(001) ist stabil, wenn 


9% + 2911 + 24e’ — 2490” >0 und (4.1a) 
De Done Ag Anll 0 ieh (4.1b) 

(011) ist stabil, wenn 
9 — 2A4p’ + Ap' >0 und (4.2a) 
a a er N) ist. (4.2b) 

(111) ist stabil, wenn 
3911 — 34’ + Ay’ > 0 und (4.3) 
391 — 34" + 240’ > 0 ist. (4.3b) 


Berücksichtigt man in den obigen Gleichungen zunächst nur die 
Wechselwirkung zwischen erstnächsten Nachbarn, ohne daß eine 
Adsorption auftritt, d.h. 9, > 0 und o7, 49’, 4p”, Ay’ = 0, so sind 
die Bedingungen (4.1a) und (4.1b) erfüllt; (001) gehört also zur 
Gleichgewichtsform. Für (011) ist nur eines und für (111) keines der 
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Stabilitätskriterien erfüllt; beide Flächen gehören somit unter den 
gemachten Voraussetzungen nicht zur Gleichgewichtsform. 

Setzt man dagegen 9, Pr > 0; AP; Ag”, Ag" = 0, so treten alle 
drei Flächen an der Gleichgewichtsform auf. Die abgeleiteten Glei- 
chungen führen also im reinen Falle zu den gleichen Ergebnissen wie 
bei $rrauskı. Bei der Betrachtung des Einflusses der Adsorption sieht 
man in Übereinstimmung mit früheren Untersuchungen‘, daß die 
Eineradsorption die Stabilität von (001), die Zweieradsorption die von 
(011) und die Dreieradsorption die von (111) begünstigt. 


Ermittlung der Gleichgewiehtsflächen in Abhängigkeit von 
den Ap-Werten nach der Methode von STRANSKI und KAISCHEW 

Nach $rranskı und Kaıschew! (vgl. auch HonıGMANN?) kann 
man an einem Kristall feststellen, ob neben den vorhandenen Flächen 
noch andere zur Gleichgewichtsform gehören, indem man die freie 
Abtrennungsenergie des Eckbausteines (95) bzw. die mittlere freie 
Abtrennungsenergie einer Kantenreihe (9x): die zur Bildung der zu 
untersuchenden Fläche führt, ermittelt. Ist diese kleiner als die freie 
Abtrennungsenergie aus der Halbkristallage (9: „,), so gehört die Fläche 
neben den vorgegebenen Flächen beim Gleichgewichtsdruck des 
unendlich großen Kristalls (p = P.,) zur Gleichgewichtsform: 


Pk < Pi; (5) 


Diese Bedingungen sind für das Auftreten der Flächen notwendig, wie 
aber bei Hinzunahme der Änderung der freien Abtrennungsenergie 
infolge der Adsorption gezeigt wird, nicht immer hinreichend. Es muß 
nämlich untersucht werden, ob die auf den Eckbaustein bzw. die Kan- 
tenbausteine folgenden Netzebenen auch noch instabil gegenüber der 
nichtkristallinen Phase sind. Die Betrachtungen beschränken sich 
wiederum auf den Gleichgewichtsdruck des unendlich großen Kristalls, 
also auf die Übersättigung null (p = p.,). Hierbei ist es für das Auf- 
treten einer Fläche in der Gleichgewichtsform notwendig und hin- 
reichend, daß bei einem unendlich großen Kristall die mittlere freie 
Abtrennungsenergie des Eckbausteines bzw. der Kantenbausteinreihe 
und einer endlichen Anzahl von Netzebenen der entstehenden Fläche 
(9,.) Kleiner als o,,, ist; die Bedingung 


Im < Pi, (6) 


führt uns, wie folgt, zu den Stabilitätsbedingungen der einzelnen 
Flächen. 
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Die (001)-Fläche 

Geht man vom Rhombendodekaeder {011} aus, so ist die mittlere 
freie Abtrennungsenergie des Eckbausteines (9,), der zur Bildung von 
(001) führt [Ecke, die von vier (011)-Flächen gebildet wird] 

5 a9 1 dont 4497 4Ag), 
Für die mittlere freie Abtrennungsenergie je Baustein der folgenden 
Netzebene, die aus neun Bausteinen besteht, erhält man 
9% = 391 —59+ Pu Put AP" —YApt. 

Allgemein gilt für die m-te Schicht mit (2m — 1)? Bausteinen 


4 (2m—1) —2 4 (2m—1) “s ) 
2m—1)2 Yı 6911 (2m—1)2 Pr (2m— 1)? (Ay Ale r 


Im >= 391 


Da 9, = 391 + 69,1 ist, kann (001) neben (011) als Gleichgewichts- 
formfläche auftreten, wenn 


0 7207 7210 24070 (7.1a) 


ist, da dann 9,, < 9ı,, ist. 

Hierbei ist das Glied 2 @1/(2m — 1)? unberücksichtigt geblieben. Mit Zu- 
nahme von m geht dieses Glied schneller gegen Null als die anderen m-abhän- 
gigen Glieder. Diese scheinbare Abweichung von dem Ergebnis des Gibbs- 
Wulffschen Satzes (1.1a) ist darauf zurückzuführen, daß bei der Methode von 
STRANSKI-KAISCHEW auch die Einflüsse der Kanten, die bei größeren Flächen 
verschwindend klein werden, mitberücksichtigt werden. 

Analog erhält man für die mittlere freie Abtrennungsenergie des 


Eckbausteines des Oktaeders {111}, der zur Bildung von (001) führt, 


Pe = 9 = Pı + 49 + 44’ — 4A". 


Würde man diese freie Abtrennungsenergie allein der Stabilitätsbedingung 
für die (001)-Fläche neben (111) zugrunde legen, so erhielte man 


291 + 2 Pu + 4 Ap’ — 4 Ap”’ =. 


Diese Bedingung ist für 9 > 0 immer erfüllt, wenn (7.1a) erfüllt ist; sie ist für 
das Auftreten von (001) neben (111) zwar notwendig, aber nicht hinreichend. 
Die hinreichende Bedingung erhält man aus den mittleren freien Abtrennungs- 
energien der folgenden Netzebenen. 


Allgemein gilt für die m-te Schicht mit 2m? — 2m + 1 Bausteinen 


= 4(m—1)+2 2 (2m—1) 
Om = 39 mm ir F 6911 = Drama Fi 

4 Mn 4 (m—1) Ah 4m A 
F 2m?—2m+1 dp .. 2m?—-2m+1 do 2m? —2m+1 Ag ; 


Z. Kristallogr. Bd. 112 12 
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Als Stabilitätsbedingung für (001) neben (111) erhält man somit 
29, + 291 + 24P’ — 2ApEn 0: (731.6) 
Die Ermittlung der 9-Werte für (001)-Netzebenen, die gleichzeitig 


von (011)- und (111)-Flächen begrenzt sind, führt zu keinen weiteren 


Schlußfolgerungen. 


Die (011)-Fläche 
Bei (011) muß man jeweils die mittleren freien Abtrennungsenergien 
der Kanten des Würfels {001} bzw. des Oktaeders {111 } und der 


darauf folgenden Netzebenen ermitteln. 
Geht man vom Würfel {001} mit der Kantenlänge unendlich aus, 
so erhält man die folgenden mittleren freien Abtrennungsenergien: 


9x = Pı = 39ı + Pu + 2Ap' — Ag” 
es : 1 2Ap' Ag" 
Im 391 + 6911 —- Mu 4 m TrRos: 


(011) ist also neben (001) stabil, wenn 
Or — 249’ + Ap” > 0 ist. (7.28) 


Wählt man als Ausgangsform das Oktaeder {111}, so ergeben sich 
folgende p-Werte 


9x = Iı = 29ı + Hurt 207 2A4p" 


ei Pr 1 2A!" 2Ayp'' 
Im = 391 Im—i I enar 2m—1 2m—1' 


Das Stabilitätskriterium für (011) neben (111) lautet dann 
0 + 249 — 240" >0. (7.2b) 
Die (111)-Fläche 


Geht man vom Würfel {001} aus, so beträgt die freie Abtrennungs- 
energie für den Eckbaustein und die folgenden Netzebenen 


95 = 9ı = 39, + 3911 + 3Ap’ — 1A” 


ir 3MmPır 3mAg’ mAgp'" 
Im 391 SE 6p11 m? m m? m m? .. 5 
all 
DD 2 2 2 2 


Die Stabilitätsbedingung für (111) neben (001) lautet dann 
391 — 349’ + App’ >0. (7.38) 
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Nimmt man dagegen das Rhombendodekaeder {011} als Ausgangs- 
form, so erhält man folgende Y-Werte, wenn man die Ecke, die von 
drei (011)-Flächen gebildet wird, und die folgenden Netzebenen 
abtrennt. 


%= 9% = 391 + 3911 + 349’ — 140’ 


__ 1 (2m—1):3 34’ 
rn 69 (2m?—m) 11T (2m?—m) 
(2m —2) -3 nn (4m—3) er 
st: (Zm?— m) 4 (2m? — m) 4 1 


Daraus ergibt sich, daß (111) neben (011) stabil ist, wenn 
3911 — 34” + 249’ > 0 ist. (7.3b) 


Die Betrachtung der Gl. (1.1a) bis (1.3b) und (7.1a) bis (7.3b) 
zeigt in Übereinstimmung mit STRANsKI und Kaıschew!0, daß die 
Methoden von GIBBS-WULFF und STRANSKI-KAISCHEW vollkommen 
identische Beziehungen für die Gleichgewichtsform ergeben. 

In den hier verwendeten freien Desorptionsenergien ist nur fest- 
gelegt, daß an allen Gitterpunkten mit der gleichen Anzahl von 
erstnächsten Nachbarn die Adsorptionsverhältnisse die gleichen sind. 
Im übrigen sind die Größen nicht an bestimmte Voraussetzungen 
gebunden. Man kann dafür z. B. — wie bei StRAnsKı®, KnAckR’ und 
Lacmann® — annehmen, daß sich die gesamten Adsorptionsenergien 
(Adsorptionswärmen) für die Einer-, Zweier- und Dreieradsorption 
wie 1:2:3 verhalten. Mit der v. Szyskowskyschen Gleichung enthält 
man dann die Erniedrigungen der freien Oberflächenenergien; aus 
ihnen lassen sich mit (3) die mittleren freien Desorptionsenergien 
berechnen (vgl.®). 


Ermittlung der Wachstumsflächen in Abhängigkeit von den 
Ag-Werten durch Bestimmung der Größe 
der zweidimensionalen Keime 

In der Wachstumsform erscheinen bekanntlich nur die Flächen, 
die zur Gleichgewichtsform gehören; sie zeichnen sich dadurch aus, 
daß sie beim Idealkristall über zweidimensionale Keime wachsen und 
immer glatte Oberflächen bilden (vgl.?). 

Dabei sind zwei Fälle zu unterscheiden. Der eine betrifft die Flächen 
mit einer zweizähligen Symmetrie, das ist bei den vorliegenden Unter- 
suchungen die (011)-Fläche. Sie zeigt die Ränder (011)/(001) und 
(011)/(111), von denen der zweidimensionale Keim begrenzt wird. Da 
die beiden Ränder verschiedene Randenergien aufweisen, kann der 


12# 
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zweidimensionale Keim in einen sogenannten eindimensionalen 
entarten, indem die freie Randenergie in einer Richtung null wird 
(z.B. durch Änderung der freien Randenergie infolge von Adsorption), 
oder indem die Randlänge (z.B. durch Übersättigung der nicht 
kristallinen Phase) auf eine Bausteinlänge reduziert wird. In diesen 
Fällen ist nur für den ersten Baustein oder die ersten Bausteine einer 
Bausteinreihe eine Schwankung der freien Energie erforderlich; die 
folgenden Bausteine lagern sich spontan an. L 

Während die zweidimensionale Keimbildungsarbeit bei der Über- 
sättigung null unendlich groß wird, da auch die Randlänge unendlich 
wird, behält die eindimensionale Keimbildungsarbeit immer einen 
endlichen Wert. Der Maximalwert der eindimensionalen Keimbildung 
ist gegeben durch die freie Abtrennungsenergie, die erforderlich ist, 
um eine Bausteinreihe, die einen eindimensionalen Keim bildet, zu 
trennen. Man verfährt dabei ebenso wie bei der Bestimmung der 
freien Randenergie (vgl.?). 

Der zweite Fall bezieht sich auf die (001)-Fläche mit vierzähliger 
und die (111)-Fläche mit dreizähliger Symmetrie. Das bedeutet, daß 
auf (001) immer in zwei zueinander senkrechten Richtungen und auf 
(111) in drei sich unter 60° schneidenden Richtungen die Randenergie 
die gleiche ist. Es ist also nicht möglich, daß der zweidimensionale 
Keim, sei es durch Übersättigung oder durch Änderung der Rand- 
energie, in einen eindimensionalen übergeht. Diese Überlegungen 
stehen in engem Zusammenhang mit dem Entarten der Flächen in 
Ecken bzw. Kanten. 

HonıamAann? bezeichnet die über zweidimensionale Keime wach- 
senden Flächen mit A2, die über eindimensionale mit Ai und die über 
nulldimensionale mit A0. Im reinen Fall läßt sich im allgemeinen eine 
eindeutige Zuordnung der Flächen (A 2, A 1 oder A 0) angeben. Weniger 
übersichtlich werden jedoch die Verhältnisse bei den A1- und A0- 
Flächen, wenn auch eine Adsorption von Fremdstoffen erfolgt. So ist 
es in diesem Falle z. B. möglich, daß sich der erste Baustein einer 
Netzebene spontan anlagert (9,4 > 9); für die benachbarten 
Bausteine ist dann jedoch eine Schwankung der freien Energie 
(Keimbildungsarbeit) erforderlich. Die Betrachtungen sollen sich 
wiederum zunächst auf die Übersättigung null? beschränken. Man 
kann dann die A2-, A1- und A 0-Flächen folgendermaßen definieren: 

13 Bei der Übersättigung null (p = p,,) ist selbstverständlich kein Wachs- 


tum und keine Keimbildung möglich. Im folgenden soll unter p = p., eine 
unendlich kleine Übersättigung verstanden werden. 
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A2-Flächen zeigen in allen Richtungen eine Randenergie, die 
größer als null ist. 

Bei den A1-Flächen ist die obige Bedingung nicht erfüllt. Der 
Aufbau einer Netzebene kann aber nicht in beliebiger Reihenfolge vor 
sich gehen, und die hierbei erforderliche Schwankung der freien 
Energie bleibt stets endlich; dies führt zu einem vergröberten Wachs- 
tum. 

A0-Flächen sind dadurch ausgezeichnet, daß bei ihnen eine 
Anlagerung der Bausteine in jeder beliebigen Reihenfolge ohne 
Schwankung der freien Energie, also vollkommen ungeordnet, erfolgt. 

Nun zur Frage, unter welchen Bedingungen die Flächen auch bei 
Adsorption von Fremdstoffen A2-Flächen sind. Dazu werden die 
Bedingungen aufgestellt, unter denen die Randlänge aller Keime 
unendlich wird. Es läßt sich zeigen, daß für einen Rand mit endlicher 
Länge (jedoch größer als eine Bausteinlänge) 


Pr <p,, (8) 
sein muß, damit bei 9, — 9, die Randlänge unendlich wird. Be- 
ziehung (8) stellt eine hinreichende und notwendige Bedingung für 
eine A2-Fläche bei der Übersättigung null dar. Die Bedingung muß 
für alle nur möglichen Keimformen erfüllt sein. Es genügt jedoch, die 
einfachen Keimformen zu untersuchen. 


Die (001)-Fläche 
Besteht der Keim aus Rändern (001)/(011), so ist die mittlere freie 
Abtrennungsenergie der Randreihe mit n Bausteinen 


2Yır E 249" 24Ap' 
n n Ta 


9% = 391 — + 69 
Es muß also 
% + 291 + 240 —24p">0 (9.1a) 
sein, damit (001) über zweidimensionale Keime wächst. 


Wird der Keim von den Rändern (001)/(111) gebildet, so ist 


= 2Fı 2P11 2A” 2A’ 
rain else ee 


Es muß also außerdem die Ungleichung 
291 + 2 911 + 2 A4p' — 249” > 0 (9.1b) 


erfüllt sein. 
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Die (011)-Fläche 


Der einfachste zweidimensionale Keim besteht hier aus den Rän- 
dern (011)/(111) und (011)/(001). Für die mittleren freien Abtrennungs- 
energien der Randreihen erhält man beim Rand (011) /(111) 

= 3A ’ Ao'' 
pr =39ı + 69 2 2 —, 


W W 177 


Es ist n = ©, wenn die Bedingung 
91 —24p' +49" >0 (9.2a) 


erfüllt ist. Für den Rand (011)/(001) lauten die entsprechenden Be- 
ziehungen 
EN - 3A po! 2Ayp" 
= 3Pı 2 er n rn 


0 + 2490 — 240" >0. (9.2b) 


und 


Die (111)-Fläche 
Die einfachsten Keime auf der (111)-Fläche sind dreieckig und wer- 
den von den Rändern (111)/(001) oder (111)/(011) begrenzt; die mittlere 
freie Abtrennungsenergie ist dann bei Begrenzung von (111)/(001) 


er, 3 34 ! A 77 
= 39ı + 6Yu  \ en 


w n ”n 


Soll die Bausteinzahl n = x sein, so muß die Bedingung 


3 91-34 + Leo" >0 (9.3) 
erfüllt sein. 
Bei dem Dreieckskeim mit den Rändern (111)/(011) erhält man da- 
gegen 
3PLr - 3A” 2Ap''! 


rn n 


391m —34p" + 2410" >0. (9.3 b) 


nr = 3 91 + 6 9 — und 


Sind diese Bedingungen nicht erfüllt, so wächst (111) nicht über 
zweidimensionale Keime. Mit der Bedingung, daß alle 0, > 0 sein 
müssen, damit eine Fläche über zweidimensionale Keime wächst, 
erhält man die gleichen Beziehungen wie (9.1a) bis (9.3b). 

Es zeigt sich, daß die Bedingungen (1), (7) und (9) vollkommen 
identisch sind. Wie Stranskı und KAıscHew! für das Gleichgewicht 
zwischen dem unendlich großen Kristall und seinem reinen ideal ver- 
dünnten Dampf gezeigt haben, sind die Flächen der Gleichgewichts- 
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form und diejenigen, die über zweidimensionale Keime wachsen müssen, 
identisch. Diese Bedingung gilt, wie hier exakt gezeigt worden ist, auch 
bei der Adsorption von Fremdstoffen aus der Gasphase; sie kann auch 
auf die nicht ideal verdünnte Dampfphase und die kondensierten 
Phasen ausgedehnt werden. 

In der Bezeichnungsweise von HARTMAN und PERDOK ? entsprechen 
die F-Flächen den A2-Flächen und gehören in Übereinstimmung mit 
unserer Betrachtungsweise sowohl zur Gleichgewichtsform als auch 
zur Wachstumsform. Die S- und K-Flächen bei HArrMmAn und PER- 
DOK sind die von uns als A1- bzw. A0-Flächen bezeichneten. Diese 
Autoren sind der Ansicht, daß die S-Flächen in ihrer Wichtigkeit zwi- 
schen den F- und den K-Flächen stehen. Dabei messen sie insbesondere 
den S,-Flächen große Bedeutung zu. Dies sind aber gerade die Flächen, 
die bei Berücksichtigung auch weiter entfernt liegender Nachbarn zu 
F-Flächen werden und somit Gleichgewichtsformflächen sind. Es 
können aber auch K-Flächen bei Berücksichtigung von weiteren Nach- 
barn direkt F-Flächen werden. 

Zum Beispiel ist (001) bei Berücksichtigung von erstnächsten 
Nachbarn (o, > 0,91 Prm - - - = 0) im einfach kubischen Gitter (das 
entspricht der Berücksichtigung der P.B.C.-Vektoren [001], [010] und 
[100]) Gleichgewichtsform- und A2-Fläche, also F-Fläche nach 
HARTMAN und PERDOR. (011) ist S,-Fläche und (111) K-Fläche. Beide 
gehören jedoch nicht zur Gleichgewichtsform und sind in der Be- 
zeichnungsweise von HoxiGMAnN A1- (011) bzw. A0-Flächen (111). 
Berücksichtigt man aber auch die zweitnächsten Nachbarn 
(2% Yır > 0, Pr: -- = 0, also außerdem die P.B.C.-Vektoren [011], 
[011], [101], [101], [011] und [011]), so werden gleichzeitig (011) und 
(111) Gleichgewichts- und A 2-Flächen, also F-Flächen. 

Auf Grund einiger Veröffentlichungen aus der letzten Zeit!? mub 
darauf hingewiesen werden, daß die quantitativen Ableitungen nur 
auf homöopolare Kristalle unter den angenommenen idealisierten 
Bedingungen der Adsorption bezogen werden können. Es bleibt jedoch 


14 P. HARTMAN and W. G. PERDOK, On the relation between structure and 
morphology of erystals, I, II und III. Acta Crystallogr. 8 (1955) 49—52, 521—524, 
525—529. 

15 W. KLEBER, Zur Adsorptionstheorie der Exomorphose. Z. Kristallogr. 
109 (1957) 115—128. — Zweidimensionale Keimbildung bei Adsorption. Z. 
Kristallogr. 109 (1957) 467—471. — Über flächenspezifische Adsorption und 
Solvatation. Z. physik. Chem. 206 (1957) 327—338. — Über Adsorption und 
Epitaxie. Fortschr. Mineralog. 36 (1958) 38—51. — Zur topochemischen Adsorp- 
tionstheorie der Einkristallätzung. Z. Elektrochem. 62 (1958) 587—594. 
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offen, andere homöopolare Gitter zu verwenden und ebenso andere 
Adsorptionsmodelle in Betracht zu ziehen. Es sollte aber vermieden 
werden, die gleiche Rechenart auf Ionenkristalle auszudehnen. Wie 
STRANsKT des öfteren nachgewiesen hat (vgl. ?), kann man die Gleich- 
gewichtsform von Ionenkristallen nicht durch Berücksichtigung der 
allernächsten Nachbarn ermitteln, vielmehr muß man die Integrale 
über das gesamte Gitter berechnen. Hinzu kommt, daß bei diesen 
Gittern die Vergröberung noch eine bedeutende Rolle spielt. 


Die Gleichgewichts- und Wachstumstlächen in Abhängigkeit 
von der Übersättigung 


Bisher wurden die Stabilitätsbedingungen der Flächen beim Gleich- 
gewichtsdruck des unendlich großen Kristalls (P — p,,) untersucht. 
Die Betrachtungen sollen jetzt auf die Fälle übertragen werden, in denen 
die nicht kristalline Phase übersättigt ist. 

Ist p>p., so ist die Gleichgewichtsform von endlicher Größe; 
diese nimmt mit der Übersättigung schnell ab. Praktisch ist sie nur für 
die dreidimensionale Keimbildung von Interesse. Der Gleichgewichts- 
kristall ist bestimmt durch die Gibbs-Wulffsche Beziehung in der Form 
der Thomson-Gibbsschen Gleichung 

kTn-—=2%,. (10) 
Dabei ist p, der Gleichgewichtsdampfdruck des endlich großen Kristalls 
und v, das Molekülvolumen im kristallinen Zustand. 

Im folgenden soll aber nicht untersucht werden, wann die einzelnen 
Flächen an diesen dreidimensionalen Keimen auftreten, sondern wann 
sie beip > p., an einem großen Kristall, wie man ihn als Wachstums- 
endform erhält, in Erscheinung treten. Auch bei diesen großen Kristal- 
len nimmt bekanntlich die Zahl der Flächen mit steigender Übersätti- 
gung während des Wachstums ab. 

Für das Gleichgewicht zwischen zwei Phasen müssen ihre thermo- 
dynamischen Potentiale gleich sein 


ea  roR (11) 

Bei konstanter Temperatur und Annahme eines idealen Gases ist das 
thermodynamische Potential der Gasphase 

Ar = kTin Di (12) 


wenn man es auf den Gleichgewichtsdruck des unendlich sroßen 
Kristalls (p,,) bezieht. 
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In der kristallinen Phase unterscheiden sich die thermodynami- 
schen Potentiale durch die mittleren freien Abtrennungsenergien. Für 
ein Ein-Komponenten-System ist es nämlich gleich der freien Energie 
pro Mol bzw. Molekül, da die Abhängigkeit der freien Energie der 
kristallinen Phase vom äußeren Druck vernachlässigt werden kann; 
die Temperatur muß dabei konstant sein. Diese mittleren freien Ab- 
trennungsenergien sind am unendlich großen Kristall durch die freie 
Abtrennungsenergie aus der Halbkristallage (9x = 9), an einer 
Fläche endlicher Größe durch die mittlere freie Abtrennungsenergie 
der Öberflächennetzebenen (9,) und bei einem zweidimensionalen 
Keim durch die mittlere freie Abtrennungsenergie der Randreihen 
(9,) gegeben. Da bei Verringerung der mittleren freien Abtrennungs- 
energie die freie Energie der kristallinen Phase zunimmt, ist für eine 
Fläche 


Pı,, a Om = Um vr Kar, — Hıı (13) 


und für einen zweidimensionalen Keim 
9, — Py = Un — a, = Mn» (14) 
Im Gleichgewicht mit der Dampfphase ist dann 


Di Im — En N ee kT In = —4y (15) 


[0,9] 


bzw. 


— es Pr’ 
9, — P9y = Un — Ma, = Hr = KT In = — ur se (ib) 


Dies stellt die Thomson-Gibbssche Gleichung in der Schreibweise von 
STRANSKI!$ dar. 

Das Stabilitätskriterium einer Fläche bei übersättigter nicht- 
kristalliner Phase läßt sich nunmehr folgendermaßen definieren. Für 
das Auftreten einer Fläche muß an einem unendlich großen Kristall 
das thermodynamische Potential des Eckbausteins bzw. der Kanten- 
bausteinreihe und einer endlichen Anzahl von Netzebenen dieser Fläche 
— extrapoliert auf die Fläche mit kleinster Ausdehnung — größer sein 
als das der nichtkristallinen Phase. Zur Ermittlung dieser Beziehungen 
kann man wieder entsprechend der Methode von STRANSKI und Kar- 
SCHEw verfahren. Man erhält mit den gleichen mittleren freien Ab- 


1 1. N. STRANSKI, Über die Thomson-Gibbssche Gleichung und über die 
sogenannte Theorie der Verwachsungskonglomerate. Z. Kristallogr. 105 
(1943/44) 91—123. 
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trennungsenergien (9,), die zu den Beziehungen (7) führten, und mit 
der Gleichung (15) folgende Stabilitätskriterien: 


(001): 
0,2 0, 02492 Ag > kT In 5 (17.1a) 
ne A ee a (17.1b) 
(OT): 
ar 2A a Aa Tin ar (17.28) 
No 2 An Th u (17.2b) 
ankk)e 
30, = 3ulolidpl> kein a (17.3a) 
ale Ag - kT In >=. (17.3b) 


Will man feststellen, wann eine Fläche bei endlicher Übersättigung 
über zweidimensionale Keime wächst, so muß man deren Randlängen 
bestimmen. Ist diese bei allen nur möglichen Randarten größer als 
eine Bausteinlänge, so wächst diese Fläche über zweidimensionale 
Keime. Man kann dazu wieder die mittleren freien Abtrennungsener- 
gien (97), die zu den Beziehungen (9) führten, verwenden. Diese 
müssen dann in die Gl. (16) eingesetzt werden. Für den Rand (001)/(011) 
erhält man auf diese Weise 


= (p1+ 291 + 249° — 249") = KT de. (18) 
Hier ist n (= Zahl der Bausteine des Randes) > 1, wenn 

an 2402 Aol klin 55 (19.1a) 
ist. Analog erhält man als zweite Bedingung für (001) 

Sa Do 2A 2 Ae > kT In (19.1 b) 
Die Bedingungen für (011) lauten: 


1 — 2 4p' +49" >kTin ne (19.2a) 
9 +2 40" 2 197 ET in Se (19.2b) 


und die für (111): 
3 91 — 3 AP + AP" > a (19.3a) 


3 91 — 3A" + 240” = 68 In —: (19.3b) 
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Ist eine der obigen Bedingungen nicht erfüllt, so wächst diese 
Fläche nicht über zweidimensionale Keime. Da sie dann vergröbert 
wächst, wird sie nicht in der Wachstumsendform auftreten, sie gehört 
auch formal nicht mehr der Gleichgewichtsform an. Die Bedingungen 
(17) und (19) sind vollkommen identisch und gehen für p= pin 
die Beziehungen (1), (7) und (9) über. Damit ist die Forderung von 
STRANSKI und Kasschzw10, daß auch bei endlicher Übersättigung die 
über zweidimensionale Keime wachsenden Flächen mit den Gleich- 
gewichtsflächen identisch sind, durch obige Ableitungen bewiesen. Sie 
gilt nicht nur für das System Kristall/ideal verdünnte Dampfphase, 
sondern allgemein für ein System Kristall/beliebige Dampf- oder 
kondensierte Phase. Die Beweisführung gilt auch für alle anderen 
Kristallgitter mit rein homöopolarer Bindung. Dies läßt sich leicht 
zeigen, wenn man zur Darstellung der Energien im Gitter die P.B.C.- 
Vektoren verwendet. 

Herrn Prof. Dr. I. N. Strayskı danke ich herzlich für zahlreiche 
Anregungen und kritische Diskussionen, Herrn Dr. K. BECKER für 
die kritische Durchsicht der Arbeit. 
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Auszug 


Die genau meßbaren Wärmeausdehnungs-Koeffizienten von Kristallen mit 
Molekülgitter lassen sich der Art und Größe der Wärmeschwingungen qualitativ 
koordinieren; für eine quantitative Prüfung der vorgeschlagenen Theorien 
reichen die bisherigen Meßdaten jedoch nicht aus. Überdies können die Messun- 
gen beeinträchtigt sein durch: Gitterkonstanten-Schwankungen von Kristall zu 
Kristall; Abhängigkeit der scheinbaren Bindungsabstände von den Atom- 
schwingungen und der Atomparameter von Temperatur, Druck und Zeit; 
Phasenumwandlung mit nur geringen Änderungen der Ordnung oder Dynamik; 
Kristallgröße; Texturänderungen; Störungen usw. Solche Beeinträchtigungen 
werden durch Beispiele belegt. Die mittels verschiedener Röntgenmethoden 
gewonnene Kenntnis der Kristalldynamik wird, besonders in bezug auf die 
bekannten Daten der Wärmeausdehnung diskutiert; ebenso die Beziehung der 
Dynamik und der Ausdehnung zur Schmelztemperatur verschiedener Typen 
von Kristallen mit Molekülgittern. 


Abstraet 


At present, thermal expansion coefficients for molecular erystals can be 
accurately measured and qualitatively related to the nature and magnitude of 
the thermal vibrations. A quantitative connection will only be possible when 
sufficient data are available to test proposed theories. Measurements on real 
erystals may be complicated by variations of unit cell size from one erystal to 
another; dependence of apparent bond length on the atomice librations; changes 
of atomie co-ordinates within the unit cell with temperature, pressure or time; 
changes of erystal texture; phase transformations only involving small varia- 
tions of order or of dynamics; limitations of erystal size; distortion, ete. Exam- 
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ples of these are given, and the information concerning crystal dynamics avai- 
lable by various methods of x-ray investigation is discussed, especially in 
relationship to known thermal expansion data. The empirical connection of 
crystal dynamics and expansion with melting-point for different types of mole- 
cular crystal is considered. 


Introduetion 


Among the very first diffraction experiments suggested by Max 
von LAuE in 1912, one at least showed the effects of thermal vibrations 
and was correctly interpreted by him. A slip of diamond, placed in a 
heterogeneous beam, was found to givea good diffraction pattern not 
only by transmission but also in the side- and back-refleetion positions. 
Von LAu& pointed out that the existence of high-order reflections could 
correspond to small thermal vibrations, which would be expected for 
a hard substance such as diamond. Since then it has been realized that 
a complete description of a crystal structure necessarily includes a 
description of its dynamie condition and that it is not, in fact, possible 
to carry out a precise determination even of the mean atomic co- 
ordinates without also knowing how the atoms are vibrating. 

In order to specify the vibrations of atoms in real as opposed to 
ideal crystals we need to know 

(1) the mean positions of the atoms in relation to each other; 

(2) in what way those mean positions change with temperature, 
pressure or time; 

(3) the nature (magnitude, direction) of the movement of the atom 
of each sort, averaged over frequency and over all atoms of the same 
mean co-ordinate positions, but not over major changes of tem- 
perature or pressure; nor over atoms related by symmetry other than 
centro-symmetry; 

(4) how the movements vary in respect of time; that is, the spec- 
trum of frequency in relation to the configuration of the atom and its 
surroundings; 

(5) what feature of the atomie structure is being considered as 
representing a normal atom; 

(6) whether the structure of the atom itself changes under any of 
the conditions specified ; 

(7) to what extent the average crystal being described is subject 
to defeet or disorder, or is conditioned by other factors, such as 
impurity, limitation of size, dislocations or distortion. 
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Mean co-ordinate positions 


Even for a crystal such as diamond the measured unit-cell size 
varies from one individual erystal to another (LONSDALE, 1947) and it 
therefore follows that the measured mean distance apart of the atoms 
also varies. The variation may be due either to, say, vacancies in the 
structure (which will reduce the measured size) or to impurities 
(which may either reduce or increase it) or to mosaicity (which will 
probably increase it). It is therefore not possible to determine precisely 
the real lengths of valency bonds, and variations of, for example, the 
measured aromatic CC bond length in erystals of different chemical 
constitution must not be assumed to signify a real difference in any 
individual case; although where a difference is consistently found to be 
associated with a particular chemical or physical (e.g. magnetic) 
condition the inference that a causal relationship exists is of course & 
reasonable one. The same applies to valency angles and to all positional 
measurements. 

One clear case of a falsification of bond-length measurement by a 
physical condition arises from the atomic movements themselves. If 
one atom has an oscillatory movement with respect to another, the 
apparent distance between the two is diminished by an amount which 
varies with the exact nature of the movement (Cox et al., 1955; 
ÜRUICKSHANK, 1956c). But since the exact nature of the movement 
can only be even approximately determined by assuming known mean 
co-ordinate positions, it follows that both are, to a certain extent, 
indeterminate. 


Changes of mean eo-ordinate positions with temperature, 
pressure or time 

Usually the determination of erystal structure is made by one 
observer, often on one crystal only, at room temperature and pressure. 
The difficulties of making an accurate determination when the atoms 
are undergoing a variety of thermal movements has sometimes led to 
the investigation being carried out at a low temperature. Sometimes, 
of course, the erystalline modification only exists at low temperatures. 
Experimental difficulties have, however, prevented measurements 
from being made at very high pressures, although low pressure con- 
ditions are often used in order to avoid air scattering or for other 
reasons. 

It is not really difficult t0o make measurements, at least of unit-cell 
dimensions (using high-angle reflections), at a number of different 
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Table 1. Ooefficients of thermal expansion for various erystalline substances 


— m 


Substance 


Crystal 
infor- 
mation 


Temp. range 


Comments 
and References 


a TEE TE 


Diamond 


Tungsten 
Copper 


Lead 


Sodium 


Silicon 


Zine 


Cadmium 


Magnesium 


Graphite 


BN 


Sic 


Baeze. 


ICH EC: 
Lee. 


IDIERE, 


diamond- 
type 


1a, 3 1 
c/a1.856 


ICH p> 
c/a1.886 


hrcap» 
c/a1.624 


hexa- 
gonal 
layer- 
type 
hexa- 
gonal 
layer- 
type 
diamond- 


type 


=G 
— 188... —79 
—179. 0 
238 55 
59... 78 
600 
900 
— 19022516 
—190.. 16 
0... 625 
—190.. 16 
doc ANOM 
—190... 16 
40 
— 188... 0 
20... 250 
—190... 18 
oo 
0 300 
20; 400 
0 8300 
20; 770 
2 
KM EU) 


24.3 27.1 


THuewLıs and Davey, 
1956, show that & varies 
with the diamond perfec- 
tion (industrial or gem). 
For industrial diamond « 
may have a small nega- 
tive value near 0°C. At 
20°C, yır = 0.02 Ä 

At 20°C yuz= 0.085 Ä 
At 20°C ya = 0.145 Ä 


At 20°C yam = 0.28 Ä 


At 20°C yız 


yu at —183°C at 0°C 
In (001) 0.05Ä 0.09 Ä 
Along c 0.009 0.15 Ä 
WOLLAN and HARrvEy, 
1937 
In (001) 0.07 0.12 
Along ce 0.10 0.18 
BRINDLEY and RıpLEy, 
1939 


In (001) 0.08 0.13 

Along ec 0.08 0125 

BRINDLEY and RıDLey, 
1938 

NELSoNn and RıtLey, 1945 


RırLey, 1945 


PEASE, 1952 


192 


KATHLEEN LONSDALE 


Table 1. Continued 


DE En 1 LE 


Substance 


Crystal 
infor- 
mation 


Comments 
and references 


ee 


PbS 
NaCl 
Quartz 


Ice 


(H,O) 


(D,O) 


CaCO, 
(caleite) 
CN;Hı5 


CoHls 


CO(NH;,), 


C(CH,OH), 


C,(CH;); 


1.3.5 C,H,0], 
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temperatures, and thus to obtain the surface of thermal expansion for 
the substance over various temperature ranges. It is particularly 
desirable that this should be done, for example, for ordinary and 
heavy ice, for which the present data (Table 1) given by x-ray and 
macroscopie expansion measurements are contradictory (LONSDALE, 
1958; PoweEL, 1958). It will be shown later that the expansion co- 
efficients that are available for molecular substances can be quali- 
tatively related to the nature of the thermal vibrations, especially as 
these are shown on Laue photographs taken with characteristic or 
monochromatie radiation. A quantitative connection will only be 
possible when sufficient data are available to test proposed theories. 
The relationship of thermal expansion to, say, melting-point (CARTZ, 
1956b) could have important practical as well as theoretical signi- 
ficance. 

Changes of the cerystals with time could apply to the texture only 
(annealing, for example), but could also mean a transformation to a 
more stable modification, or an actual chemical reaction in the solid 
state. Whichever of these is involved, the atomic vibrations certainly 
play a part in its mechanism. The formation of synthetic diamond, for 
example, can take place either within a few seconds (BunDy et al., 1955) 
or over many hours (HA, 1958) depending upon the pressure and 
temperature applied to the initial mixture. Similarly, it has been found 
that the effect of x-irradiation is to speed up the change-over of 
single erystals of photo-oxide of anthracene to fibrous crystals of 
anthraquinone (J. STEPHENS, unpublished) which normally takes 
place over a period of months at room temperatures; the reaction 
occurs by way of a disordering of the molecules along the b axis 
direction and subsequent age-annealing in the new crystal form, with 
the loss of hydrogen. In both these cases there is a real change of 
substance, but this is not necessarily involved; a simple transformation 
may merely mean a more stable arrangement of identical molecules or 
ions which will often be marked by an abrupt change of crystal 
dynamics (ALONSO et al., 1958a; AmoRöS et al., 1958). 

In any case it is very desirable that intensity measurements should 
be made on more than one crystal and the differences between in- 
dividual erystals recorded in the form of a discrepancy factor 
Ro = All Fans) — Fa | E|F3E”|. No structure determination giving 
a discrepancy factor R= SP” | — |Feae||| X] FME| less than R,,, 
can in general have any real meaning. If the differences between 
individual erystals are such that they can be related to, say, the 
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erystal size, absorption, extinction, ete., then the observed data may be 
extrapolated to more ideal conditions but the deficiencies in the 
experimental results will still set a limit to the reality of any kind of 
structure refinement. Measurements made in my own laboratory by 
different experienced workers, using more than one radiation and 
several crystals (at various temperatures) have shown how very difficult 
it is to obtain consistent data. 

Measurements of diffraction intensities at different temperatures, 
leading to a determination of structure at several temperatures, can 
give valuable information about the forces between ions or molecules 
and the existence and magnitude of zero-point energy. It can also 
demonstrate first- or second-order changes of structure associated 
with, for example, large changes of such physical properties as ferro- 
electricity, ferromagnetism and antiferromagnetism ete., which may 
take place within limited temperature ranges (e.g. Rochelle salt, 
UÜBBELOHDE and WOODWARD, 1946). 


The nature of the atomie vibrations 


It is only for certain of the elements and for some simple binary 
compounds that the nature of the atomie vibrations can be predicted 
or theoretically explained in quantitative detail. 

In general, however, there will be in the structure atoms, ions, ionic 
groups or molecules whose vibrations are not independent but which 
can be independently measured. The molecules, for instance, may be 
executing translatory and librational oscillations while the atoms 
within the molecules are vibrating with respect to one another, usually 
with much higher frequencies and very much smaller amplitudes. In 
terms of crystal planes (hkl) the relative positions of the atoms will be 
continually varying, the vibrations being of a frequency which is small 
(of the order of 1013 sec”!) compared with that of the x-rays (1018 sec!) 
but not compared with that of neutrons. The effect of such variations, 
which affect high-order reflections more than low-order ones (and which 
may often make the hish-order reflections unobservable), is in general 
greater the higher the temperature (but see BoRN, 1942, and CARTZ, 
1955a). Where there are different atoms having different patterns of 
thermal vibration in the unit cell, the ratio of structure factors at 
different temperatures may be positive or negative and greater or less 
than unity and will vary from plane to plane (LONSDALE and GREN- 
VILLE-WELLS, 1956; JACK and WACHTEL, 1957) even for cubic struc- 
tures. 
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The following measurements can be made: 

(1) It is possible to measure the values of I”(hkl) for many re- 
flections at several temperatures T and hence to determine, for 
simple structures, how the mean-square amplitudes of vibration are 
changing with temperature, since 


ZIERATE ENTE 
VE exp ( 58 “) 


where IF is the intensity for the (kkl) plane of spaeing d, when the 
structure is at rest with the atoms in their mean positions. Measure- 
ments of thiskind can also be related to theDebye temperature, which 
is itself related t0 the maximum frequency of elastie vibration (LONSs- 
DALE, 1948) and to the specific heat. Such measurements made in the 
early days of x-ray diffraction experiments, showed that in NaÜl, for 
example, the Na ion was vibrating with a larger Y (w?) than the Cl 
ion, at temperatures of 86°, 290°, 315°K; and that y (u2) doubled 
(from 0.152 to 0.315 Ä for Na; from 0.133 to 0.283 A for Cl) over that 
range. They also showed that a correction for zero-point energy was 
necessary in order to determine how much of the Debye factor was 
really due to thermal vibration. In other words, if one could extra- 
polate I? to T = 0°K, the value obtained: EEE 

It should be noted, however, that the spacing d is not, in fact, 
constant; and that for more complicated structures the expansion 
will be anisotropic and changes of intensity may be partly due to real 
variations of “mean structure” caused by molecular reorientations etc. 
It may still be possible to extrapolate I” in such a way as to determine 
I® for many hkl and to compare them with the extrapolated IE=0 
(found by extrapolating to 0°K the calculated structures at a series of 
temperatures) and hence to estimate zero-point energies, but this 
essentially involves the second method, described below. 


(2) For any given temperature (and pressure) the refinement of a 
trial structure can proceed by stages, using difference Fouriers to 
detect anisotropy of thermal vibration and least-squares methods to 
improve the scaling factor, three positional co-ordinates, and six 
thermal vibration parameters for individual atoms. Atoms, other 
than those related by centrosymmetry, must not be assumed to have 
similar thermal vibration parameters but may be assumed to have 
parameters related by the known symmetry elements. This implies, of 
course, that the parameters measured are averages. An instantaneous 
snapshot of the structure would not have the space-group symmetry; 
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it would not even have striet periodicity; but the complete set of 
superimposed snapshots would have both symmetry and periodicity; 
and would show a distribution of atomiec positions from which (aniso- 
tropic) ur values in given directions could be deduced. A measurement 
of the atomie u: values, however, would not distinguish between a 
large number of high-frequeney displacements of small amplitude and 
a smaller number of low-frequency displacements of large amplitude. 
Normal eomputing refinement techniques do not give the frequency 
spectrum; if sufficient data are available and if the refinement is not 
falsified by the existence of bond anisotropy, disorder, random or 
systematic observational errors, etc. they do give a complete pieture 
of the u? values, averaged over all frequencies, for the individual 
atoms (ÜRUICKSHANK, 1956a). These can, in favourable cases, be 
analysed in terms of molecular translations and librations (CRUICK- 
SHANK, 1956b), and can also give changes of molecular shape. 


Frequency speetrum of atomie vibrations 


By taking a series of Laue photographs using characteristic or 
monochromatie radiation it is possible to plot the scattering power in 
the reciprocal lattice over the whole of the sphere of reflection. This 
does give the frequency spectrum of thermal vibrations in all directions 
of propagation in terms of the extension of scattering intensity 
outside the reciprocal lattice points, provided again that the effects of 
disorder, strain etc. can be eliminated. Except for the very simplest of 
structures, however, it does not disentangle the effects of the individual 
atoms, although it can often be interpreted in terms of the 'rigid 
body’ movements of the molecules. So we are faced with the dilemma 
that we can obtain an average over all frequencies for the separate 
atoms, or we can obtain an average over all atoms for the different 
frequencies contributing to the perturbations of individual sets of 
(hkl) planes, but we cannot satisfactorily determine the amplitude and 
directions of vibration throughout the frequency spectrum for in- 
dividual atoms, except in the very simplest cases. This is what is 
needed, of course, in order to supply really satisfactory data for a 
theory of the relationship between thermal vibrations and thermal 
expansions ete. in the case of molecular and other complex structures. 
Nevertheless, as will be seen later, certain general relationship do 
emerge quite clearly though only qualitatively. 
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Seattering mechanism of the atom 


In the case of x-rays, the scatterer is the electron cloud and the 
thermal vibrations determined are those of the electron cloud. This is 
not always spherical, however. There may be bond anisotropy, the 
scattering effect of which will be comparable with a zero-point energy. 
There may be electron-density asymmetry such as that which must 
oceur in the metals Zn and Cd. These have close-packed hexagonal 
structures but with c/a (at room temperatures) values of 1.856 and 
1.886 respectively. It is stated that on cooling to liquid-air temperatures 
the axial ratios remain almost unchanged (HowArD, 1938) although 
the u? values have been very much reduced (see Table 1) for Zn 
(WoLLAN and Harvey, 1937) and for Cd (BRINDLEY et al., 1939). This 
does emphasize the need for measurements to be made at different 
temperatures and especially at very low temperatures where the 
effects of thermal vibrations can be minimized. It is still difficult to 
see, however, how the effects of electron asymmetry and of zero-point 
energy are to be distinguished, except perhaps by comparison with 
the results of neutron diffraction. 

Except for magnetic materials (which will not be considered here) 
the scattering of neutrons is by the nucleus and not by the electrons. 
If the atom is correctly assumed to vibrate as a whole, without 
measurable change of structure, then the vibrations of the nucleus, 
including zero-point energy, should be identical with those of the 
centre of electron density and any differences should be due to electron 
asymmetry. Unfortunately, the accuracy with which scale factors, 
atomic and thermal parameters can be determined does not yet seem 
to be sufficient for differences between the x-ray and neutron results to 
be assumed to have much significance except in the very simplest 
cases (BAcon, 1952). 


Changes in atomie structure 


The fact that transformations can take place which involve a 
change of valency, e.g. diamond to graphite, means that a change of 
temperature and/or pressure may sometimes involve a permanent 
change of electron energy levels, with a consequent change of the 
whole pattern of crystal vibrations. 
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Other factors operative in real erystals 


Any factor which disturbs the (supposed) infinite and regular 
periodieity of the crystal will be liable to cause variation in the in- 
tensity of scattering in reciprocal space. Defect or disorder, impurities 
etc. even if irregularly distributed will not only contribute to the 
background scattering but will also distort the erystal lattice and so 
cause a change in the scattering intensity at the reciprocal lattice 
points. Often it is easy to distinguish these effects from thermal 
scattering because distortion gives sharp background effects on Laue 
photographs using characteristic radiation, whereas thermal vibration 
gives diffuse spots and streaks; and because these effects do not 
usually change with temperature whereas the amplitudes and fre- 
quencies of the thermal vibrations do change. The effect of small 
cerystallite size is an extension of intensity which is of similar shape 
about all reciprocal-lattice points, whereas the effect of thermal 
scattering varies from point to point in a systematic way dependent 
upon the nature of the vibrations. In the case of neutron scattering 
there are many other effects, for example, nuclear spin, randomness of 
isotope distribution, multiple scattering, which give background 
effects that have to be sorted out before the true thermal scattering 
can be ascertained. Using only the measured F'(hkl) values, however, it 
is not easy to sort out these effects, although they should be suspected 
when an abnormally high Debye factor B is observed. In the case of 
circumanthracene, C,H}, for example (ROBERTSON et al., 1957) a 
large value of B corresponds to the random presence of a non-planar 
aromatic impurity. It would, in fact, be an excellent practice always 
to accompany any cerystal-structure determination, whether by 
photographic or counter intensity measurements, by observation of 
the background scattering throughout reciprocal space, using cha- 
racteristic radiation and Laue photographs or Weissenberg methods 
(HoPpPpe, 1956). 


Relationship between diffuse scattering, structure type 
and thermal expansion 


The diffuse scattering patterns obtained from elements and com- 
pounds are of three main types: 

(1) those consisting of small isolated diffuse spots, not varying 
much with temperature. 
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(2) those consisting of large isolated diffuse spots, varying strongly 
in intensity with temperature 

(3) those consisting of streaks and spots, and extended regions of 
diffuse scattering, also varying strongly with temperature. 

(1) The first type of pattern is associated with hard substances 
such as diamond, tungsten or carborundum, having only small Debye 
factors and small thermal expansion coefficients. 

Table 1 shows that the thermal expansion of diamond at or a little 
above room temperature may conveniently be used as a unit standard 
of approximately 1.0 - 10° (°C)-1. This corresponds to an increase 
of 0.00015 Ä in the CC bond distance of 1.54 Ä over a temperature 
range of 100°C. Such a change would be detectable for diamond by 
precision x-ray methods such as the divergent-beam (LONSDALE, 1947) 
or continuous iteration (VOGEL and KEMPTER, 1959) methods, but it 
would not be measurable in even the best of ordinary erystal structure 
analyses, for in these the measured C—C bond-length is partly de- 
pendent upon the accuracy of thermal-vibration analysis and cannot 
be determined to nearer than 0.005 Ä. 

(2) The large isolated diffuse spots which change in intensity with 
temperature are typical of the layer planes in structures such as 
graphite, hexamethylbenzene or urea nitrate (LONSDALE, 1942). 

In the case of such layer structures the expansion along the van der 
Waals bonds may be large enough to bring about a Poisson contraction 
in perpendieular directions. This is obviously so for graphite and for 
hexagonal BN, where it is not until a fairly high temperature is reached 
that the thermal vibrations within the layer planes become large 
enough to annul the Poisson contraction and give a small positive 
thermal-expansion coefficient (NELson and Rırzy, 1945; Prase 
1952). The expansion coefficient within the plane cannot easily be 
compared with that of diamond because of the counteracting contrac- 
tion. But it is notable that the expansion along the van der Waals bonds 
in graphite is very much less than that normal to the molecular 
planes in C,(CH,), (WooDwARD, 1958) and many other aromatic 
compounds. It is less even than the thermal expansion of van der 
Waals bonds linking the C,(CH;), molecules in their own planes. As 
Rırzy (1945) pointed out, it is more difficult to subject infinite sheets 
of atoms to strongly distorting thermal vibrations, than it is a structure 
composed of relatively small molecules. 

The fact that the diffuse spots are isolated though intense indicates 
that high-frequeney optical vibrations of wave-lengths comparable 
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with interplanar distances are not much in evidence. Nevertheless it 
must be the short-wavelength vibrations which alter the spacing most 
if they are also of large amplitude, and it is these which cause thermal 
expansion. Long waves, even if of large amplitude, do not much alter 
the size or shape of the unit cell. 

(3) Patterns involving streaks between reciprocal lattice points or 
large diffuse areas on Laue photographs do imply the existence of 
large-amplitude high-frequeney thermal waves, often in sharply 
defined directions. Urea is perhaps a typical example. HeretheN andH 
atoms have relatively large average vibration amplitudes, indicating a 
libration about the carbon-oxygen bond; while the molecule as a 
whole vibrates with a larger amplitude in than normal to the (001) 
plane. The result is a thermal expansion more than three times as 
large in the (001) plane than perpendicular to it (GILBERT, 1955). The 
diffuse x-ray pattern shows strong streaks along the [110] directions, 
which correspond to the main molecular librations and translations 
(GILBERT and LONSDALE, 1956). 

Sodium is another crystal showing strong diffuse streaks associated 
with particular reciprocal-lattice directions, which indicate large- 
amplitude high-frequency waves. The thermal expansion is ex- 
ceptionally large for an element. The values for monatomic elements 
are in good agreement with GRÜNEISEN’s theory, which relates 
expansion to the anharmonieity of lattice vibrations, but there is as 
yet no theory capable of dealing with the complexities of molecular 
compounds. It is, however, interesting that the thermal expansion 
coefficients for hexamine (C,N,H,,), which is also body-centred cubie, 
and for di-para-xylylene (C,,H}s), which is tetragonal with two mmm 
molecules at 0,0, 0 and 4, 4, 4, are of approximately the same value as 
that of sodium (GILBERT, 1955, and Rao, 1958). Hexamine and 
di-para-xylylene also show a very elaborate diffuse x-ray pattern 
(AHMED 1952; AmoRös et al., 1958; RAo, 1958). 

In cases where the molecule is plane and where (as is usually the 
case) one direction in the crystal is most nearly normal to the mole- 
cular plane, the thermal expansion is greatest along that direction and 
so, in general, are the amplitudes of thermal vibration. However, this 
is not the case for CaCO, and NaNO, (Sass et al., 1957) where there is 
a libration ofthe carbonate (nitrate) group in itsown plane which givesa 
large amplitude of vibration in the basal plane, normal to a, without any 
corresponding thermal expansion, the amplitude of vibration normal to 
the plane of the ionie group being somewhat surprisingly small. 
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When the molecule is symmetrical and in a special position no 
question of re-orientation occurs, but with a number of the less 
symmetrical examples given there is definitely a change of the relative 
orientations of the molecules as the temperature changes. This results 
also in a change of the axial ratios and angles. The thermal-expansion 
surface in such cases is dependent both upon the change of orientation 
and upon the lattice vibrations and also, in some cases, on a change of 
shape of the molecule. This alteration in the structure, and not a 
Poisson contraction, is the reason for the negative (or zero) expansion 
coefficient to be found along one direction in oxalic acid dihydrate and 
certain other low-symmetry erystals, although of course both effects 
may operate. Such changes of molecular orientation must be allowed 
for before interpreting any changes in properties, such as anisotropie 
diamagnetie susceptibilities (LUMBROSO-BADER, 1956; LEELA, 1958) 
which might give information about other molecular or atomie 
changes with temperature. ALonso et al. (1958b) have found a re- 
lationship between the direction of zero or negative expansion in 
oxalic acid dihydrate and adipie acid and the direction of propagation 
of transverse waves as deduced from diffuse Laue photographs. They 
show (see also LONSDALE et al., 1941) that the whole pattern of ex- 
tended diffuse regions, streaks ete. is closely related to the independent 
thermal movements of the molecules; which may be calculated by 
means of a difference Fourier transform (of the molecule at rest and in 
motion respectively). In their discussion they assume a rigid molecule, 
but they realize that this hypothesis and that of molecular independ- 
ence are really much too simple (Amorös et al., 1959). 

The very early work of MÜLLER (1930, 1932) on the long-chain 
hydrocarbons is particularly interesting, because even though the 
experimental data are inaccurate by modern standards, yet the 
general trends are unmistakable. MÜLLER investigated a selection of the 
‘normal’ orthorhombic modifications of C,H3,;, from n = 5 to 44, 
and published a number of his photographs which show quite clearly 
that some of these hydrocarbons (n > 24) undergo an abrupt trans- 
formation to a second orthorhombic form of different a, b axes a few 
degrees below their melting-points, then gradually becoming hexagonal 
or pseudo-hexagonal; others (such as C,,H,,) appear to pass over 
smoothly into the hexagonal form; while lower numbers of the series 
(n < 21) melt before that stage is reached. 

Table 2, which gives some expansion coefficients for n — 19, 23, 
24, 29 shows that below room temperature the expansion is comparable 
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Table 2. 
A. Thermal expansion coefficients for some long-chain hydrocarbons 
(all x 10%. Temperature ranges given in °C) 
%, too small to measure 


Substance Temperature range &, % Kb 
air, (N el) 166 102 234 
GH, ARD Loos 70 234 
M.'P..46 (72227 2.2332) 3490 201 5680 
(327 722.246) 5940 — 366 1830 
(Clal,, (iS 3e2221 877) 116 40 154 
NER (Ger1’82722.0.540)) 60 158 257 
(407 22,41.5) 37100 —696 7030 
( 41.5...49.3) 7000 — 3770 3330 
sie, ER) 193 385 650 
M.P. 64 (SO 0) 403 201 542 
2) 2 Well) 601 121 726 
oe ol) 128000 — 20000 103000 
eeern6) 31000 — 343 4760 


B. Intermolecular distances (carbon-to-carbon of neighbouring molecules) 
using mean values of a and b taken from the series and assuming a mean mole- 
cular orientation of 45° (that is, about 13° away from [110]) and a mean C-C 
projection on (001) of 0.86 Ä (VAınsHTEIN et al., 1958; TEARE, 1959) 


(@a) for molecules at rest relative to each other; 
(b) for molecules librating about their long axis through an angle + 15°; 
(c) for molecules freely rotating about their long axes. 


Just below Just above | Just below 
—183 °C 19°C transition transition melting 
point point point 
(a) 3.87 Ä 3.965 Ä 4.00 Ä 4.14 Ä 4.23 Ä 
(b) 3.66 Ä 3.76 BEN 3.94 Ä 4.03 Ä 
(c) — — =. — 3.89 Ä 


with that of crystals of small aromatic molecules (see Table 1). At the 
transition point there is an increase of a and a decrease of b, the 
substance then tending rapidly towards hexagonal or pseudohexagonal 
symmetry with a very large expansion along «a accompanied by a 
further decrease in b until melting occurs. After melting, the diffuse 
ring observed indicates a mean molecular separation of 4.6 Ä, cor- 
responding to a distance of closest approach of carbon atoms of about 
4.6 — 0.9 = 3.7 A, the normal van der Waals’ distance. 
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Part of the interatomie distance is the result of translational 
thermal movements of the molecules (sideways) relative to each other. 
These will be small, but not completely negligible, even at — 183°C. 
The normal interatomie distance between nearest © atoms on neigh- 
bouring molecules may therefore be taken as a little less than 3.87 Ä. 
As the temperature rises the thermal movements increase, partly 
translational, but also librational about the long molecular axis. The 
translational movements, insofar as they increase the movements of 
molecules towards each other, cause a thermal expansion in both a 
and b. The librational movements, however, would tend to decrease the 
interatomie distance (to 3.76 Ä at room temperatures for a libration 
over + 15°) and must, therefore, also tend to cause thermal expansion. 
This would be mainly along a especially if, as Bun and ALcock (1945) 
suggest, the molecules tend to turn more towards a. But this so far is 
not proved. When the librational angle does reach some critical 
value, however, there will be a tendency for the molecules to turn from 
one (110) plane into the other (110) plane and it seems likely that the 
transition and discontinuous expansion in a occurs at this point. 
Above the transition point, then, the molecules would still be executing 
limited but large librations about their long axes, with disorder 
relative to the {110} planes. The tendency will, however, be towards 
complete hexagonal symmetry with either complete rotation or large 
librations and complete randomness of orientation. Just below the 
melting-point the interatomie distance of 3.89 Ä (assuming complete 
rotation or complete randomness) does include also large amplitude 
translational movements of the molecules relative to each other 
(Fig.1). 

No quantitative intensity data are available at hish temperatures, 
but the above hypothesis does explain why the 110 reflection remains 
strong and the 200 weak even after the transition, but they tend to 
equalize in intensity as they equalize in spacing (MÜLLER, 1932). 
Table 2 also implies that there is a transition in C,,H,, also. Somewhere 
round about room temperature an accelerated rate of thermal ex- 
pansion sets in, but without any discontinuous change of spaeing. 

In this particular case the molecular libration definitely contributes 
to the expansion, as it must do also in the case of urea and other plane 
molecules, when they librate about an axis in the plane. But in the 
case of CaCO, where the libration is about an axis normal to the plane, 
this is not necessarily the case. Nor will the libration of a molecule 
already having approximately eircular, spherical or ellipsoidal sym- 


Experimental studies of atomie vibrations in erystals 205 


metry, such as hexamine (SHAFFER, 1947; ANDRESEN, 1957) or di- 
para-xylylene (RAo, 1958), necessarily contribute at all to thermal 
expansion even when the librations are quite large. The melting point 
may therefore be expected to be high, as it is: C,N,H,, 263°C, CjsH4s 
235°C, as compared with «-phenazine (C,;N;H,) 171°C, anthracene 
C,H, 217°C, p-diphenylbenzene C,H, 211°0. 

Benzene, naphthalene and anthracene together form an interesting 
thermal expansion series considered in relation to graphite. The data 


Fig. 1. Probable mechanism of transformation in 0,H,„+.(n = 24) as amplitude 

of libration about long axis increases. The molecular orientation becomes ran- 

dom (with a marked increase of a) when a certain angle of libration is exceeded. 

The value of the critical angle is not yet known. Hexagonal symmetry corre- 
sponds to a libration of + 45° or rotation 


for benzene and naphthalene are not good. The former are only 
available from unit-cell measurements at different temperatures by 
different observers (Cox and SMITH, 1954; Cox, 1958; KoJEn, 1954), 
the latter only from unit-cell measurements made by one observer 
(Mason, unpublished) but on different films. The anthracene data 
(Mason, unpublished) are more complete, having been made from 
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many high-order spectra photographed on the same film at liquid 
nitrogen and room temperatures; and then plotted in the three axial 
zones. If the separate data for benzene and naphthalene are anything 
like as accurate as is claimed, however, the results are still worth 
examining. In all cases, as in the case of C,(CH3),, the maximum 
expansion is in the direction most nearly normal to the plane of the 
moleceule and it is up to eight times as large as the graphite c-axis 
expansion. Even the minimum expansion is larger than the maximum 
for graphite; but the expansion coefficients for anthracene are already 
markedly smaller than those for the smaller molecules and one may 
expect the expansion to get smaller still, and the melting points to rise, 
as the aromatic molecules increase in size. Circumanthracene, C,,Hje, 
has a melting-point of > 486°C, but the expansion coefficient has not 
been reported. The expansion of «-phenazine C,,N,H, is also smaller 
than that of anthracene. The thermal vibrations of naphthalene and 
anthracene give rise to diffuse Laue photographs which clearly show 
that these are related to the difference Fourier transform. Unpublished 
work by Mason and MitvEpGE give B values for anthracene ranging 
from 1.8 to 1.0 at low temperatures and from 6.0 to 2.9 at room 
temperatures (cf. also CRUICKSHANK, 1956d, e; 1957). These will be 
discussed elsewhere. 

The case of pentaerythritol is a most interesting one. Here there is 
a large expansion coefficient normal to the mean molecular plane, 
along the van der Waals bonds, and a zero or negative value in the 
(001) plane where the molecules are limited by hydrogen bonds 
(GILBERT, 1955). But it has so far proved difficult to refine this rather 
simple structure satisfactorily (HvosLEr, 1958; SHIONO et al., 1958), 
and there appear to be differences in the c axis from specimen to spe- 
cimen which are larger than usual. It seems probable that these dif- 
ficulties are due to some disorder in the basal plane rather than to 
impurity (BADAMI, unpublished). Torsional oscillations of the almost 
circular molecules could help to explain the zero expansion in (001), 
but are rather unlikely because of the hydrogen bonding*. 

The change from hydrogen to deuterium makes a small change in 
thermal-expansion coefficients, but this too may be mainly due to 
a change in molecular orientation. Without experiments on more 


* Hvoster (1958) says in his paper “It has been suggested by GILBERT and 
LonspALE (1956) that pentaerythritol is an example of a molecule exhibiting 
torsional oscillations’’. This remark is incorrect; no such suggestion was made, 
there or elsewhere. 
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substances having all atoms in special positions, it is difficult to say 
precisely what proportion of the change is due only to a difference of 
vibration in the isotopes (UBBELOHDE, 1936; ROBERTSON and ÜBBE- 
LOHDE, 1938, 1939). The data on ice which might have given inform- 
ation on this point are not sufficiently complete or reliable to do SO, nor 
is ib even quite certain that the hydrogen atoms do lie exactly along 
the hydrogen bonds in ice. They do not do so in the majority of 
substances so far investigated. 

The thermal expansion in Rochelle salt appears to be somewhat 
indeterminate within the ferro-electric temperature range, but this 
corresponds with a variability of texture which is probably its cause 
(ÜBBELOHDE and WooDWARD, 1946). 


Relationship of expansion to meltingpoint 


Cartz (1955b) has shown that in face-centred cubic and body- 
centred cubie erystals of elements and many binary compounds, 
melting occurs when the root-mean-square amplitude of thermal 
vibration is a definite fraction of the interatomic distance 


(uw) = 0.22 r. 


This CARTZ compared with GRÜNEISEN’s value, 0.20 r. The most 
important vibrations from this point of view are, of course, the short- 
wave-length, high-frequency ones of large amplitude. Carrz also 
found a linear relationship for several face-centred cubic metals over 
a limited range of temperature, 0.2 < T/Ty < 0.7, between T/T,, 
and the ratio «/&y/s, where & is the linear thermal-expansion coef- 
ficient at temperature 7’ and &y,/s that at a temperature of half the 
melting-point in degrees absolute 


«lu = 0.74 0.52 (T/T,„,) = 0.74 + 10.7 (u2/r2). 


Similar linear relationships were found for other physical properties 
dependent upon lattice vibrations. 

We have seen above that in organic compounds the melting-point 
also depends upon the thermal expansion, that is 

(&) upon the anisotropie translational vibrations of the molecule as 
a whole 

(b) upon the nature and magnitude of the librational vibrations. 

Where the molecular librations are such that the molecule in 
executing them does not effectively alter the space it occupies, then 
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they do not much affect the thermal expansion. In that case, quite 
large vibrations may oceur with little effect on the intermolecular 
distances. This means that such compounds may be expected to have 
high melting-points compared with others containing the same number 
of carbon atoms and similar intermolecular bonds, but which have 
different types of thermal vibration which do more rapidly alter the 
“molecular space” occupied. 

Conversely, one may expect, by & consideration of melting- 
point in relation to packing, to gain information about the type of 
thermal vibration involved and hence about intermolecular forces. For 
instance, the series of long-chain paraffins, whether of orthorhombie 
or lower symmetry, all have structures in which the lengths of the 
molecules are parallel, but their widths interlock so that nearest 
neighbours (at 000 and #30) are nearly normal to each other, and 
maximum expansion is along a*. The molecules librate about their 
long axes and melting-points are low, ranging from — 131°C for 
C,H,, to 86.4 °C, for CuHgo- 

The general packing arrangements in the naphthalene-anthra- 
cene-naphthacene-ete. series are rather similar: the long axes are 
parallel, the molecular widths of nearest neighbours, at 000 and 
110, are nearly normal to each other, with maximum expansion along 
a*. Yet the melting-points are very much higher, ranging from 80°C 
for naphthalene to 341°C for naphthacene. A study of the thermal 
vibration patterns deduced from structure analyses shows that, 
superimposed upon an anisotropie translational vibration, there are 
librational movements which in these cases are small about the long 
axes but tend to produce large movements of the end atoms (ÜRUICK- 
SHANK, 1956d; Mason andMILLEDGE, unpublished). It seems clear that 
although in both cases, aliphatie and aromatie, the intermolecular 
forces are nominally ofthe van der Waals type, and the intermolecular 
distances and packing arrangements are similar, yet in fact the forces 
between a row of methylene groups and an aliphatic chain molecule 
placed broad side on must be very much weaker than those between the 
aromatic C—H side groups and the aromatie chain molecule also placed 
broad side on. As more accurate information becomes available about 
lattice vibrations as the corollary of structure analyses, so the general 
pattern of relationships between melting-points and intermolecular 
forces should become clearer. One word of caution is, however, ne- 
cessary. It is known that organic erystals will accommodate a con- 
siderable proportion of near homologues in solid solution. Indeed it has 
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been claimed (UBBELOHDE, 1938; Smrru, 1953) that 2 per cent of 
neighbouring homologues are necessary for the formation of the 
orthorhombie forms of long-chain paraffins. This may be required in 
order to allow room for the end methyl groups (2 per cent of a lower 
homologue would imply one “vacancy” for every seven molecules in a 
row). But as TEARE (1959) has pointed out, this will also involve some 
uncertainty about the meaning of electron-density contours for the 
end groups. What does seem to be required is a series of controlled 
experiments in which known amounts of homologues are introduced 
and the effects both on positional and on vibrational parameters are 
studied, for different series of aliphatie and aromatie hydrocarbons 
and over a range of temperatures. This would certainly, however, be a 
major investigation requiring extremely accurate x-ray measurements 
and large-scale computing facilities. 
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Auszug 


Die als Mineral unbekannte Verbindung CaB,0,(OH), : 2H,O hat PI zur 
Raumgruppe, a = 7,05, b = 9,45, c = 6,41 Ä (alle + 0,015 A), a = 101° 217, 
ß = 101° 19, y = 99° 49’ (alle + 5’), Z = 2, Dyer = 2,002, Dyem = 2;00. Die 
Struktur wurde mit Hilfe von Patterson-Projektionen auf zu den drei Koor- 
dinatenachsen senkrechte Ebenen, unter Berücksichtigung der Wärmebewegung 
und der Atomform-Faktoren, bestimmt; die Parameter-Verfeinerung mittels 
Elektronendichte-Projektionen und der Ausgleichsrechnung durchgeführt. 
CaB,0,(OH), - 2H,O enthält das gleiche Anion [B,0,(OH),-]?, das bereits bei 
zwei anderen Hydraten, dem Meyerhofferit und dem Inyoit gefunden wurde. 
Dieses Anion besteht aus zwei BO,(OH),-Tetraedern und einem BO,(OH)- 
Dreieck, die zu einem Ring geschlossen sind. Die Anionen sind durch Ca—O- 
Bindungen zu Ketten längs [001], die Ketten durch weitere Ca—O- und durch 
H-Bindungen paarweise zu Doppelketten verknüpft. Benachbarte Doppel- 
ketten werden durch H-Bindungen zu faltigen Blättern parallel (001) ver- 
bunden. 

Abstraet 


The compound CaB,0,(OH), : 2H,O, known only as a synthetic compound, 
is trielinie PI, a = 7.05, b = 9.45, c = 6.41 Ä (all + 0.015Ä), « = 101° 217, 
ß = 101° 19, y = 99° 49 (all + 05), Z = 2; density (g- em®): calc. 2.002, 
obs. 2.00. A trial structure was established by the use of Patterson projections, 
sharpened for both thermal motion and atomic form-factor, on the planes 
normal to the three prineipal erystallographic axes, and vector-shift maps 
based on these Patterson projeetions. Refinement was carried out by electron- 
density projections and least-squares analysis. CaB,0,(OH), : 2H,0 contains 
the same polyion [B,0,(OH),]-? previously found in meyerhofferite, CaB,O;- 
(OH), : H,O, and in inyoite, CaB,0,(OH), : 4H,0. This polyion consists of two 


* Publication authorized by the Director, U.8. Geological Survey. 
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BO,(OH), tetrahedra and a BO,(OH) triangle linked at corners to form a ring. 
The insular polyions of CaB,0,(OH), : 2H,O are linked through caleium-oxygen 
bonds to form endless strings along [001] with additional caleium-oxygen bonds 
and hydrogen bonds linking adjacent strings together into pairs. Each double 
string is tied to the adjacent double string by hydrogen bonds to form infinite 
puckered sheets parallel to (001). 


Introduetion 

In continuation of our study of the series 2CaO : 3B,0, : «H,O, the 
erystal structure of the member for which x = 9 has been solved and 
is reported in detail in the present paper; a preliminary account was 
given in CLARK and Curıst (1957). This compound, shown by the 
structure analysis to have the formula CaB,O,(OH), : 2H,0, is not 
known as a mineral. The structures of the other known members of 
this series have been previously described: colemanite, & = 5 (CHRIST, 
CLARK and Evans, 1958), meyerhofferite, x = 7 (CHRIST and CLARK, 
1956; preliminary account) and inyoite, x = 13 (CLARK, 1959). 


Experimental work 
Orystal description, space group, unit-cell dimensions 
The cerystals used were prepared by W. T. SCHALLER, of the U.S. 
Geological Survey. They were grown on ulexite fragments placed in 
water and held at 50°C for approximately one month. A morphological 
description of the erystals, including a drawing of a erystal of typical 
habit, the space group, unit-cell constants, and powder data have been 
given elsewhere (CHRIST, 1953). The crystallographic data for 
CaB,0,(OH), : 2H,0 are repeated below: 
Trielinie; space group PT — C% (No. 2) 
a— 1.05,b = 9.45, c= 6.41A (all 0.015.A), 
101201101 10 099.10 a 
(Mo A: Kx = 0.7107 A; Ka, = 0.70926 A). 
Cell contents: 2[CaB,0,(OH), : 2H,0]. 
Density, calc. = 2.002, obs. = 2.008. cm® 


Intensity measurements 
For the intensity measurements multiple-film Weissenberg patterns 
using Mo/Zr radiation were prepared. Three films interleaved with 
0.0005 inch Ni foil were used for each exposure. Patterns were made of 
the (hk0), (Okl), and (hOl) zones. Exposure times were of the order of 
70 hours at 50kV and 20 mA, except for a few films made with 
relatively short exposures for the purpose of bringing the intensities 
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of the stronger spots into the optimum measurement range. Reflec- 
tions with low Bragg angles were recorded with Cu/Ni radiation. The 
intensities were estimated visually by comparison with a standard 
spot strip of intensities prepared in the Weissenberg camera using a 
CaB,0,(OH); - 2H,0O erystal. The intensity of the nth spot of the 
strip is given by the relation I, = I,(2)"”, where I, corresponds to a 
barely perceptible blackening of the film. The 1/Lp corrections used to 
convert the intensities to FF,; values were calculated for each reci- 
procal lattice point, as a function of its eylindrical coordinates, using a 
digital computer. The F7,, obtained from the various films were all 
put on the same relative scale through the use of film factors obtained 
by measurement of the intensities of spots occurring on more than one 
film. Through the use of the triple-film technique and long and short 
exposures, a range in F7,, of about 1 to 3000 was obtained. Intensity 
data were collected to the value (sin 0)/A = 1.0 At. 

Small (about 0.2 to 0.3 mm on edge) and approximately equant 
erystals were used for the collection of intensity data. This use of 
small erystals and Mo radiation ensured the minimization of absorp- 
tion errors for which no corrections were attempted. 


Other considerations 


After a trial structure had been established in the manner described 
in the following section, the relationship 


k|F,| = |F.| exp [-B (sin? 6) / 7°] 


was used to fix the absolute scale of the observed structure factors 
and the value of the coefficient B of the average isotropie tem- 
perature factor. The method of Wirson (1942) was used to calculate 
the value of B. Atomic scattering curves were used as follows: for 
boron, the BP curve of Isers (1957), for all oxygen atoms, the 0° 
curve of Berenuuvis et al. (1955), and for caleium, a curve constructed 
by plotting the BEreHu1s et al. values for Ca? for (sin 0)/A > 0.3 Ä-1 
and smoothing in to f = 18 at (sin 6)/A = 0. The method of BooTH 
(1948) was used to calculate maxima on the elecetron-density pro- 
jections. 


Determination and refinement of the strueture 


At the beginning of this investigation it was decided to try to work 
out the structure from intensity data for the three prineipal zones 
only, using Patterson projections and vector-shift methods based on 
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these projections. In order to determine the feasibility of this approach 
for the analysis of the structure of CaB,0,(OH), :2H,0, the data 
already at hand for the known erystal meyerhofferite, CaB,0,(OH), 
H,O, were re-examined. Patterson projections on the plane normal to 
[010] were prepared with data from meyerhofferite using three different 
types of coefficients, as follows: (1) the usual F2ys, (2) Fo, corrected 
for vibrational motion, and (3) F},, corrected for both vibrational 
motion and atomic form factor. It was found that the use of the third 
kind of coefficient yielded a Patterson function of high resolution, 
with the Ca—Ca vector clearly indicated. A vector-shift map based 
upon the Ca position and calculated by the minimum-funetion method 
of BUERGER (1951) was prepared and found to give a fair approxima- 
tion to the known electron density projection for meyerhofferite. 
Accordingly, this procedure was followed in the analysis of CaB,O;- 
(OH); : 2H,0. 


Fig.1a 


Fig.1. a: Patterson function P,(u, w), sharpened for both temperature motion 
and atomice form factor and projected on (010), for CaB,O,(OH), : 2H,O. 
b: Approximate electron density map, M,(z,2), prepared by the Buerger 
minimum -funetion method from the Patterson projection shown in a. The small 
black cireles represent boron atoms, the small open circles oxygen atoms, the 
spoked circles water molecules, and the larger stippled eirele the caleium atom 
for the coordinates of the final structure. In addition to the Ca peak, the in: 
other peaks marked with + signs were taken initially to represent oxygen atoms 
ce: Final g,(x,z) for CaB,0,(OH), - 2H,O 
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The observed F?,; for the three zones (hk0), (Okl), and (hOl), 
that had previously all been put on the same relative scale, were used 
to construct a K(s) curve following the method of KArLE and HAUPT- 
MAN (1953). The empirical K(s) curve, where K(s) = (%0,?) | ( Se 

N 
s — (sin 0)/A,and o,(s)= 3 f}, was constructed in the same manner 
j=1 
as that used to derive the K(s) curve for colemanite (KARLE, HAUPT- 
MAN, and CHRIST, 1958). Coefficients p,,, were calculated from tbe 


N N 
relationship 9? = [K(s)Fr41) /P?(s) where fs) = (21)/(22) The 
ji j= 


factor K(s) corrects the observed F7,, for vibrational motion and 
puts them on an approximately absolute scale, and the factor 1072 
corrects for atomic form-factor. Using the coefficients p,,,; as ampli- 
tudes, Patterson projections on the planes normal to [100], [010], and 
[001] were calculated. The projections were well resolved and there 
was no difficulty in identifying the Ca—Ca vector in each. The posi- 
tional parameters of the Ca atom could be fixed with relatively high 
accuracy from these projections. The three projections considered 
together yield two values for each of the x-, y-, and z-parameters. 
For Ca, the differences found for the pairs of values were: Ax = 0.007, 
Ay = 0.003, and Az = 0.001 (eycles). Vector-shift maps were then 
prepared by the minimum-funcetion method of BUERGER (1951) for 
each projection, using the known position of the Ca. The Patterson 
projection P,(u,w), the approximate electron-density map M „(x;2), 
obtained from P,(w,w), and the final electron-density map e,(9:2), 
are shown in Fig.1. The high resolution of the P,(u,w), and the 
generally good agreement of the M (x, z) with the final 0 „(x, 2) are 
typical of the results obtained on the other two projections. The 
M (x, 2) was studied first. In addition to the Ca peak, eight other 
peaks (marked with + signs in Fig.1b) were taken to represent 
oxygen atoms; one of these peaks later proved to be due to a boron 
atom. The peaks were selected on the basis of peak-height, peak-area, 
and roundness of contour. It can be seen in Fig.1 that the M (x, 2) 
contains only two spurious peaks having appreciable height and area. 
The residual factor R, caleulated on the basis of the coordinates for 
these nine peaks, as given in column (1), Table 1, is 0.36. The R 
considering the Ca alone is 0.45. The lowering of R was taken to mean 
that at least most of the peaks truly represented oxygen atoms. 

With this start, the three minimum-function maps were considered 
together, and a ball-model built according to the dietates of the peak 
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Table 1. Atomic positional parameters and temperature coefficients for 
CaB;0,(0H), : 2H,0 
Individual isotro- 
Stage of refinement! Ds 
parameters of 
Parameters column (4) 
(1) (2) (3) (4) (5) 
(final) 
hkoO hol 
Ca & 0.159 0.159 0.162 0.165, 
Y u 0.371 0.370 0.369, 
2 0.157 0.157 0.153 0.155, 1.26 lea! 
0, 8 0.180 0.179 0.191 0.196 
Yy — 0.750 0.749 0.741 
2 0.975 0.972 0.972 0.969 2.46 1.95 
O% 35 0.237 0.245 0.236 0.236 
Y — 0.283 0.279 0.278 
2 0.817 0.814 0.804 0.808 1.28 1.06 
O; GE 0.322 0.323 0.326 0.325 
Yy -- 0.003 0.003 0.004 
2 0.677 0.675 0.681 0.675 1.35 1278 
©r % 0.343 0.341 0.333 0.333 
Y — 0.833 0.834 0.834 
2 0.345 0.345 0.354 0.359 1.10 al 
©s % 0.147 0.143 0.144 0.148 
Y — 0.422 0.416 0.416 
2 0.525 0.525 0.538 0.532 1.96 1.07 
- & 0.050 0.051 0.045 0.043 
Y = 0.818 0.823 0.823 
2 0.505 0.503 0.502 0.505 1.14 1.39 
0, & 0.355 0.353 0.368 Ms! 
Y 0.590 0.596 0.597 
E 0.165 0.165 0.173 0.175 1.42 1.94 
©; Pi — - 0.136 0.150 
Y — — 0.101 0.106 
z = — 0.187 0.170 2.59 1.36 
O, 9n — 0.067 0.060 0.054 
Y — 0.617 0.618 0.618 
2 En 0.218 0.215 0.209 0.80 1.50 


1 See text for description of stage of refinement. 
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Table 1 (Oontinued) 
ee 


Individual isotro- 
pie B’s based on 
Stage of refinement! parameters of 
Parameters column (4) 
(1) (2) (3) (4) (5) 
(final) 
hkO hol 
ee Ale ze elle en dla se ler nn nen een ul ann nn 
Om & — 0.488 0.491 0.488 
Y — 0.658 0.655 0.659 
2 — 0.708 0.710 0.703 1.93 2.75 
B, % 0.247 0.247 0.236 0.238 
Y — 0.695 0.704 0.700 
2 0.180 0.180 0.180 0.187 0.61 0.48 
B, x — 0.067 0.072 0.070 
Y — 0.305 0.317 0.315 
2 0.650 0.660 0.656 1.01 0.85 
B3 x == 0.233 0.233 0.232 
Yy 0.887 0.882 0.887 
2 0.508 0.517 0.516 1.29 1.42 
I (Okl -- 0.30 0.20 0.18 
(hkO) — 0.30 0.19 0.15 
(h0l) 0.36 0.27 0.18 0.10 
Bu (Okl) — 1.13 1219 1.46 
(hk0) = 1.25 1.16 & 
(h0l) 1.00 1.43 1.19 < 


? Residual factor; AF omitted in calculation if F'ogs. — 0. 

3 Average isotropic temperature coefficient (in Ä2). 

* Individual isotropie temperature coefficients (in Ä2) given above in body 
of table. Standard errors in B: &,, = 0.05, &, = 0.25, &, = 0.25 Ä», 


positions of the maps. It was found that a good fit to the peaks was 
obtained for the same polyion, [B,0,(OH),]”, found in meyerhofferite 
(CHRIST and CLARK, 1956), and in inyoite (CLARK, 1959). This ion is a 
ring which consists of two boron-oxygen tetrahedra and a boron- 
oxygen triangle sharing corners. A 0,(x,2) was calculated on the basis 
of the coordinates of Table 1, column (1), using 122 terms out of a 
possible 154 for which F',,. > 0. This o,(&,2) and the model were 
then considered together and the coordinates of Table 1, column (2) 
taken as the best approximation to the true coordinates. At this stage, 
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one water molecule, O,,, had been located. Successive electron-density 
projections on the planes normal to the three principal erystallographie 
axes were computed. After the third projection for each axis there 
were no further sign changes. 'T'he position of the second water mole- 
cule, O,, was established in the course of the refinement. A “best” set 
of coordinates was derived from the final three electron-density pro- 
jections and is given in column (3), Table 1. For the electron-density 
projections, all reflections for which (sin 0)/A < 1.0 in each of the 
three zones, were considered. The final 0,(x,y) contained 237 out of a 
possible 270 terms with F „> 0, the 0,(x,2), 144 out of 154 terms, and 
the o,(y,2), 182 out of 221 terms. The terms omitted were those for 
which the signs were indefinite because of the small magnitudes of the 
terms. The coordinates of column (3), Table 1, were then further 
refined by least-squares analysis. 

For the least-squares refinement a program devised by D.E. 
APPLEMAN and E. MoNASTERSKI, U.S. Geological Survey (private 
communication), for the Burroughs 205 computer, was used. The 
refinement was carried out on the two zones having the best atomie 
resolution, that is (h0l) and (hk0). The AF7;,minimized were weighted 
by the factor w, where Yw = |F,;./4F min. | for observed |F',,,| smaller 
than four times the minimum observed |F,,|, and where Yyw = 
AR uin.|Foss.| for |Foos.| > 4 Fin. |, The parameters refined were the 
atomic coordinates, individual isotropie temperature coefficients, and 
the scaling constant relating the calculated and observed structure 
amplitudes. In the caleulation of the temperature coefficients and the 
scaling constant the cross-terms were included, but for the atomic 
parameters only the diagonal terms were used. The caleulated shifts in 
atomic parameters became insignificant after 16 cycles of refinement 
for the (h0l) zone, and after 13 cycles of refinement for the (kk0) zone. 
In carrying out the refinement, one-half the indicated shift in the 
positional parameter and the temperature coefficient were applied as 
corrections in each cycle of refinement. The two sets of x coordinates 
resulting from the least-squares refinement of the two zones are 
generally in excellent agreement. For caleium the deviation of each of 
the two x values from their mean is 0.0009 cycles, for the three borons 
the average deviation is 0.0012 cyeles, and excepting O,, O,, and O,, 
the average deviation for the oxygens is 0.0012 cycles. 

For O,, O,, and O, the average deviation is 0.0043 cycles. For the 
final x parameters the average of the two x values is taken for all 
the atoms except O,, O,, and O,. For these the x values given by the 
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Table 1, column (4). 


Table 2. Comparison of observed and calculated structure factors for the three zones 
hk0, h0l and Okl. Calculated F,;, are based on the atomie coordinates of 
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Table 2 (Oontinued) 
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(h0l) data are chosen, because it was found that this choice led to the 
best overall set of final residual factors. The 2 coordinates are taken as 
found from the final cycle of least-squares refinement of (h0l) data. 
The final y coordinates are those indicated by the least-squares refine- 
ment of the (hk0) data with the exception that the y coordinate of O, 
was taken from the final o,(y,2). This was done because the serious 
overlap of O, with the caleium on the projection normal to c had the 
effect of shifting the O, into the calcium in the refinement of the 
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(hk0) data. The higher relative uncertainty in the positions of O,, O;, 
and O, has been taken into account below in assigning errors to the 
lensths of the bonds. The final atomic parameters and temperature 
coeffieients are listed in columns (4), and (5), Table 1. A comparison of 
the observed and caleulated structure factors is given in Table 2. 

The standard errors associated with the atomic parameters and 
interatomie distances are listed in Table 3. The caleulated standard 
errors for the interatomic distances are as follows: Ca—-0 + 0.02, 


Table 3. Standard errors in the atomic parameters and interatomic distances of 
CaB,0,(0H), : 2H,0, from least-squares refinement 


Ca: &, = 0.00047 (eyeles) Ca: &, = 0.0033 (A) 
&, = 0.00032 &, — 0.0030 
&, = 0.00064 & = 0.0041 
Orr 20.0016 (er 2, = 
&, = 0.0011 &, = 0.010 
&, = 0.0022 &, = 0.014 
139 8, B:#.- 10.015 
&, = 0.0014 &, = 0.013 
&, = 0.0027 eo 
&: &0a_0= 0.02(A) 
E00 O0 0.03 
EB—07 0.03 
& = [w(AP)?/(n — p)]» & = &r | [£w(OF/dx)?]!» 


2 = (2,0) es (e,b) (&,c)? + 2lezc, abcos y + Eat, UCCOs P + EyEr bccos &) 


is the number of observations. 

p is the number of parameters. 

is the standard error in the structure factor F. 

&, is the standard error in the positional parameter » of an atom. 
is the standard error in the interatomic distance r. 


S 


0-0 - 0.03 A, B-O -+ 0.03 Ä. Because two-dimensional data were 
used in the refinement it seems likely that these limits of error are a 
little low. Accordingly, we take the following as more likely limits: 
Ca-O + 0.025 A, O—-O + 0.04 A, B-O + 0.04 Ä. These larger 
limits would also have the effect of including the above-average 
uncertainty in the positions of O,, O,, and O,, and the relatively 
smaller errors in the cell constants, not taken into account in the 
caleulation of g,. 

The residual factors for the final structure are R;o, = 0.10, 
Ryro = 0.15, and Roy. = 0.18. The refinement of the data of the (hOl) 
and (hk0) zones included the determination of individual isotropie 
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temperature coefficients. It was not thought worthwhile to attempt to 
determine individual temperature coefficients for the (0kl) zone, and 
the higher R,,, undoubtedly reflects the use of an average isotropie B. 
Difference Fourier projections normal to b and c were also calculated 
following the least-squares refinement. These difference maps showed 
that there is thermal anisotropy in CaB,O,(OH), - 2H,0, but no 
attempt was made to assess the magnitude of the effect. The features 
of the maps resulting from this anisotropy and from atomie overlap 
made difficult any decisions on significant atomie shifts, and no 
attempt was made to test the effects of such possible shifts on the 
calculated structure factors. 


Deseription and discussion of the structure 


The principal structural features of CaB,0,(OH), : 2H,0 are 
illustrated in Figs. 2 and 3. The crystal contains insular polyion rings 
of composition [B,0,(OH),], consisting of two boron-oxygen 
tetrahedra and a boron-oxygen triangle linked at corners. Successive 


Fig.2. Projection of the structure of CaB,0,(OH), : 2H,0 on (001). The open 

double circles represent water molecules, otherwise the same representation is 

used as in Fig.1b. The number designations of the atoms correspond to those 

given in Tables 4, 6, 7 and 8. The dashed lines represent the principal hydrogen 
bonds 
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individual polyions are linked through caleium-oxygen bonds to form 
endless strings along [001], with additional caleium-oxygen bonds and 
hydrogen bonds linking adjacent strings together into pairs. Each 
double string is tied to the adjacent double string by hydrogen bonds 
to form infinite puckered sheets parallel to (001). Every Ca'* is 
surrounded in an irregular way by three hydroxyls as nearest neigh- 
bors and by two water molecules, two oxygens, and one hydroxyl at 
larger distances. 
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Fig.3. Projection of the structure of CaB,0,(OH), - 2H,0 on (100). The dashed 
lines show the coordination of the Ca 


The cleavage properties of erystals of CaB,O,(OH), : 2H,O were 
studied but no really good cleavage was found. Instead, the cerystals 
fractured in a roughly reproducible way to yield uneven and con- 
choidal surfaces, that were identified as being approximately parallel 
to (110), (230), (121), and (010). These results may have been affected 
by the presence of inclusions in the only erystals available for examina- 
tion. 

The principal interatomie distances and angles are listed in Tables 4 
to 8. The average B—O length in the triangle is 1.36 Ä and the average 
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Table 4. Boron—oxygen bond lengths and bond angles for CaB,O,(OH), : 2H,0 
(See Fig. 2) 
nm 
B Bond angles 


—O bonds 


Triangle around B, 


DB, 0,* 132 \ 
Ban! 1.41 Ä 
BO, 1.35 Ä 


Average — 1.36 Ä 


Tetrahedron 
Br 0,* 1.51 Ä 
Be0 1.46 Ä 
Bro: 1.46 Ä 
BeO, 1.44 Ä 


0,-B,0,* 
O,-B,80,* 
0,-B;—0, 

> == 


around B, 


0,-B,-0,* 
0,-—B,-0,* 
ee 
ee 
0,-B,—0,* 
0,*-B,—0,* 


Average = 


Tetrahedron around B, 


Br 0,% 1.51 Ä 
Br 0% 1.46 Ä 
BO, 1.48 Ä 
B,0,/ 1.48 Ä 


Average — 1.48 Ä 


(B—-O bonds all + 0.04Ä) 


* Hydroxyl oxygen. 


0, — B,-0,* 
0, —B;—0, 
0,7 —B,—0,* 
05° —Be-0; 
0,” —B,—0,* 
0,7 —B, 0,’ 
Average — 
B, —0,—B3’ 
B} —O,—B; 
By —0,—B; 


118.6° 
219.32 
121262 


360.0° 


109.0° 
2085 
116.2° 
Lonain 
106.3° 
107.6° 


109.4° 


210295 
108.3° 
107.6° 
107.0° 
211202 
212312 


109.5° 


122.7° 
120.0° 
124.2° 


(All angles + 1.5°) 


BO length in the two tetrahedra is 1.48 Ä (Table 4). These results 
are in excellent agreement with the results previously found in other 
borates, as is shown in Table 5. The three O—B—O angles of the 
triangle add up to 360° exactly, indicating that within limits of error 
the boron lies strictly in the plane of the triangle. The average values 
ofthe 0-0 distances for oxygens bonded to the same boron are 2.41 Ä 
_ for the tetrahedra, and 2.35 A for the triangle (Table 6). These values 
are in good agreement with those found for colemanite (ÖHRIST, CLARK, 
and Evans, 1958) where the average O—O distance in the tetrahedra is 
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Table 5. Comparison of average boron — oxygen bond lengths for CaB,0,(OH),' 2H,0 


and other borates 
ee er Se A hear nn BE a DEE En Een nen uns 


% 4 Average B—O length ee 
en Triangle |Tetrahedron 
Tnyotemn 2 Ja. 1.38 Ä 1.47 Ä CLARK, 1959 
Colemanite . 2... ASTRA 1.48 Ä CHRIST, CLARK and Evans, 
1958 

Meyerhofferite . . . 1.38 Ä 1.49 Ä CHrıIsT and CLARK, 1956 
Borası te Sa 1.36 A 1.48 Ä MorIMoTo, 1956 
Metaboric acid . . 1.36 Ä 1.46 Ä ZACHARIASEN, 1952 
CaB,0,(OH), : 2H,0 1.36 A 1.48 Ä Present study 


Table 6. Oxygen — oxygen distances in CaB,0,(OH), : 2H,0 for oxygens bonded to 
the same boron 
(See Figs. 2 and 3) 


ee Er RE Eee en 
Triangle around B, Tetrahedron around B, Tetrahedron around B, 
Errea e ZE. lan, ee Te a eh an Re TE 
0, 0,+ 232X EN 0, 20,8 724208 
0, 0522. 317% 0.05 2.40% O,r=0,+ 7244 
0,-0,.5 24088 Om O3 A000 00 
Se: 0, —0,* 2.37 0,07 242% 
Kae 9! 9 1 9 5 
Ave 2307 0, —0,* 2.32 Ä O0 2371 
El, EN 0,8-0, 2452 
Average = 2.40 Ä Average = 2.42 Ä 


(All O—O bonds + 0.04 A) 
* Hydroxyl oxygen. 


2.42 Ä and that in the triangle is 2.37 Ä. In inyoite (CLARK, 1959) the 
average O—O distance in the tetrahedra is 2.40 Ä, and in the triangle 
2.39 Ä. Despite the closeness of the two average values found for 
inyoite, analysis of all the data available indicates that in these 
borates the O—O separation in the tetrahedra is probably a little 
larger, on the average, than the O—O separation in the triangle. In 
CaB,0O,(OH), : 2H,0 the distance of closest approach of two calcium 
atoms is 4.19 + 0.02 Ä. The average boron—boron distance in the 
polyion ring is 2.51 + 0.05 Ä. The Ca—O distances (Table 7) are 
divided into two distinct classes. There are three shorter separations 
averaging 2.38 Ä, and including the short Ca—0O, distance of 2.34 Ä, 
and five longer distances averaging 2.53 Ä. The situation here is similar 
to that found for inyoite (CLARK, 1959), where there are four shorter 


Ca—0 links averaging 2.40 Ä, and four longer ones with an average 
of 2.54 Ä. 
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Table 7. Calcium — oxygen bond lenghts in CaB,0,(OH), : 2H,0 


(See Fig. 3) 

Ca—O bonds (all + 0.025 Ä) 
CaA0,2 3A Ca—0,* 2.49 Ä 
Ca 0,%, 2,40.A Ca-0,+ 2.50 Ä 
Ca-0,* 2.40 A CG04 25 
Average ofthree — 2.38 Ä | Ca-0, 2.57 A 
N 
Average of five — 2.53 Ä 


Average of eight = 2.48 Ä 
* Hydroxyl oxygen. + Water oxygen. 


Table 8. Oxygen — oxygen distances in CaB,;0;(0H),; ' 2H,0 for oxygens not 
bonded to the same boron 
(See Fig. 2) 


NT — 


(Only distances < 3.0 Ä listed) 


De) NO, OO ENNETÄ 
OO FG 27AA 0,8 220040288 X 
Öle 0, +02. 78% ON 
O,%u- 10,1%, 2.79, LEN 


0,* —0,* 2.84 Ä 
(All O—O distances + 0.04 Ä) 


* Hydroxyl oxygen. + Water oxygen. 


The role of the hydrogen atoms in the CaB,0,(OH), : 2H,0 struc- 
ture is inferred indirectly. There are two oxygen atoms, O0, and O,, 
which are not bonded to boron atoms. These are assumed to represent 
water molecules. Those oxygen atoms not shared between two boron 
atoms are taken to represent hydroxyl groups. This arrangement of 
oxygens bonded to two borons, and hydroxyls bonded to one boron 
accounts satisfactorily for the hydrogen content of the compound, and 
is characteristic ofthe type of polyion found inhydrated borate erystals. 

There are four interpolyion oxygen—oxygen linkages between 2.70 
and 2.79 A, and five between 2.84 and 2.94 Ä (Table 8). These distances 
have been taken as indicative of hydrogen bonds. The hydrogen bonds 
corresponding to the distances between 2.70 and 2.79 Ä are clearly 
normal bonds with the proton donor and proton acceptor atoms 
easily visualized: O, receives a hydrogen bond from O, (Fig. 2) of 
length 2.78 Ä, O, receives a bond from O; oflength 2.79 Ä, O, receives 
a hydrogen bond from O, of length 2.70 Ä, and O, receives a hydrogen 
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from O, of length 2.74 Ä. These bonds account for four of the nine 
hydrogens present in the asymmetric unit. The hydroxyl group 
represented by O, lies at distances greater than 3.0 Ä from the nearest 
oxygens (not bonded to the same boron as O,) and presumably does 
not form hydrogen bonds. This hydroxyl group accounts for a fifth 
hydrogen. The five oxygen—oxygen distances between 2.84 and 
2.94 Ä are taken to represent hydrogen bonds which are only partly 
occupied due to some kind of disorder. The water molecules represented 
by O; and O, are separated by a distance of 2.87 Ä, which is consi- 
dered as indicative of a weak hydrogen bond. Since there is a center of 
symmetry in the structure lying midway between these water mole- 
cules, it is assumed that the polar hydrogen atom in the bond is 
contributed half the time by one molecule and half the time by the 
other. An exactly similar situation exists with the centrosymmetri- 
cally related pair of hydroxyl groups represented by O, and O; where 
the separation is 2.84 Ä. The water molecule represented by Oj, is at 
2.94 Ä from O,, at 2.95 Ä from O,, and at 2.88 Ä from O;. These 
distances are considered to represent three partial hydrogen bonds. 
Thus the four remaining hydrogen atoms can be distributed among 
the five partial bonds in a disordered way which may be static or 
dynamic as far as the x-ray evidence is concerned. 

In colemanite, which becomes ferroelectrie at temperatures of 
—2.5° to —6°C (GOLDSMITH, 1956; CHYNoWETH, 1957), there is a 
similar system of disordered hydrogen bonds in the room-temperature 
structure. It was postulated (CHRIST, CLARK and Evans, 1958) that in 
this compound the ordering of the hydrogen atoms to form normal 
hydrogen bonds at the lower temperatures removes the constraint of 
centrosymmetry and allows the crystal to become spontaneously 
polarized. Dr. P. H. FanG of the U.S. National Bureau of Standards 
(private communication) has examined CaB,O,(OH), - 2H,O for ferro- 
electrieity at temperatures down to that of liquid nitrogen. Unfortuna- 
tely, only small crystals were available for the experiments, and this 
fact, coupled with the limited sensitivity of the techniques employed 
by Dr. Fang, led to inconclusive results. 
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On the orientational and rotational disorder 
in molecular erystals 
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Auszug 


Für die Kristalle von pseudo-einatomigen, zweiatomigen, pseudo-zwei- 
atomigen, tetraedrischen und oktaedrischen Molekülen sind die Strukturen mit 
gewisser Orientierungs- oder Rotationsunordnung der ersten Phase unterhalb 
des Schmelzpunktes durchgesehen worden im Zusammenhang mit der Größe 
der Schmelzentropien. Es scheint, daß es eine gewisse kristallchemische Regel- 
mäßigkeit gibt bezüglich der prädominanten Strukturtypen von kubisch- 
flächenzentrierten und kubisch-körperzentrierten Anordnungen. 


Abstraet 


For erystals of pseudo-monatomic, diatomic, pseudo-diatomic, tetrahedral 
and octahedral molecules, the structures with some orientational or rotational 
disorder of the first phase below the melting point have been surveyed in connec- 
tion with the magnitude of their entropies of melting. There seems to be a cer- 


tain erystal-chemical regularity as to the predominant structures of the face- 
centred cubie and body-centred cubic types. 


Introduetion 


It is of significance not only to physics and chemistry of solids but 
also of liquids to study orientational and rotational disorder in mole- 
cular crystals. One of the entries to such a problem would be the 
consideration of thermodynamic characteristics displayed on melting 
of moleeular erystals. As is well-known, the melting point T,, of a 


erystal is related to the enthalpy of melting AH,, and the entropy of 
melting A8,, in the following way, 


T„= AH„[AS,. (1) 
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Further, according to experience, the melting point of a molecular 
crystal generally rises as the cohesive forces between molecules become 
greater. Such a tendency is shown in Fig.1, where 7, is chosen as 
ordinate and the enthalpy of vaporization AH, of the liquid phase as 
abscissa. In Fig.2 is plotted the A8,-AH, relationship for some 
molecular compounds. Of course it is always to be born in mind that 
the quantities AH,, AH,, and AS, are all the differences connected 
with the difference in the internal states of the phases on both sides of 
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Fig.1. The 7T„-4H, diagram 


a transition. On considering such thermodynamic characteristies it 
will be natural to choose the monatomic series of Ne, A, Kr and Xe as 
reference erystals. Actually, as shown in Fig.1, the points for these 
erystals lie on a straight line which nearly passes the origin. In Fig. 2 
these erystals show approximately the same value of 3.36 e.u. for 
AS. It may be added that in Fig.1 almost all points lie below the 
rare-gas line except for HF, in which some extraordinary molecular 
species might exist in its liquid and vapour phases. 

As for cerystals of polyatomie molecules of medium molecular 
weight, WALDEN! noticed in an early time that some crystals of 


ı P, WALDEN, Über die Schmelzwärme, spezifische Kohäsion und Mole- 
kulargröße bei der Schmelztemperatur. Z. Elektrochem. 14 (1908) 713—724. 
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certain aromatic compounds give more or less constant value of about 
13.5 e.u. for AS,,. A modern example of such an observation will be 
naphthalene, of which the erystal structure of definite molecular 
orientation according to the space group symmetry P2,/n is determined 
with high precision and the entropy of melting has been measured to 
be 13.1 e.u.?. About twenty years ago TIMMERMANS? drew attention 
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Fig.2. The A85„-AH, diagram 


to a group of polyatomic-molecular erystals, which show entropies of 
melting less than 5e.u. and also high softness and plastieity in the 
phase I immediately below their melting points, and called them 
“erystaux plastique”. Such compounds generally possess another solid 
phase below phase I with the entropy of transition of comparatively 
large value. TIMMERMANS imagined that in such a plastie crystal the 
molecules are in some violent rotational motion. 

In the following paragraphs, some erystal-chemical discussion will 
be given for some molecular erystals based on the results of thex-ray, 


2 G. S. PAR&s, H. M. HuUFFMmAnN, Some fusion and transition data for hydro- 
carbons. Ind. Eng. Chem. 23 (1931) 1138—1139. 

° J. TIMMERMANS, Un nouvel &tat mesomorphe des cristaux organiques 
plastiques. J. chim. physique 35 (1938) 331—344. 
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thermodynamic, and nuclear magnetic resonance studies in order to 


see if it be possible to advance a step in the systematization of mole- 
cular erystals. 


Table 1. Orystals of monatomic and related molecules 


Mole- Biel Tue Phase I Deaeitgon Phase II 

Eile point (cell) point (cell) Remarks 
(AS) (AS,,) 

Ne 24.57°KR | f.c.c. (4) — —- en 
(3.26) (4.53 kX) 

A 83.385°K | £.c.c. (4) — — zu 
(3.35) (5.43 kX) 

IS: 115.95°K | £.c.c. (4) — _ 
(3.37) (5.68 kX) 

Xe 161.3°R f.c.c. (4) — — — 
(3.40) (6.22 kX) 

HF | 190.09°K | Bmmb (4) —_ — 
(5.756) (3.42, 4.32 

5.41Ä) 

HCI1 | 158.94°K | f£.c.c. (4) 98.38°K | orthorh. (4) | NMR 
(2.99) (5.46 kX) (2.89) 

HBr | 186.28°R | £.e.c. (4) 116.9° K — NMR, Ph. III 
(3.09) (5.76 kX) (0.734) (orthorh.) 

HI | 222.36°K | £.c.e. (4) 125.68°K er, NMR, Ph. III 
(3.08) (6.18 kX) (2.0) 

H,O | 273.16°K | 062c (4) — — NMR 
(5.26) (4.47, 7.28kX)) 

H,S | 187.63°K | £.e.c. (4) 103.54°K a ar 
(3.03) (5.79 kX) (8253) 

NH, | 195.40°K | cubie (4) — — — 
(6.92) (5.22 kX) 

PH, | 139.38°K | £.c.c. (4) 88.12°K — —— 
(1.94) (6.31 kX) (1.32) 

CH, | 90.66°K | £.c.c. (4) 20.50°°K Bi NMR 
(2.48) (5.89 kX)) (0.76) 

SIH, | 885°K — IR — — 
(1.80) (2.32) 


Crystals of monatomie and pseudo-monatomie molecules 


Crystals of monatomic series Ne, A, Kr and Xe are of the type of 
cubic closest packing and show almost constant value 3.36 e.u. for 
the entropy of melting. In connection with this monatomic series, 
that of the pseudo-atoms, so-called by Grimm, will be considered 


4H.G. Grimm, H. Wour, Atomchemie, Handb. Physik 24/2 (1933). 
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next. Such pseudoatoms, for example HF, H,O, NH, and CH, for the 
second period, are, roughly speaking, spherical atoms with one, two, 
three and four bulges, respectively. Table 1 gives some data on the 
erystals of rare gases and pseudo-atom hydrides. In this and following 
tables cerystalline phases are designated by I, II, III, ..., numbered 
from the melting point downwards. 

As for the erystals of hydrogen halides, the structure of hydrogen 
fluoride HF was determined by Arosı and Lierscoms°. The crystal 
is orthorhombic and made up of the hydrogen-bonded zig-zag chain of 
HEF---HF---HF---. Between the two hydrogen-bonded fluorine atoms 
there are two sites for one hydrogen atom, and into these two sites 
two half-hydrogen (4 H) atoms are distributed on the average. The 
to-and-fro motion of the hydrogen atom between these two sites will 
become more and more violent as the temperature rises. In such a 
state the erystal reaches its melting point and melts with AS, OH 
5.756 e.u., which is considerably larger than the rare-gas value. As for 
HCI, HBr and HI, there are two or more phases below the melting 
point. The phase stable in the lowest-temperature region will be of the 
crystal structure more or less similar to that of hydrogen fluorids 
described above, the dipolar or hydrogen-bond interaction being 
mainly operative. On the other hand, the phase I of these molecules 
is the same for all and of the type of the eubie closest packing. Judging 
from the value of about 3 e.u. for the entropies of fusion, the statistical 
symmetry of the molecules is very high owing to a large extent of 
orientational or rotational disorder. However, if one adds the entropy 
of transition II to I, 2.89 e.u., of hydrogen chloride, for example, to 
its entropy of fusion, 2.99 e.u., one gets the sum 5.88 e.u., which is not 
much different from A8,„, 5.756 e.u., of hydrogen fluoride. 

Of the series of H,O, H,S, and H,Se, the structure of ice will need 
little description. Only, this is also an averaged structure, in which 
two half-hydrogen atoms are evenly distributed over the two sites 
between the hydrogen-bonded oxygen atoms. The motion of hydrogen 
atoms has been studied recently by means of proton magnetic reso- 
nance absorption and other experiments®. The entropy of fusion of ice 


5 M. Arosı and W. N. LıpscoMsg, The crystal structure of hydrogen fluoride. 
Acta Crystallogr. 7 (1954) 173—175. 

6 N. BLOEMBERGEN, E. M. PuRcELL and R. V.Pounp, Relaxation effects 
in nuclear magnetic resonance absorption. Physic. Rev. 73 (1948) 679—712; 
A discussion on the physics of water and ice. Proc. Roy. Soc. [London] A 247 
(1958) 421—538. 
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is 5.25 e.u., which is larger than the rare-gas value and smaller some- 
what than that of hydrogen fluoride. From the value of about 3 e.u. 
for the entropies of fusion and the eubic closest packing structure of 
H,S and H,Se, it may be imagined that the crystal structure of the 
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Fig.3. Molecular structure of diacetylhydrazine CH, CONHNHCOCH, 


Fig.4. Bounded D map of diacetylhydrazine (y = —+ to +4). 
Contours at 0.25 e.Ä-2 intervals 


phase I of these molecules is essentially the same as that of the phase I 
of HCl, HBr and HI as to the orientational or rotational disorder. 

The structure of ammonia and phosphine in the phase I is not yet 
known. Only, corresponding to the strong tendency to hydrogen 
bonding, ammonia shows a large entropy of melting 6.92 e.u., whereas 
AS, of phosphine is as small as 1.94 e.u. For phosphine there are 
three transitions known other than melting and the sum of the four 
entropy changes is 0.65 + 1.32 + 1.32 + 1.94 = 5.23 e.u. 
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As for methane, there are phases I and II. Phase I is of the type 
of eubie elosest packing, and, according to ALPERT’S experiment”? of 
proton magnetic resonance, the molecules are rotating almost freely. 
The entropy changes are: AS(II — I) = 0.76 and AS, = 2-48 e.u., 
the latter being smaller than the rare-gas value. Additional proton 
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Fig.5. NMR experiment of diacetylhydrazine erystal. © Second moment in 
Gauss?. a Line width in Gauss 


maenetic resonance experiment® revealed that self-diffusion of methane 
molecules is occurring in its phase I. Thus, one of the reasons why the 
value 48, = 2.48 e.u. is smaller than the rare-gas value may be 
sought in greater ease of self-diffusion in the erystal of rotating methane 
molecules. 

In passing, in connection with methane our recent experience on 
the rotation of methyl group will be described. SuisTAanı? has analysed 
the structure of anhydrous crystal of diacetylhydrazine CH,CONH- 
NHCOCH.. In this erystal, putting aside hydrogen atoms of methyl 

?N.L. ALrERT, Study of phase transition by means of nuclear magnetic 
resonance. Physic. Rev. 75 (1949) 398—410. 

8 J. T. Tuomas, N. L. Arperrtand H.C. ToRRey, Nuclear magnetic reso- 


nance in methane. J. Chem. Physics 18 (1950) 1511. 
®° R. SHINTANI, to be published soon. 
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groups, the molecular skeleton possesses a planar shape with a 
centre of symmetry and lies on a plane of symmetry of the erystal 
(see Fig.3). As for the positions of the methyl hydrogen atoms, they 
are clearly recognized on the bounded Fourier D map of the electron 
density (see Fig.4), one of the three hydrogen atoms being situated on 
the symmetry plane mentioned above and the other two on both side 
of, and apart from, the plane symmetrically. On the other hand, 
according to our experiment!? of proton magnetic resonance, we have 
to conclude that the methyl groups are carrying out reorientational 
motion around the axes of C—Ü bond (Fig.5). 


Crystals of diatomie and related molecules 


Halogen molecules are chemically simple diatomie molecules, and 
Cl,, Br, and I], all give orthorhombie cerystals of the space-group 
symmetry Ccma. In these crystals any one atom is surrounded by, 
besides the other one of the same molecule, eleven atoms of the other 
neighbouring molecules, the molecular arrangement being such that 
the potential due to strong dispersion forces is kept as low as possible. 
Moreover, there may be interactions due to the anisotropy of the 
electrical polarizability of molecules, which should further be inter- 
preted in terms of electronic structure. As seen in Table 2, the entropy 
of melting of these crystals is about 9 e.u., which is much larger than 
the rare-gas value. 

As for the “diatomic molecule’”’ of the pseudo-atoms OH, NH, 
and CH,, the cerystals of hydrogen peroxide!! and hydrazine!? have 
been analysed. Both are of the hydrogen-bonded structure and there 
seems to be no considerable orientational disorder. In fact, AS,, of 
hydrogen peroxide is 9.29 e.u., which is not much different from those 
of halogen erystals. The phase I of ethane is said to be hexagonal, and 
its 48, 7.63 e.u., suggests that the extent of orientational disorder 
will not be very high. 

Oxygen is known to possess three crystalline phases and a very low 
value 1.95 e.u. of entropy of melting for the phase I. Although not 


10 R. Suintanı, H.CHıHArA, J.Irom and I. Nrrra, Nuclear magnetic 
resonance experiment of diacetylhydrazine. Bull. Chem. Soc. Japan 31 (1958) 
768—769. 

11 8, C., ABRAHAMS, R. L. CoLuın and W. N. Lıpscoms, The crystal structure 
of hydrogen peroxide. Acta Crystallogr. 4 (1951) 15—20. 

12 R. L. Corzın and W.N. Lirscoms, The crystal structure of hydrazine. 
Acta Crystallogr. 4 (1951) 10—14. 
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studied in detail, phase I is cubic with a — 6.83 Ä (at 50°K). In view 
of the following examples, the erystal is supposed to be of the type of 
closest packing of molecules with statistically nearly spherical sym- 


metry. 


Table 2. Orystals of diatomiec and related molecules 


EEE re ee ae rose mem 


Melting Phase I Transition Phase II 
Molecule | point (cell) point (cell) Remarks 
(AS) (AS) 
| 0 | | 1 
Cl, 172.16°K | Ocma (4) — — — 
(8.89) (4.50, 6.29,8.21Ä) 
1Bin, 265.9°K | Ocma (4) — — — 
(9.48) (4.48, 6.67,8.72Ä) 
I, 386.3°K | Ccma (4) u — — 
(9.67) (4.795, 7.255, 
9.780 Ä) 


HOOH | 271.2°K | P42, (4) => — _ 
(9.29) (4.06, 8.00 Ä) 
H,NNB, | 274.7°K | P2,/n (2) — ee _ 
>) (3.56, 5.78,4.53Ä, 
109.5°) 

CH,-CH, | 89.89°K | Omme (2) — — —- 
(7.603) | (4.46, 8.19 kX) 


ISE 63.14°K | P3m (2) 35.61°K | Pa3 (4) | Q=1.27-102* 
(2.729) | (4.039, 6.670 Ä) | (1.536) (5.66 Ä) 
co 68.09°K | P3m (2) 61.55°K | Pa3(4) |S,=1.1 eu. 
(2.933) | (4.11, 6.79 A) (2.457) (5.63 A), u 0.11D 
Q =1.6:- 10% 
Heine 191 Pa3 (4) 132° |orthorh. 1 9=53 230.2 
(5) (6.14 Ä) 
HON 259.92°K | I4mm (2) 170.412) Imm 2) NO —=UT2102 8 
(7.73) (4.63, 4.34 Ä) (0.02) (4.13, 4.85 
4.34 Ä) 
Co: 216.5°K |Pa3 (4) = = Q=3.1: 10% 
(9.35) (5.62 Ä) 
OCS 134.34°K | R3m? — _ Q=2.9:- 1073 
(8.411) | (4.08Ä, 98° 58°) 
CS, 161.1°K | tetrag.? — OF El0 Zee 
(6.52) (8.12, 3.77 A) 
N,0 182.30°K | Pa3 (4) — —_ Q=4.4 - 10-2 


(8.574) | (5.77 A) 


* electrostatic CGS units. 
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Nitrogen shows two crystalline phases!?. The phase I is said to be 
of hexagonal closest packing in respect to centres of mass of molecules. 
Judging from the low value 2.72 e.u. of A$,, and that of the axial 
ratio c:a, phase I will be in a high degree of orientational or rotational 
disorder, which causes molecules to be of higher symmetry on the aver- 
age. The entropy of transition II to L is 1.54 e.u., and the phase II is 
built upon the cubic unit cell containing four molecules. By analogy 
with acetylene which will be described next, the structure may be 


Fig.6. Unit cell of acetylene crystal 


supposed to be of the closest packing arrangement of the centres of 
mass of molecules with cubically regular orientation of molecular 
axes parallel to the four body-diagonals. However, the librational 
motion of molecule seems to be considerable. Carbon monoxide is 
quite analogous to nitrogen in showing two crystalline phases of seem- 
ingly the same structure. The phase transition of these molecules have 
recently been studied theoretically!*. In the contents of the lattice 
13 After having finished the present manuscript there appeared a paper: 
L. H. Borz, M. E. Boyp, F. A. MAver and H. S. PEIsER, A re-examination of 
the erystal structure of « and ß nitrogen. Acta Orystallogr. 12 (1959) 247—248. 
14 L. JANSEN, A. MICHELS and J. M. Lurron, Contribution to the analysis 
of molecular interactions in compressed nitrogen and carbon monoxide. Physica 
20 (1954) 1215—1234, 1235—1243, 1244-1249; L. JANSEN and F. W. DE WETTE, 
On the theory of transitions in molecular erystals. Physica 21 (1955) 83—84; 
F. W. ps Werte, On the theory of transitions in some molecular cerystals. 
Physica 22 (1956) 644—646. 
16* 
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potential of the phase II, the relation between the dispersion forces and 
the orientational forces due to electrical quadrupole moment of 
molecules will be so as to realize the structure mentioned above. 
Acetylene HCCH is a “diatomie molecule‘‘ of the pseudo-atom 
CH, of which the phase I has been analysed by SUGAWARA and 
Kanapa° using single erystals. The unit cell, «= 6.14 Ä (- 117°0), 


Fig.7. Electron-density distribution in acetylene crystal 


of Pa3 contains four molecules. The centres of mass of molecules lie 
at the eubiec face-centred lattice points and the axes of molecules are 
regularly oriented parallel to the four body-diagonals so as to give 
cubic symmetry (see Fig. 6). Fig.7 shows the electron-density distribu- 
tion of the unit cell projected on the (100) plane. As the quadrupole 
moment of acetylene is considerably larger than that of nitrogen, the 
regular orientation of molecules in the erystal is kept up to its melting 
point. The entropy of melting of acetylene is about 5 e.u. and somewhat 
larger than the sum of entropies AS(IT —I) and A8,, for nitrogen. 
It is interesting to note that the above structure of the phase I of 
acetylene belongs to the same structure type as CO, and N,O. 


15 T', SuGaAwARA and E. KanpA, The crystal structure of acetylene I. Sci. 
Repts. Res. Inst. Tohoku Univ. A4 (1952) 607—614. 
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Crystals of tetrahedral molecules 

Tetrahalogenomethanes are naturally thought of as typical tetra- 
hedral molecules. However, the structure of the phase I for these 
molecules has not yet been known with certainty. The entropies of 
melting of these compounds are smaller than the rare-gas value; for 
example, 2.4 e.u. for CCl,. However, it isto be remarked that, according 
to early studies!® of x-ray diffraction of liquid carbon tetrachloride!”, 
the intensity distribution could not be accounted for by the model of 
simple aggregation of freely rotating molecules. 

The forces that mainly govern the crystal structure of tetrahedral 
molecules will be those of dispersion, repulsion and octupole inter- 
action. If the octupole moment is large enough to govern the mutual 
orientation of molecules, the crystal will have a cubic body-centred 
lattice with parallel molecular orientation according to the cubic 
symmetry. On the other hand, if the moment is not large enough, the 
erystal will be of the closest packing with orientational or rotational 
disorder. 

The phase I of neopentane has a cubic face-centred unit cell con- 
taining four molecules, and showing the entropies 4.4 e.u. for the tran- 
sition II to I and 3.033 e.u. for melting, the orientational or rotational 
disorder will be concluded. Actually, according to Monzs and Posr!#, 
the intensity distribution showed a temperature factor with a large B, 
and the structure factor could be accounted for by the model of free 
spherical rotation of molecules. Also by the experiments 19,20 of proton 
magnetic resonance a considerable degree of molecular rotation and of 
self-diffusion 2° were deduced. The series of compounds, tertiary butyl 
chloride (CH,),CCl, 2,2-diehloropropane C(CH3,),Cl,, and 1,1,1-tri- 


16 1. Nırra and T. WATANABE, A note on the interpretation of x-ray diffrac- 
tion pattern of liquid earbon tetrachloride. Sci. Papers Inst. Physic. Chem. 
Research 28 (1936) 277—283; A. PETERLIN, Schlüsse auf die Orientierung von 
Flüssigkeitsmolekülen aus dem Röntgenstreubild. Physik. Z. 37 (1936) 43. 

1? Note added: B. Post, The eubic form of carbon tetrachloride, Acta 
Crystallogr. 12 (1959) 349. 

ı8 A, H. Monzs and B. Post, X-ray diffraction study of erystalline neopen- 
tane (tetramethylmethane). J. Chem. Physies 20 (1952) 755—756. 

ı H. $S. Gurowsky and G. E. PAk&, Structural investigations by means of 
nuclear magnetism. II. Hindered rotation in solids. J. Chem. Physics 18 (1950) 
162—170. 

2 J. G. Powres and H. $S. Gurowsky, Proton magnetic resonance of the 
CH, group. I. Investigation of six tetrasubstituted methanes. II. Solid solutions 
of i-butyl chloride in carbon tetrachloride. J. Chem. Physics 21 (1953) 1695 — 
1703, 1704—1709. 
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chloroethane C(CH,)Cl,, show a gradual transition in the values of 
AS, for the phase I; 2.0, 3.25 and 4.5 e.u. Nuclear magnetic resonance 
also showed molecular motion in erystals of (CH,);CC12°, (CH,),0C1, "9 
and (CH,)CC],; "9 20, 


Molecule 


Table 3. Orystals of tetrahedral molecules 


Phase II 
(cell) 


Remarks 


BE EEE VER EEE VERREESEEEEEEREEEEEEE uam) 


C(CH;),Cl, 


C(CH,)C], |: 


C(SCH,), 
(8,4) 


CNO,) 
(8,4) 
C(CH,OH), 
(8-3) 


Melting Phase I Transition 
pomt (cell) point 
(AS) (AS) 
89.47°K — 76.23°K 
(1.87) (4.6) 

250.3°K |£.o.c. (4) |225.5°K 

(2.4) (8.34 Ä) | (4.8) 

363.2. KH Pa3 (SWR SNACK 
(2.70) (11.34 A) | (4.7) 

decomp. 

256.61°K | £.c.e. (4) | 140°K 

(3.033) | (8.78 Ä) | (4.4) 

248°K 1.0.04) 219CR 

(2.0) (8.40 Ä) | (8.7) 

256°K eubic (4) | 207.4°K, 
(B.T8EÄN ZEN DSIEBSIS 
(sum 7.6) 
238°K — iss eK 
(3.25) (> 4) 
241°K a 224°K 
(4.5) (7.97) 
338. CR u |b.e.04(2), L318.7KR 
(2.87) (8.15 Ä) | (5.60) 
DBTIERıh.ee. (2) TOR. 
(3.45) (7.08:Ä) ER (5:7) 
539°K Fm3m (4) | 457°K 
(3.16) (8.963&X ) | (22.8) 


monoelinie 


tetragonal? 
11.2, 11.5 


JENES 


I4/mmm (2) 
(8.17,7.96Ä) 


I (2) 
6.067, 
(8.799 kX)) 


monoclinic ? 
NMR 
self-diffusion 


Phase III 

[P22%,e (2)] 

tr. p. (II—III) 
2382, C 


Among tetrahedral molecules there are those in which internal 
rotations are allowed around the four tetrahedrally oriented single 
bonds of the central atom. In such cases the circumstance will gener- 
ally become more complicated. However, in some cases the x-ray 
analysis can afford some interesting information about the internal 
rotation of the molecules. 
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Aceording to the x-ray investigations by PERDOK and others?!, 
tetramethyl orthothiocarbonate C(SCH;), possesses three erystalline 
phases; phase III has a structure based on P42,c, the unit cell con- 
taining two molecules of the symmetry 4 (Fig.8); phase II has a 
bimolecular unit cell, [4/mmm, in which a molecule of the symmetry4 
and its mirror-image are arranged at the lattice points randomly so as 
to give the statistical molecular sym- 
metry of 4/mmm; and, finally, in 
phase I the molecular symmetry goes 
up to cubic and such molecules are 
arranged at the cubic body-centred 
lattice points. The successive entropy 
changes at the transitions are, from 
thelowesttemperatureside, 4.83,5.60 
and 2.87 e.u., the sum being 13.30e.u. 
In view of the following examples, 
it will be desirable to re-examine if 
there be no other possibilities in 
making up models which account 
for the observed x-ray data as 
well. 

In the case of tetranitromethane C(N0,),?, there are two phases 
known. The entropy of transition AS(II —T) is 5.7 e.u. and that of 
melting A8,, 3.45 e.u.?®, the sum being about 9.2 e.u., which is con- 


Fig. 8. Molecular structure of 
tetramethyl orthothiocarbonate, 
C(SCH,), 


2ı H. J. BACKER and W. G. PERDoR, Transformations “ordre-desordre” 
dans les röseaux cristallins de molecules organiques. I. Propri6tes physiques des 
molecules du type Cx,, specialement de C(SCH;),. Rec. trav. chim. 62 (1943) 
533-549; W. G. PERDoK and P. TERPSTRA, Order-disorder transformations in 
the lattice of organic molecules. II. The erystal structure of C(SCH;,), below 
23.2°C. ibid. (1943) 687—695; III. The erystal structure of C(SCH,), above 
23.2°C. ibid. 65 (1946) 493-501; W. G. PERDOK, Die Kristallstruktur der 
kubischen Modifikation von organischen Verbindungen mit kugelförmigen 
Molekeln. Helv. Chim. Acta 30 (1947) 1782—1783. 

22 7, Opa, T.Iıpa and I. Nırra, Crystal structure of tetranitromethane. 
I. J. Chem. Soc. Japan 64 (1943) 616-621; T. Opa and C. WATANABE, Crystal 
structure of tetranitromethane. II. ibid. 65 (1944) 154-160; T. Opa and 
I. Nitra, Crystal structure of tetranitromethane III. ibid. 65 (1944) 621—626; 
T, Opa, X-ray study on rotation in some molecular erystals. X-rays 4 (1945) 
3-8; T. Opa, On the crystal structure of tetranitromethane. Memoirs Osaka 
Univ. of Liberal Arts and Education, (B), No. 2 (1953) 1—16. 

23 T, Nırta and $. Sexı, Vapour pressures of molecular erystals. III. Vapour 
pressure of tetranitromethane. J. Chem. Soc. Japan 62 (1941) 907—914. 
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siderably smaller than the above example. The electron diffraction 
study by Stosıck # gave the free molecule of the following struc- 
ture. The four nitrogen atoms attached to the central carbon atom 
form a regular tetrahedron, and the configuration of the oxygen atoms 
symmetrically branched from nitrogen atoms furnish the 
molecule with the symmetry 4 (Fig. 9). The x-ray analysis by Opa and 
others using single erystals revealed that phase I is based upon the 
cubie unit cell I 43 m containing two molecules of statistical symmetry 
43 m. Such elevation of molecular symmetry in the crystal can be 
effected, with the cubic orientation of the CN, tetrahedron, as it is 
actually the case, by the rotation of oxygen pairs around the C—N 
bonds. In this respect this phase I can be imagined to be a disordered 
structure in which the molecular axes (4) are randomly oriented along 
the prineipal axes (x, y and z) of the cubic system. OpA and others 
observed that on the Laue photographs of this crystal there is a halo 
ring and some diffuse spots. It was shown that the halo could be ac- 
counted for approximately by assuming free rotation of oxygen pairs 
around the C—N bonds and by using a similar calculation to that 
carried out by BiJvorT and KHETELAAR?. As for the diffuse spots, 
they could be explained? by taking into account the correlation of 
mutual orientation between neighbouring molecules and by using 
MATSUBARA’s general formula?” for the diffuse scattering by disordered 
crystals. In the present case the intensity /, of diffuse spots is given 
by the formula 


eh Fler ln: 5 
1—-8Sacosw H cost KcoszL ’ (2) 


I EN er) 


where N is the number of molecules in the crystal, « a function of 
temperature and potential energy between neighbouring molecules, 
&,n,£ the suffixes denoting that the molecular 4 axis is oriented parallel 


21 A. J. Stosick, The determination of the molecular structure of tetra- 
nitromethane by the electron diffraction method. J. Am. Chem. Soc. 61 (1939) 
1127—1130; P. H. LINDENMEYER and P.M. Haarıs, The infrared spectra of 
tetranitromethane. J. Chem. Physics 21 (1953) 408—414. 

5 J. M. Bisvorr and J. A. A. KETELAAR, Molecular rotation in solid nitrate. 
J. Am. Chem. Soc. 54 (1932) 625—628. 

” T. Opa and T. MATsUBARA, On the diffuse scattering of x-rays by single 
crystals of tetranitromethane. Bull. Chem. Soc. Japan 27 (1954) 273-276. 

” T. MArsuBARA, Diffuse scattering of x-rays by a partially ordered 
erystal, II. X-Rays 6 (1950) 15—25. 
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to the cerystallographic principal axes (x, y and z) respectively, 
H,K,Lthe parameters giving a point in the reciprocal space, and 


I er ER (87 8,) ereten, 
C, = 4 cos2nLz (cos2n Hx cos2n Ky + cos2nKx cos2n Hy), 


8, = —4 sin2n.Lz (sin2n Hx sin2n Ky + sin2n Kx sin2nH)y, 
etc., 


7, being the atomie structure factor of oxygen and x, %, z the parameters 
for its position. In order to make the caleulated intensities agree with 


Fig.9. Molecular structure of Fig.10. Molecular structure of 
tetranitromethane, C(NO,), pentaerythritol, C(CH,OH), 


the observed one, it was found necessary to assume & > 0. This 
assumption is satisfied if the potential energy between two neighbour- 
ing molecules in parallel orientation is smaller than in any other orien- 
tations; for example V(&,&) <V(E,n). It should be added that, 
although the entropy of melting of the phase I of tetranitromethane 
is rather small, its liquid phase shows a certain anomalous behaviour??. 

Finally, as is well-known, the phase II of pentaerythritol C(CH,OH), 
stable at room temperatures is tetragonal and has a structure consisting 
of molecules of the symmetry 4 (Fig. 10) linked by the OHO hydrogen 
bonds in the plane perpendicular to the 4 axis®. At 179.5°C this 
crystal is transformed into cubic phase I with the entropy of transition 


28 F. L. LLEWELLYN, E. G. Cox and T. H. Goopwin, The crystalline struc- 
ture of the sugars IV. Pentaerythritol and the hydrogen bond. J. Chem. Soc. 
1937, 883894: I. NırTa and T. WATANABE, Hydrogen bridges in solid penta- 
erythritol. Nature 140 (1937) 365; I. Nırra and T. WaranaBE£, Blectron density 
and interatomie distances in tetragonal pentaerythritol. Sci. Papers Inst. 
Physic. Chem. Research 34 (1938) 1669—1680. 
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22.8e.u.2. Phase [is based upon cubie face-centred unit cell containing 
four molecules. The statistical symmetry of the molecule in phase I is 
cubic or higher. On comparison between observed and calculated 
intensities using various possible models, it was coneluded that owing 
to the intramolecular rotations around the C—C and C—O bonds as 
well as the rotation of the whole molecule [rotation of C(CH,), tetra- 
hedron] the statistical symmetry must be m3m or higher?" Corre- 
sponding to this conclusion, the entropy of melting for the phase I is as 
small as 3.2 e.u. 


Crystals of oetahedral and related moleeules 


Sulphur hexafluoride SF, may be looked upon as a typical octa- 
hedral molecule. However, it is only known about this molecule that 
the entropy change at the transition II to I is 4.07 e.u. and that at 
melting 5.40 e.u. On the other hand, according to the electron diffrae- 
tion experiment®! the symmetry of a free molecule of C,Cl, is 3m and 
the shape is nearly octahedral. It is of erystal-chemical interest that 
phase I of the compounds of such kind shows a common feature as to 
the erystal structure (Table 4). 

Hexachloroethane C,Cl, possesses three crystalline phases; phase III 
is orthorhombic and phase II belongs to the monoclinic system, which 
transforms into phase I of cubice symmetry with 48 (II —I) 5.7 e.u.22=#, 
Further, phase I melts with A8,, 5.5 e.u.?2”2*, The x-ray studies of 


® I. NiTTA, S. SEKI and M. MoMoTANI, On the phase transition in penta- 
erythritol (I). Proc. Japan Acad. 26 (9) (1950) 25—29; I. NırrA, S. SEKI, 
M. Momoranı, K. SuzukI and S. NAKAGAwWA, On the phase transition in 
pentaerythritol, II. ibid. 26 (10), (1950) 11—18: I. Nıfra, T. WATANABE, 
S. SekIand M. MoMOTANI, On the phase transition in pentaerythritol, III. ibid. 
26 (10) (1950) 19-24. 

»° I. Nırta and T. WATANABE, X-ray investigation of the eubic modification 
of pentaerythritol. Bull. Chem. Soc. Japan 13 (1938) 28-35. 

®1Y. Morıno and M. Iwasaxı, The estimation of the hindering potential 
barrier of hexachloroethane by electron diffraction investigation. J. Chem. 
Physics 17 (1949) 216. 

»? I. NırtA and $. SEkT, Vapour pressure of molecular erystals I. J. Chem. 
Soc. Japan 62 (1941) 581—586. 

»® K.J.Ivım and F.S.Damrton, The vapour pressures, latent heat of 
sublimation and transition points of solid hexachloroethane. Trans. Faraday 
Soc. 43 (1947) 32-35. 

3”: 5. SEKI and M. MomoraAnı, Heats of transition of hexachloroethane. 
Bull. Chem. Soc. Japan 23 (1950) 30-31. 
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Table 4. Orystals of octahedral molecules 


Melting Transition 
Molecule point En ; point Remarks 
DE 2 2 
SF, 222.5°K 2, 94.26°K er —_ 
(5.40) (4.07) 
C1,0-C0], 458°K b.c.c. (2) | 344.6°K monoclinie | Phase III 
(3m) (5.5) (7.43Ä) |(5.7) (orthorh.) 
Br,C:CBr, == b.c.c. (2) — Pnma (4) — 
Me,C-CMe,| 373.7°K |b.e.c. (2) | 148°K = NMR 
(4.82) (7.69 A), | (3.13) 
M&,CIC- |434°K b.0.0. (2). 161° == _ 
CCIMe, (7.58 Ä) 
Me,;C - 408°K see (9) | not cubic — 
CMe,Cl (7.62) |134°K (IL, IT’) 
M&C - 424°K b.o.es(2) 11788°K 2 — 
CMeCl, (7.58 Ä) | 
OLC - 446°K b:e:e.(2) 211.0°K (IT,.1T%) _ 
CM&,Cl (7.4 Ä) 233.5°K 
Me,Si - 2370 RN b.ae.02) | 2219 °K — NMR 
SiMe, (2.51) (8.47 Ä) | (10.5) 


the phase 135-3” show that it has a cubie body-centred unit cell with 
two molecules ofthe statistical symmetry of m3m owing to therandom 
orientation of the C—C bond along the directions of the four body- 
diagonals. The molecular arrangement in this erystal seems to be 
governed mainly by the dispersion and repulsive forces. Phase I of 
hexamethylethane C,(CH,),?? shows the same characteristics of the 
crystal structure and A 8,, 4.82 e.u. The analogous argument applies 
to the compounds, 2,3-dichloro-2,3-dimethylbutane (CH,),C1IC—COl- 
(CH,),3, 2,2-dichloro-3,3-dimethylbutane (CH,);C—C(CH,)C1,°?, 2- 


3 C, D. Wust, The crystal structure of hexamethylethane and of cubic 
hexachloroethane. Z. Kristallogr. 88 (1934) 195—197. 

36 C, FINBARK, Rotation in molecular lattices. Tidskr. Kemi Bergv. 17 No. 9 
(1937) 2. 

3” M. Arosı, T. Opa and T. WATANABE, On the crystal structure of eubie 
hexachloroethane. Acta Crystallogr. 6 (1953) 868. 

ss DT, Opa and T. Koıpe, On the erystal structure of 2,3-dichloro-2,3-di- 
methylbutane. Bull. Chem. Soc. Japan 29 (1956) 208—209. 

3 T, KoIpe, T. Opa and I. Nitra, On the erystal structure of 2,2-dichlor- 
3,3-dimethylbutane. Bull. Chem. Soc. Japan 30 (1957) 198—199. 
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chloro-2,3,3-trimethylbutane (CH,),C—C(CH;)C1®, and 1,1,1,2-tetra- 
chloro-2-methylpropane C1,0—C(CH,),C1*. 

Hexamethyldisilane (CH,),Si,, which is an analogous compound 
to (CH,);C,, will be of a shape more deformed from the octahedral 
owing to a larger distance of Si—Si bond, even if it has the molecular 
symmetry 3m. According to our study, this compound shows two 
crystalline phases, of which the entropy change at the transition 
point II to I is 10.5 e.u. and that at the melting point 2.51 e.u., the 


Fig.11. Molecular structure of hexachloroethane, C,Cl, 


latter being smaller than the rare-gas value. Further, our x-ray study 
revealed the phase I has a cubic body-centred arrangement in respect 
to the centres-of-mass of the molecules, of which the statistical 
symmetry is m3m or higher. The single crystal of this phase I shows 
spot-like diffuse scattering on the Laue photographs, of which an ana- 
lysis similar to the case of tetranitromethane was tried. On the other 
hand, YuKITosHI, SuGA, Sekı and Iron“ carried out a proton 


“ T. Koipe, 8. TAKEUCHI, T. ODA and Y. YAmADA, An x-ray study on the 
erystal structure of 2-chloro-2,3,3-trimethylbutane. Bull. Chem. Soc. J apan. 
30 (1957) 683—684. 

“ T. Koıpe, T. Opa and I. Nırra, Physical properties and erystal structure 
of 1,1,1,2-tetrachloro-2-methylpropane. Bull. Chem. Soc. Japan 29 (1956) 
738—740. 

42 T. YUKITOSHI, H. SuGA, S. Sekrand J. Iro#, Nuclear magnetic resonance 
experiment on solid hexamethyldisilane. J. Physic. Soc. Japan 12 (1957) 506 to 
515. 


On the disorder in molecular erystals 253 


magnetic resonance experiment with this substance in the region of 
about —180°C to about + 20°C, and measured the temperature de- 
pendence of the width of absorption line as well as the second moment 
and also that of the spin-lattice relaxation time (Fig. 12). As the 
result, CH, groups in the crystal are carrying out reorientational motion 
around the Si—C bond even at the liquid air temperatures, with an 
energy of activation of 2.6 kcal/mole. Further, from about —120°C 
the line-width and the second moment tend to decrease more or less 
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Fig.12. Proton magnetic resonance in solid Si,(CH;,),; 


markedly. This change is attributed to the onset of the internal rotation 
around the Si—Si bond with an energy of activation of 5.7 kcal/mole. 
On passing the transition point —51.3°C from phase II to phase I 
both the line-width and the second moment decline abruptly. This is 
due partly to the onset of reorientation ofthe molecular axis and partly 
to the rapid increase of the self-diffusion of molecules. The energy of 
activation for the diffusion was estimated to be about 10 kcal/mole. 
At melting neither the line-width nor the second moment shows any 
observable change. 


Coneluding remarks 


So far it has been shown that there is some erystal-chemical regula- 
rity between certain thermodynamic characteristics and crystal 
structures of phase I. They are related through higher degree of orien- 
tational or rotational disorder of the molecules, which are more or less 
regular in shape. Similar consideration may be extended to molecules 
which are more or less complex in chemical structure and shape. How- 
ever, as such compounds are so diverse, and detailed investigations 
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Table 5. Miscellaneous molecular erystals 
ee 


Melting Transition 
Molecule point Zt point ee; a Remarks 
(AS) (ASır) 
I 0 01 | mn 
Cyclohexane 279.8°K |f£.c.e.(4) | 186.0°K _ NMR 
(2.22) (8.76 Ä) | (8.59) 
Thiocyclohexane |292.3°K |f.c.c. (4) | 240.02°K - Phase III. 
(2.002) (8.69 Ä) | (7.742) tr.p. (II-III) 
201.4°K 
(0.303 e.u.) 
Camphor ABS. KR f.c.c. (4) | 250°K — — 
(2.8) (LOST) 7.6) 
Cyclohexanone 169’R fre.er (A)E 1397 — — 
(4.6) (8.61 Ä) 
Cyelohexanol 297°K f.e.c. (4) | 263°K — — 
(1.4) (8.833 Ä) | (7.45) 
Cyclopentane 17I9IK hexagonal| 122.4°K = NMR 
(0.8) (5.83, (9.6) 
9.33 Ä) 
Cycloheptatriene | 193°K eubic (8) | 148°K — — 
(10.6 Ä) 
HC(CH,CH,);N ASK eubic (4) == — — 
(8.977 Ä) 


there of are not so ample at present, only some data are collected in the 
form of a table (Table 5). 

Since the problem of erystal-chemical systematization of molecular 
crystals is naturally very difficult, it may be hoped that the con- 
sideration such as given above upon the structure of molecular cerystals 
which have orientational or rotational disorder will make some con- 
tribution to the problem, and this contribution may be added to the 
significance of the study of disordered structures given at the beginning 
of the present paper. 
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Auszug 

Die Berechnung der Intensität der Kleinwinkelstreuung von Röntgen- 
strahlen an ausgedehnten Medien gleichmäßiger Elektronendichte zeigte, daß 
die Fraunhofersche Näherung zu große Werte liefert, die sich für Kugeln, 
Scheiben und quadratische Tafeln außerdem um Größenordnungen unter- 
scheiden. Eine genaue Rechnung auf der Grundlage der Fresnelschen Beugung 
wurde für die quadratische Tafel durchgeführt. Unter der Voraussetzung, daß 
das Objekt nicht durchweg gleiche Abmessungen hat, ergaben sich kleine 
Intensitätsbeträge, die im Einklang mit der experimentellen Erfahrung sind. 


Abstract 


Caleulations of the small-angle intensity from an extended medium of 
uniform electron density, by the usual Fraunhofer approximation, lead to 
values which are too large and quite different in magnitude for different shapes 
such as spheres, disks and square plates. A rigourous caleulation is carried 
through for the square plate using Fresnel diffraetion and allowing for a small 
variation in the sample dimensions. The small intensities which are observed 
in practice result from the combined effects of Fresnel diffraction and the 
inevitable variation in sample dimensions. 


I. Introduetion 


In discussing the small-angle x-ray scattering due to density 
variations in an extended medium, it is customary to introduce an 
average electron density o, and a difference Ae. The contribution by © 
is then discarded as being negligible except at angles too small for 
measurement. This step is often justified by showing that the intensity 


* Research sponsored by the U. S. Office of Naval Research. Reproduction 
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from a sphere caleulated by the Fraunhofer approximation reduces 
to negligibly small values for spheres with a diameter of the order of a 
millimeter. It is perhaps not always realized that the same kind of 
caleulation for a disk or a square plate leads to very high values for the 
contribution by the o, term. These high values are of course wrong, and 
they are due to two mistakes. In the first place, for samples with 
dimensions of the order of a millimeter, the Fraunhofer approxi- 
mation is no longer adequate, and the problem is one of Fresnel 
diffraction. In the second place, it must be realized that the effective 
samples cannot have exact shapes and exact dimensions, and although 
this small variation in the sample dimensions is of no importance for 
very small samples, it becomes extremely important as the particle 
dimensions increase. We shall consider first the Fraunhofer approxi- 
mation with exact sample dimensions, where both mistakes are 
being made. 


II. Fraunhofer approximation with exaet dimensions 
We consider a material of uniform atom density o, and atoms of 
atomic number Z. Letting s, and s be unit vectors in the directions of 
the primary and diffracted beams, and r the position of the volume 
element dV, the amplitude in eleetron units is given by: 


E(eu) = [ exp[2ri(s—$,) 1/4] ea ZaV . (1) 


(a) Sphere ofradius R 
The amplitude in electron units is given by: 


Rn 
E(eu) = 0,2 [ [exp [ikr cos p]2 ar? sinpgdpdr =$ nR?0,Z® (kR), 
00 


(2) 
where 
4rı sin 6 : j 
Ki =T- Ra — = (= — COS x) : 
Squaring, we obtain the intensity in elecetron units 
I(eu) = (4 aR?e0,Z)?” D’(kR). (3) 


For large values of kR, the term (sin kR)/kR becomes negligible 
compared to cos kR. Even though we assume an exact value for R, 
slit widths introduce a variation in k, and for large values of R we must 
use the average (cos? kR) = 0.5. Dividing by the number of atoms in 


ı A. GuINIER and G. FOURNET, Small angle scattering of x-rays. John 
Wiley and Sons, Inc. New York 1955. 
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the sphere N, = $r.R°o,, we obtain the intensity in electron units 
per atom 
67 0,2? 


I(eus) = Be (4) 


(b) Disk of radius R and thickness t 

We assume a thin disk of radius R and thickness t set symmetri- 
cally with respect to the primary and diffracted beams so that the 
diffraction vector is in the plane of the disk. The amplitude of dif- 
fracted radiation is given by 


R 2n t 
E(eu) = 2 N / / exp [ikr cos p]rdr dp da — FH ZR 7, (KR). 
000 : 
(3) 
The intensity is given by E?(eu). For large values of kR, J;? (kR) — 


(2/akR) sin? (kR _ 7) and since the slit widths give a variation in 


k, <sin? (kR _ z) > = 0.5. Dividing by the number of atoms in the 


disk N, = r.R?°t o,, we obtain the intensity in electron units per atom 


40,2°t 
I (eua) = -E—: (6) 


(c) Square Plate 

We assume a thin square plate of width w and thickness t, set 
symmetrically with respect to the primary and diffracted beams so 
that the diffraction vector is in the plane of the plate parallel to one 
edge. The amplitude of diffracted radiation is given by 


4w2 E£ 


E(eu) = 0,Z a exp [ikx] dx dy d = a er sin 7)- (7) 


—w/2 0 


The intensity is given by E?(eu). Since the slit widths give a variation 
in k, which becomes important for large values of w, (sin? (kw/2)) = 0.5. 


Dividing by the number of atoms in the plate N, = w?to,, we obtain 
the intensity in electron units per atom 
20.22 
](eua) = i (8) 


We now evaluate the three expressions Egs. (4), (6), (8) for the spe- 
cifie case of copper 0,2?= 172 x 10°*, CoK«radiation A —=1.79x 10”®cms, 
a scattering angle26 = 1°, and dimensions R = 0.05 em, t = 0,005 cm 
and w imagined to be of the order 0.05 cm although the value of w 
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does not appear in Eg. (8). Expressed in electron units per atom, the 
intensity expressions do not include the absorption of the beam. The 
numbers obtained are given in Table 1. 


Table 1. I(eua) for sphere, disk and square plate 


ee en 

Sphere | Disk |Square plate 

ee a ee er 
18 | 1.2x 10° | 1.902102 


The values for the disk and the square plate are so large as to be 
obviously absurd. For the sphere the value is small enough to seem 
reasonable, and to mislead one into thinking that this constitutes a 
proof that the scattering from an extended uniform medium is negli- 
gibly small except at extremely small 
angles. Actually all three of the values 
in Table 1 are in error due to assuming 
Fraunhofer diffraction when it should 
have been Fresnel diffraction, and fail- 
ing to allow for the fact that the shapes 
and dimensions of the samples cannot 
be exact. Since the worst case is that 
of the square plate, it is of interest to 
recalculate the square plate using Fres- 
nel diffraetion and allowing for a small 
amount of variation in sample dimen- 
sions. 


III. Square plate by Fresnel diffraetion 
with variation in sample size 
Fig.1. Geometry of the path o Kr: al Ee DEN 2 
lengths for Fresnel diffraction WILHETESPEOU LO Zune, DEAN SEN and dif- 

by a square plate fracted beams, with the diffraction vec- 

tor in the plane of the plate and 
parallel to the X axis as illustrated by Fig.1. The source to sample 
distance AO and the sample to observation distance OB are each D cms. 
The path travelled for a point xyz in the sample is r, + r,. Correct to 
quadratic terms 
(r, +r)—2D=[(Dsind + x)? + y? + 2? sin? 0 — D?sin?0]/D (9) 
and the amplitude is given by 
+uj2 t 
E(eu) = DZ ulsezp [2 nö {(D sind + 2)? + y? + 2? sin? 0 
—w]2 0 E 

— D? sin? 0}/AD]dxdydz. (10) 
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For the small values oft and 29 which we are considering, the term 
2?sin?9 can be neglected. The amplitude is then given by 


w2 
E(eu) = 0,Ztexp [- 2 niD sin? 0/2] [ exp [2 ni(Dsin6 + «)2/AD] 


—l2 


wj2 
x da [exp [2 niy?/AD]dy. (11) 


—w/2 


With appropriate changes in variable, Eq. (11) can be expressed in 
terms of the Fresnel integrals 


C(u) = f cos (n u2]2) du, S(u) = [ sin (n u2/2) du. 
{) Ö 
With the abbreviations 


A = (D/A)Y2 2 8in.0, ro) (12) 
we obtain 


SEAL exp [— 2 mi D sin? 0/2] [C (u) + iS (u)]4+: 


[O(e) +i8(e)l- (13) 


For large values of u (u > 8), the Fresnel integrals can be approxi- 
mated by 


E (eu) = 


CO (u) = 0.5 + sin (nu?]2)/|ru , 
S(u) = 0.5 — cos (nu?j2)/ nu , 
and the amplitude is expressed as 


dern -3 2=i D sin? 0) [C(&) + iS(e)] 


exp [in (A+e)2]2] __ exp Lin (A-e)?]2]) 
u 


E(eu) =— 


We now allow for a slight variation in the dimension w about the 
average value w, by setting 


p(w) = b(n)" exp [— d*(w — wo)”] , 


where b=2/Aw if Aw is the 1/e width of the p(w) peak. Setting 
Aw=ßw,, where ß can be chosen later, b — 2/ß w,. Since e = w(A Din 
the variation in eis given by 


p(e) = b(AD/n)!®exp [—b2iD(e— 0). (15) 
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The term [C(e) + iS(e)] is relatively insensitive to small variations 
in e. Averaging the terms exp [in(A + e)?/2] and exp [r(A — e)?/2] 
by means of Eg. (15), and multiplying Eq. (14) by its complex con- 
jugate, we obtain the intensity 


0„ZtAD 17, fexp [- 7? (A+80)?/2« b? AD] 
Ion) — (AD Tanke) Hl 
| exp[— 7? Au ab?AD] expl-® — .)/2 xb? AD] 2.008 (2A &/0)}; 
=0 


16 
where « = 1 + (n/25? AD). 12) 


See 


10% 107 lo or lo nor 10: 
——- W,(cms) 


Fig.2. Small-angle intensity from a square plate as a function of the plate 
dimensions for scattering angles 0.5° and 1.0°, calculated by Fresnel diffraction 
with allowance for small variations in sample dimensions and scattering angle 


We now allow for a variation in % due to slit width by setting 
p(k) = a(n)”"* exp [— a?(k — ko)?] 
where @« = 18 %/4(26°) if A(20°) is the 1/e width in degrees of the 
p(k) peak. It is only the last term of Egq. (16) which is sensitive to a 
small variation in k, and the appropriate average is given by 
<cos (277 A &,/%)) = 08 (wyko|a) exp [— {w, A (20°)/36 1Y2] . 
For the cases that we will be interested in evaluating, &, can be neglect- 
ed relative to A, and we can set « = 1. Dividing by the number of 


atoms N, = w?to,, we obtain the intensity in eleetron units per atom 
2 ‚, [C? (eo) + S? (£o)] (ko Pu)? 
I(eua) = 20, Zt Reg Re exp E pr 


xı1-exp I-( 361 -)] co Wk}. (17) 
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To illustrate the importance of the different terms, we shall evaluate 
Eq. (17) using the following rather conservative constants: A (26°) 
=(0.1°, = 2x10#,%=1.3x104, and D = 20 ems. The intensity 
is then expressed in terms of 20° the scattering angle in degrees. 


ER 1.90x1022% 
2 = rar [0% (1670 a) + 8% (1670 wy)] exp [— (218 w,20°)*] 
a = 0 


{1 exp [— (1.54x 10° w,)?2] cos (2 x 9.6x 105 1%,20°)}. (18) 


An evaluation of Egq. (18) for the scattering angles 20° = 0.5° and 
20° = 1.0° is shown by Fig. 2. In the size range from w, = 2x 107 
to wy = 10° cms, the fluctuations are due to the term exp [— (1.54 
x 10° w,)?] cos (27X 9.6x 10° w,29°). The rapidity with which they 
damp out depends on the chosen value 4 (20°) = 0.1 ° due to slit widths. 
The peaks and dips depend on the average dimension w, and in this 
size range small variations in size are of no importance. Throughout this 
range of size the intensity could have been obtained correctly from 
Eq. (7) since it is Fraunhofer diffraction. The fluctuations in the vieinity 
of w, = 10° cms are due to the term [C? (1670 w,) + 8?(1670 w,)] and 
the curve starts to drop as this term approaches a limiting value 
instead of continuing to increase. At about w, =5x 10° cms, a further 
rapid decrease sets in due 
to the variation in the Table 2. Values of I(eua) for the square plate cal- 
plate dimension which culated with three different degrees of approxi- 


mation 
was assumed. 
We now illustrate the Fraunhofer, exact dimensions 1.9x 1010 
relative importance of Fresnel, exact dimensions 1.4. x 108 
Fresnel diffraection and Fresnel with dimension variation 25 


variation in sample di- 

mensions in bringing down the absurdly large value for the square 
plate which was given in Table 1. We use w, = 0.05 ems, t = 0.005 cms, 
29 21.02, 0,72 = 72%10%, N=Hlt8xX107 cms, D=20.ems, and 
ß= 2x 10 corresponding to a 1/e width of the dimension variation 
Aw = 2x10-w,. The values are given in Table 2. 


IV. Diseussion 


The very small values of low-angle intensity observed in practice 
from extended volumes of uniform density are due to a combination of 
Fresnel diffraction and the inevitable slight variation in sample 
dimensions. Needless to say, there is no intention to imply that the 
Gaussian variations and the parameters which have been used here 
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represent general experimental conditions. They have been chosen 
merely for convenience in manipulation to illustrate the importance of 
some sort of dimension variation. 

We can now see the reason for the tremendous variation in the 
values listed in Table 1 for samples of different shape. For the square 
plate the dimension parallel to the diffraction vector was assumed to 
be constant and exact over the whole sample. For the disk there is 
automatically a variation of the sample dimension parallel to the 
diffraction vector and this averaging reduces greatly the computed 
intensity. For the sphere there is an averaging in two dimensions of the 
lensth parallel to the diffraction vector. This averaging brings the 
computed intensity down to values which are small enough to seem 
reasonable, even though the problem is set up in terms of an approxi- 
mation which is not justified. For all shapes other than the sphere, the 
small variation in direction of the primary and the scattered beams 
makes it impossible to have the diffraction vector preeisely in the 
symmetrical direction that has been assumed. This variation in the 
direction. of the diffraction vector has not been included speeifically. 

It is interesting to note that for the disk a correct Fresnel treatment 
leads to about the same value as given by the Fraunhofer approxi- 
mation. For this shape the variation in dimension parallel to the 
diffraction vector reduces so drastically the intensity computed by the 
Fraunhofer approximation that it is not really necessary to use & 
Fresnel treatment. The very small intensity observed in practice for 
the disk is due to the additional reduction resulting from small dimen- 
sion variations. 
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Auszug 


Die Kalifeldspat-Struktur weist drei Extreme bezüglich des Ordnungsgrades 
der Al/Si-Verteilung auf: 

1. Sanidin, ungeordnet monoklin, K(Al,Si),O;, 

2. Orthoklas, teilweise geordnet monoklin, K(Al,Si),Si,0;, 

3. Mikroklin, geordnet triklin, KAIS1,0;- 

Es gibt alle Übergänge zwischen den drei Varianten. 

Vollständig ungeordneter Sanidin ist bei hohen Temperaturen stabil. Beim 
Abkühlen geht er aus Gründen der Symmetrie in den teilweise geordneten 
Orthoklas über. 

Die geordnete trikline Struktur des Mikroklin ist bei tiefen Temperaturen 
stabil; bei rund 300°C beginnt sie, ungeordnet zu werden, bei rund 500°C 
erreicht sie den völlig ungeordneten Zustand des monoklinen Sanidins. 


Abstract 


In the potash feldspar structure there are three extreme variants differing 
in respect to the degree of disorder of the Al/Si distribution: 

1. Sanidine which is disordered monoclinie, K(Al,Si),O;. 

3. Orthoclase which is partly ordered monoclinie, K(Al, Si),Si,O;. 

3. Microcline which is ordered trielinie, KAISi,O;. 

There are all kinds of transitions between these variants. 

Completely disordered sanidine is stable at elevated temperatures. Upon 
cooling the symmetry requirements make it pass into partly ordered orthoclase. 
The ordered triclinie structure of mierocline is stable at low temperatures; at 
around 300°C it becomes slightly disordered and at around 500°C it passes 
into that of completely disordered monoclinie sanidine. 
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1. Mieroclines of variable trielinieity 

It has long been recognized that there are at least two forms of 
potash feldspar: monoelinic sanidine (or orthoclase), and trielinie 
mierocline. It is now recognized that between them there is a relation 
of order—disorder in respect to the Al/Si distribution. MAcKEnzıE 
(1954) and GoLpsmitH and Laves (1954) have shown that there are 
structurally intermediate forms between mierocline and sanidine, the 
fully ordered microcline exhibits the maximum of trielinicity, with 
A value! equal to 1, and it seems clear that the degree of order (the 
numerical value of A) is a function of temperature, although the 
quantitative relations are as yet not determined. 

GorLpsmITH and Laves (1954) have demonstrated that microcline 
will be partially converted hydrothermally to sanidine at a tempe- 
rature as low as 525°C, but that the mechanism of conversion is such 
thatthistemperature may not of necessity be in the stable field of sani- 
dine. Those authors have likewise collected a large number of experi- 
mental facts which led them to assume that the familiar cross-hatched 
microcline was formed by diffusive transformation from pre-existing 
monoclinie orthoclase (see LAvEs, 1950). 

Truly monoclinie symmetry corresponds to a high degree of dis- 
order, and it has often been assumed that stabilization of this disorder 
requires a temperature of at least 700°C. 

If this were true the common microcline, which is well-nigh 
ubiquitous in potash-bearing gneisses was formed on cooling from 
material that once was at 700°C. But research in petrology has shown 
that the feldspar erystallization temperature of many of these gneisses 
was as low as 400°C (BARTH, 1956). 

Consequently, either the temperature at which potash feldspar 
becomes highly disordered is as low as 400°C, or potash feldspar at 
400°C exhibits only a partly disordered structure? (of intermediate 
trielinieity) which upon cooling would transform diffusively into a 
more ordered structure of higher trielinieity. This structural change 
from low to high trielinieity is supposed to be sufficient to give the 
familiar cross twins in microcline. 

1 The so-called 4 value is a measure of the angular deviation of « and y from 


90°, and is, in the fully ordered, triclinie mierocline, by definition = 1. In com- 
pletely disordered monoclinie sanidine, J = 0. . 

®2 Many feldspars growing at low temperatures developed metastably a 
highly disordered (= monoclinic) structure because the thermal energy was 
insufficient to organize the growth of a more ordered structure. But this can 
hardly be generally true for all gneiss feldspars. 
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In either case the Laves hypothesis is upheld: microclines as we see 
them in most rocks are not primary but formed by diffusive trans- 
formation from pre-existing potash feldspars of zero, or near-to-zero 
triclinicity. 

2. The structures of potash feldspar 

High-accuracy structure determinations both of monoclinie and 
of trielinie potash feldspar are on record (CHAO, HARGREAVE and 
TAyLor 1940; CoLE, SÖRUM, KENNARD 1949; BAILEY and TAYLorR 
1955). The unit cell contains 16 (Si + Al) atoms which in the mono- 
elinie structures are divided into two sets of S equivalent sites (Si, and 
Si,), and in the trielinie structure are divided into four sets of 4 equi- 
valent sites: Si, (0), Si, (m), Si,(0), Si, (m), (notation of MEGAw 1956?). 


—— HEN — 


Fig. 1. Schematie projection of the feldspar structure normal to the c axis. Only 
the (Si, Al) positions are shown. Circles designate atoms in the upper half of the 
unit cell, erosses in the lower half. The eontours of the unit cells are shown. In 
this projeetion the (Si + Al) atoms form lines parallel to the b axis. The first 
line contains sites of the Si, set, they are in the trielinie variant split up into 
Si,(0) and Si,(m) sites (not shown in the figure); next comes a double line con- 
taining sites of the Si, set, again they are in the trielinie variant split up into 
Si,(m) and Si,(0); the third line contains in the same manner additional Si, 
sites; and the fourth line contains additional Si, sites. The fifth line is again 
identical to the first line, and so on. 


A projection of the structure normal to the ccaxis, as first determined 
by Tayror (1933), is displayed by Fig.1. Only the (Si, Al) sites are 
shown. They form alternating rows of Si, and Si, sets parallel to the 
b axis. Within each row there are, in the trielinie structure, alternating 
sequences of (0) sets and (m) sets. 

3 All potash-feldspar structures are geometrically very similar, and so closely 
related to the other feldspar types that the same system for naming individual 


atomie sites and symmetry-related sets is applicable to all feldspars. A con- 
venient system which should be standard has been fully and concisely described 


by Mesaw (1956). 
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There are two truly monoclinie structures, each characterized by 
a special order—disorder pattern in the Al-Si distribution (variate 
atom equipoints, BARTH 1934, Laves 1950): (1) The sites of all sets are 
chemically equivalent and exhibit the same mean cation—O distance 
(exemplified by the heated erystal of CorE et al., see appendix) 
indieating a completely disordered Si-Al distribution, i.e., according to 
the 3:1 ratio, there are 75°/, Si and 25°/, Al in each site. This structure 


50 @KIALSI),SI,O, 


25 
3 
0 
PEY/a 0 
© : 3 
K(AI,Si),Os —eu KAISI,O, 


Fig.2. The ternary system of potash feldspar. The aluminium-distribution 
pattern is given for each corner. The position of the Bailey-Taylor intermediate 
mierocline is indieated in the middle of the triangle. Arrows indicate possible 
paths of the diffusive transformation sanidine = microcline. It is proposed that 
the feldspar series from the left corner to the apex are called sanidine-orthoclase, 
and that feldspars inside the triangle and towards the right corner are called 
mieroclines. This would seem to correspond with the usual mineralogical nomen- 
clature. 


may be symbolized by the formula K(Al,Si),O,, and the aluminium- 
distributation pattern over the 4 fourfold sets, Si, (0), Si, (m), Si, (0), 
Si,(m) is 25, 25, 25, 25, which being interpreted means that there are 
statistically 25°/, aluminium atoms in each set of atomice sites. (2) The 
sites in one of the eight-fold sets are chemically homogeneous 
(cation—O distance = 1.58 Ä) and contain only silicon ions. In the 
sites of the other set (cation—O = 1.68 Ä) there is a statistical distri- 
bution of 50°/, Si and 50°/, Al. This case is represented by the unheated 
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crystal of CoLE et al. (see appendix), and may be symbolized by 
K(AI,Si),Si,0,. The aluminium-distribution pattern (in the same 
sequence as above) is 50, 50, 0, 0. 

In the maximum trielinie structure one of the four-fold sets, 
[Si, (m)] has sites with large cation—O distances (about 1.77 Ä), where- 
as the remaining three of the four-fold sets exhibit much smaller 
cation—O distances (about 1.60 Ä) thus indicating that the sites in 
the one set are occupied only by aluminium atoms, those of the three 
remaining sets only by silicon atoms. This structure is, therefore, fully 
ordered, it corresponds to the formula KAISi,O,, and the aluminium- 
distribution pattern is 0, 100, 0, 0. 

A microcline of intermediate trielinieity exhibits an intermediate 
distribution of the Al-Si ions; see appendix. 

This accurate knowledge of the potassium-feldspar structure 
makes it possible to describe in some detail the mechanism of the 
gradual change sanidine-orthoclase — microcline, i.e. the poly- 
morphie transition from monoclinie to triclinie symmetry. 

There are three “end members” in the potash-felspar structure: 

1. Disordered monoclinie with distribution pattern 25, 25, 25, 25. 

2. Partly ordered monoclinie with distribution pattern 50, 50, 0, 0. 

3. Ordered triclinie with distribution pattern 0, 100, 0, 0. 

These three modifications? form the corners in the concentration 
triangle in Fig. 2. 

Experiments indicate that the form stable at elevated temperature 
is no. 1, (completely disordered sanidine). 

Upon cooling, there is a tendency in this structure to become or- 
dered; theoretically there are two ways by which the crystal may 
attain full order, one direct and one indirect. 

(1) The most direct way is, of course, that the appropriate trielinic 
set, Si, (m), immediately becomes individualized and exchanges its 
silicon ions for the aluminium ions which are squeezed out of all the 
other sets of atomie sites. During this process of relocation the tri- 
clinieity increases from 0 to 1. The path runs along the horizontal side 
of the triangle directly from K(AI,Si),O, to KAISi,O;. 

(2) A less direet way is that all sites of Si, [corresponding to Si, (0) 
plus Si,(m) which in sanidine are inseparable] give silicon ions in 


4 It is worthy of note that sodium feldspar has at least two modifications, 
so that the system of alkalı feldspars consists of at least five end members. "The 
composition of an alkali feldspar is therefore obviously not a one-valued func- 
tion either of spacing or of indices of refraction. 


268 Tom. F. W. BARTH 


exchange for aluminium ions. This relocation, during which the crystal 
remains monoclinic, does not lead to full order, the end point being 
K(Al,Si),Si,O, (orthoclase at the apex of the triangle). The orthoclase 
investigated by COLE et al. (see appendix) indicates that this trend of 
relocation takes place in nature. Why should it? Obviously the alu- 
minium ions in monoclinic sanidine are unable to seek out only the 
Si, (m) sites, for in the monoclinie erystal there is no difference between 
Si, (0) and Si, (m). Thus the aluminium ions are initially unable to make 
the “right” selection and will enter into Si,(0) as well as into Si, (m). 
Consequently the first part of the path of relocation must follow the 
left side of the triangle from K(Al,Si),O, to K(Al,Si),Si,O;. 

Another question is whether the theoretical end point at the apex 
of the triangle is ever reached. Sooner or later the path will be de- 
flected. In order for the erystal (orthoclase) to become fully ordered, 
Si, (0) and Si, (m) must be individuated, so that aluminium can con- 
centrate in Si,(m) and silicon in Si, (0). The intermediate microcline 
investigated by Baıtey and TAytor (see appendix) represents one 
such state. During this rearrangement the triclinieity increases from 
some low value near the left side of the triangle to 1 at the right corner 
corresponding to KAISi,O,, which is the stable form at low tempera- 
tures. 

Upon heating of the ordered microcline the Al and Si ions will 
gradually become disordered. Microcline is trielinie and all four sets 
of atomie sites are well individualized, the logical path of relocation 
would seem to be the direct course along the lower side ofthe triangle 
of Fig.2 from KAIS1,O, to K(AL,Si),O;. It is possible that this path is 
followed under equilibrium conditions. On the other hand, HAFNER and 
Laves (1957) have shown that microcline, when heated in the labora- 
tory, first becomes partly ordered orthoclase (corresponding to some 
point near the apex of the triangle), and but by prolonged heat 
treatment eventually becomes fully disordered sanidine. In this case 
the path of heating is therefore analogous to the path of cooling. Said 
authors emphasize, however, that rapidly heated microcline which at 
elevated temperatures strives to attain the stable state of disorder, 
has to pass through various intermediate stages that are unstable at all 
temperatures. 

We thus arrive at the conclusion that the path of transformation 
is different accordingly as the crystal is heated or cooled, rapidly or 
slowly at various values of the absolute temperature. If this is true 
one can explain the existence of an infinite number of intermediate 
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microclines, indeed, potash feldspar structures corresponding to any 
point within the area of the triangle of Fig.2 can easily be understood. 

The stability relations of the three “end members’, or of the tran- 
sitional members, are not known. Sanidine, K(Al,Si),O, is stable at 
elevated temperatures, microcline, KAISi,0, at lower temperatures. 
Whether or not orthoclase, K(Al,Si),Si,O, has any real stability field 
is unknown. 

Apparently the difference in total energy between orthoclase and 
sanidine is less than that between microcline and sanidine. Data for the 
free-energy relations, which determine the stability of the various 
members, are hard to get from natural feldspars because of impurity of 
the available material, perthite formation, uncertainty of the physical 
conditions during erystallization, and of the cooling history etc. (va) 
Experimental data are of even less value: the reactions are slow; 
except at relatively very high temperatures, equilibrium has never 
been established in the laboratory. Theoretical data are not good 
enough: recently Ferausox, TraııLL and TAyror (1958) have dis- 
cussed “a possible origin for mierocline” and contended that the partly 
ordered monoclinie orthoclase, corresponding to my case 2, K(Al,Si), 
Si,O,, is more stable than both sanidine and mierocline because it re- 
presents a structure with the most perfect charge balance. But by 
using a different type of caleulation, MAcKenxzıe and SMitH (1959) 
arrive at the opposite result. They also remark, very appropriately, 
that no theory regarding the relative stability of the different forms of 
potassium feldspar can be seriously considered unless it accounts for 
the effect of temperature on the stability of the various forms. And 
again there are many other factors, in addition to the charge balance, 
that control the free energy. 

In an illuminating paper on order/disorder and ultrared absorption, 
HArFNER and Lavzs (1957) have demonstrated that there are “ortho- 
clases’” which are monoclinie in regard to light waves and x-rays, but 
nevertheless, according to the old hypothesis of MALLARD, are made 
up of submicroscopically twinned units. Furthermore said authors 
have given evidence of the existence of many different intermediate 
microclines (corresponding to different positions within the area of 
the triangle of my Fig.2). Many of these intermediate structures would 
seem to have no real stability field. Also the orthoclase modification, 
50, 50, 0, 0, is probably unstable, for the degree of order in monoclinie 
potash feldspars seems to exhibit a maximum, beyond which the 
structure will break into trielinie symmetry. 
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From petrological studies MArmo (1958) has suggested that the 
rate of growth eontrols the trielinieity of the potash-feldspar structure. 
Previously Laves (1950) had used the same idea to explain the ex- 
istence of both triclinie and monoclinie adularia. Although this may be 
so, it does not give us the true stability relations. Other authors have 
contended that the character of the cerystalline structure, even the 
very existence of the trielinie structure of microcline, is controlled 
chiefly by chemical conditions. But while FErGUson, TRAILL and 
Taytor (1958) believe that sodium is essential to the formation of a 
microcline, MAcK exziıe (1954, 1959) had made the opposite sugges- 
tion: that the sodium concentration must be very low in a microcline 
structure. 

In view of such conflicting results it would seem sensible to present 
objective observations without t00 much theory attached. 

Natural potash feldspar may occur as a homogeneous K-Na mixed 
crystal of monoclinic symmetry, or as a perthite of either monoclinie 
or trielinic symmetry. The host phase of perthite is almost pure potash 
feldspar rarely containing more than 0.5°/, Na,0. By using the feld- 
spar geologic thermometer (BARTH 1956) it is often possible to asser- 
tain the temperature of erystallization of alkali feldspars (either hom- 
geneous mixed crystals or perthites). This thermometer is based upon 
the distribution coefficient of soda between coexisting alkali feldspar 
and plagioclase, and although the accuracy of the absolute temperature 
values may be questioned, there is little doubt that the relative tem- 
peratures are very accurate for most of the rocks plotted in Fig.3. 

There is no reason in this place to go into the mineralogy or the 
petrographical relations of the feldspars investigated. Suffice it to 
state that, generally speaking, the feldspars of high temperature are 
homogeneous mixed cerystals and the feldspars of low temperature 
(below 600 °C) are perthites. T'he composition as given in the graph is 
the bulk composition of the perthite; the composition of the homoge- 
nous potash feldspar phase—and this is the phase in which we are inter- 
ested—is, however, almost pure Or (containing around 0.5°/, Na,O). 

Fig.3 shows that, generally speaking, feldspars formed at high tem- 
peratures (and quickly cooled) are monocliniec (orthoclases). Those for- 
med at lower temperatures are triclinie, and with one exception they 


° Monoclinie low-temperature feldspar have been specially collected and 
plotted into Fig.3. The plots do not refleet the natural frequency. Monoclinie 


feldspars are actually very rare in these low-temperature rocks (granite and 
granitic gneisses). 
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exhibit the cross-hatched microcline combination twins, and are 
therefore secondary in the sense that they have formed from material 
that was less trielinie originally. In other words, there was some dis- 
order as low as 300 °C. In this connection the lowest plot in the diagram 
merits special mention. It is a homogeneous microcline of composition 
97 Or, 3 Ab, and of trielinieity A = 0.93, oceurring in chlorite schist 
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Fig.3. Subsolidus relations in the system of alkali feldspars. Thin lines represent 
the different solvi as determined experimentally by different authors: B = 
Bowen and TuTtte (1950), Y = YODER et al. (1957) at 5000 bars vapor pressure, 
MK and TB = MacKexzie and SmetH (1958). Bulk composition versus tem- 
perature is shown for 73 feldspars. The solvus fitting these natural feldspars is 
indicated by heavy curve. Black dots represent monoclinie feldspars. Crosses 
represent triclinie feldspars. Note that all feldspars of low temperature 
(< ca. 600°C), are perthitic, and the potash-rich phase of the perthites is 
almost pure potash feldspar. 


formed at 270 °C. As distinct from all other microclines, this is not cross- 
hatched, the rather large and irregular twin individuals exhibit irratio- 
nal and curved twin boundaries, see Fig.4. This suggests a primary 
formation at 270°C within the stability field of the fully ordered 
trielinie microcline. 
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We may conclude, therefore, that the temperature at which dis- 


order becomes apparent in the potash-feldspar structure is around 


300°C. 
Most of the trielinie potash feldspars plotted on Fig.3 have been 
x-rayed. Most of them are relatively strongly trielinic (see Fig.5). 


Fig.4. Microphotograph of primary microcline. (From chlorite schist, Stöa, 
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Fig.5. Frequeney curve for various values of trielinieity of mieroeline from 
pegmatites, granites, and granitic gneisses 


In conclusion: The ordered trielinie structure of microcline is 
stable at low temperatures; at around 300 °C a slight disorder becomes 
apparent. It increases with increasing temperature and would seem to 
be complete at around 500 °C. Above this temperature the completely 
disordered monoclinie sanidine is stable. 
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Appendix 1. Note on speeimens investigated by x-rays 
CoLE et al. (1949) investigated orthoclase (monoclinie symmetry) 
of composition Or 91.0, Ab 6.5, An 2.5 and found the following unit 
cell dimensions, and interatomie distances: 


SE® 


Unheated 8.5616Ä | 12.9962 Ä | 7.1934Ä | 116.015° 1.58 A 
Heated 8.5642 Ä | 13.0300Ä | 7.1749 Ä | 115.994 ° 1.642 Ä 

During heating, 2V changed from 43° 1 (010), through zero, to 
44° || (010). In the structure of the heated feldspar all Si — O distances 
are the same (1.642 Ä) indieating a perfect statistical distribution of 
(Al + Si) over both sets of S equivalent sites. 

In the structure of the unheated feldspar, the two sets of 8 equivalent 
sites exhibit different Si — O distances, viz: Sin — O0 = 1.68 Ä, Si, — O 
— 1.58 Ä, indicating that the aluminium atoms have concentrated in 
the Si, sites, the silicon atoms in the Si, sites. To be sure, the Si, sites 
would seem to be occupied only by silicon atoms, whereas 50°/, Si and 
50°/, Al atoms are statistically distributed over the Si, sites. 

BaAıLey and Tayror (1955) investigated an intermediate miero- 
celine microperthite (trielinie symmetry) of composition Or 84.6, 
Ab 12.5, An 1.40 and found the following unit cell parameters: 


1.68 Ä 
1.642 Ä 


a b c & ß Y 
8.5784 Ä 12.9600 Ä REISEN 89° 42° 115° 58° | 90° 524° 
Set Si,(0) Si,(m) Si, (0) Si, (m) 
Distance cation— OÖ 1.645 1.700 1.611 1.614 
Aluminium content °/, 25 56 7 8 


The percentage aluminium content in the various sets as calculated 
by Baıtey and TAYLoR comes out as 96°/,. If this is adjusted to 100°/,, 
the numbers become respectively 26, 58, 8, 8. As compared to the fully 
ordered mierocline with an aluminium distribution of 0, 100, 0, 0, the 
degree of order of the BaıLev-Tavror microcline is A = 0.32. The delta 
value may also be determined from the geometrical constants: For the 
Bailey-Taylor microcline we have «* —= 89°55 and y* = 89°10%’ and 
for maximum microcline we have «* = 89°38’ and y* — 87°50’, 
indicating for the Bailey-Taylor mierocline A = 0.31. 

Based on these figures the cation—O distances extrapolated to a 
fully ordered maximum mierocline [in which all aluminium ions are 
concentrated in the Si, (m) set] come out as follows: 

AO 207 21.00 
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Auszug 


Es wird über eine neue chemische Analyse und über die kristallographische 
Untersuchung an Einzelkristallen des Väyrynenits von Eräjärvi im zentralen 
Finnland berichtet. Die Analyse ergab :MnO 34,01, FeO 5,92, Ca0 0,53, BeO 13,85, 
Na,O 0,20, K,O 0,04, Al,O, 0,40, P,O, 39,98, H,O-+ 4,93, H,0— 0,19, unlösl. 
0,06. Die Raumgruppe ist P2,/a— (,,°; die Gitterkonstanten sind a = 
5,41, + 0,005 A, b = 14,49 + 0.02Ä, c = 4,73, Ä + 0,006 A, = 102° 45’ 
+ 5’. Die Zelle enthält 4 Formeleinheiten (Mn,Fe)Be(PO,)OH. Die nahe Struk- 
turverwandtschaft des Väyrynenits mit dem Euklas AlBe(SiO,)OH wird dis- 
kutiert. 


Abstraet 


A new chemical analysis and x-ray single-crystal study are reported for 
väyrynenite, originally described by VOLBORTH (1954) from Eräjärvi in central 
Finland. The analysis gave: MnO 34.01, FeO 5.92, CaO 0.53, BeO 13.85, Na,0 
0.20, K,O 0.04, Al,O, 0.40, P,O, 39.98, H,O+ 4.93, H,O— 0.19, insol. 0.06; total 
100.11. X-ray erystallographie data are: monoclinie, space group P2,/a — Oy7°; 
a = 5.41, + 0.005Ä, 5b = 14.49 + 0.02, c = 4.73, + 0.005, P = 102° 45’ 
+ 05°; cell contents, 4 formula units. The first indexed x-ray powder data and 
new mineralogical observations on the physical properties are given. The close 
structural relation between väyrynenite, (Mn,Fe)Be(PO,)(OH), and euclase, 
AlBe(SiO,)(OH), is discussed. 


Introduetion 
The complex granite-pegmatite occurrence at Viitaniemi in the 
parish of Eräjärvi in central Finland shows a remarkable assemblage of 
phosphate minerals. There occur here particularly the rare berylliium 
phosphates, beryllonite NaBe(PO,), hurlbutite CaBe,(PO,),, herderite 


* Publication authorized by the Director, U.S. Geological Survey. 
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CaBe(PO,)(F,OH), and väyrynenite (Mn,Fe)Be(PO,)(OH), all of 
which have been described recently in great detail by VOLBORTH 
(1954a, 1954b, 1954c, 1954d). This paper gives additional mineralogical 
data and a new chemical analysis for väyrynenite (vi-ri-n&-nite) from 
this same locality. In addition to the phosphate minerals listed by 
VOLBORTH as occurring at Eräjärvi, eosphorite, fairfieldite, and 
moraesite have been found and identified by the authors. 

The existence of this manganese-iron berylliium phosphate was 
known to von KnoRRING as early as 1939 when he recognized it as a 
possible new mineral in several specimens collected by him at that 
time. In these specimens väyrynenite occurs in the following charac- 
teristic associations: 1) pink crystal aggregates up to 5 cm long, 
resembling rubellite, in a matrix of finely divided greenish-yellow 
muscovite (gilbertite) with microcline, amblygonite, apatite, and 
quartz; 2) brownish-pink erystals 1—3 mm long, enclosed in massive 
pink eosphorite with amblygonite, dark-green tourmaline, topaz, 
muscovite, cassiterite, and quartz; 3) pale gray crystal aggregates up 
to 3 cm long, intimately associated with massive pale gray apatite; 
and 4) partly replacing beryllonite crystals, in wedge-like pockets of 
quartz with amblygonite, microcline, and muscovite. 


X-ray erystallography 


A single-erystal x-ray study was made with a euhedral crystal of 
väyrynenite (about 0.5x0.5x 0.75 mm), mounted at the end of a 
glass fiber so that the crystallographice c axis was parallel with the 
fiber length. Zero-level patterns of the h0l and Okl nets as well as 
first-level patterns of the h1l and 1kl nets were taken with a quartz- 
calibrated Buerger precession camera, using Mo/Zr radiation 
(2 = 0.7107 Ä) to establish the lattice type and symmetry. These 
films were measured and corrected for film shrinkage. Systematie 
extinetions were observed to be of the type h0l, with A#2n, and 0k0 
with k#2n. These criteria led unequivocally to the space group 
P2,ja—05,°- 

Complete x-ray erystallographic data for väyrynenite are sum- 
marized in Table 1; they are compared with those originally cited by 
STRADNER in VOLBORTH (1954d). The value for « obtained in the 
present study differs considerably from that reported by STRADNER. 
STRADNER’S value is almost twice that we obtained in our study. She 
does not indicate the method by which her crystallographic data were 
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Table 1. Orystallographic data for väyrynenite 


Present study STRADNER in VOLBORTH 
(1954d) 

Crystal elass Monoclinie; prismatie —2/m Monoclinic 
Cell constants 

a 5.41, + 0.005 Ä 10.47 Ä 

b 14.49 + 0.02 14.40 

c 4.73, + 0.005 4.75 

ß 102° 45° + 05° 102° 49’ 
a:b:c (x-ray) 0.3734: 1: 0.3264 0.7271:1: 0.3299 
Cell contents 4[(Mn,Fe)Be(PO,)(OH)] S[(Mn,Fe)Be(PO,)(OH,F?)] 
Cell volume 361.7 Äs 697.0 Ä3 
Space group P2/® — Os? — 
Speec. grav. (calc.) 3.23 (for Mn:Fe = 85:15) 3.35” 
Spee. grav. (obs.) | 3.215-+0.005 (mierobalance) 3.183 (VOLBORTEH) 

3.22 (suspension method) 


* Calculated by the present authors on the basis of the cell data and cell 
contents cited by the original authors. 


derived. Also, there is no mention as to whether all the single-erystal 
x-ray photographs were made from the same crystal or whether 
several erystals were used for the various orientations. STRADNER’S 
a value of 10.47 Ä is in excellent agreement with the 10.45 Ä given 
for the a value for eosphorite from Newry, Maine by HurLsur (1950). 
Pink eosphorite was found by us in close association with väyrynenite 
which it resembles in habit and color; its identity was established 
optically and by x-ray powder pattern. There thus exists the pos- 
sibility that STRADNER may have selected an eosphorite crystal in 
determining her erystallographie a. 

That the a value of STRADNER is in error is borne out further by 
the fact that the specific gravity calculated by the present authors, 
using VoLBorrH’s formula and STRADNER’S cell constants, is far out 
of line with any of the reported measured values. On the other hand 
our specific gravity determinations (3.215 by Berman mierobalance; 
3.22 by suspension method) are in excellent agreement with the 
calculated value of 3.23 derived from our formula and cell data. 

VOLBORTH’s powder data for väyrynenite are in good agreement 
with those obtained in this study (Table 2). His data, however, 
cannot be indexed in terms of STRADNER’s cell, thus further sub- 
stantiating the fact that one of the cell constants must be in error. 


278 MıAry E. MrosE and OLEG VON KNORRING 


X-ray powder data 
X-ray powder patterns were taken with a Debye-Scherrer camera 
(114.59 mm diameter), using the Straumanis and Wilson techniques, 
with both Fe/Mn and Cu/Ni radiations (2 = 1.9373 Ä; A = 1.5418 A). 
The pattern taken in FeK« radiation (film 8762) was so far superior to 


Table 2. X-ray powder data for väyrynenite, (Mn,Fe)Be(PO,)(OH) 


Monoclinie, P2,/a — O5} 
a = 5.41, + 0.005 Ä,b = 14.49 + 0.02, c = 4.73, + 0.005, 8 = 102° 45’ + 05° 


Volborth (19548) * Present study ** Volborth (1954a) * Present study ** 
Measured „Measured Calculated Measured Measured Calculated 
(analysis material) (film 8762) (analysis material) (film 8762) 
z Ynkı E Ania a 2 Ankı a Ankı map DE! 
85 7.251 7.245 020 2.152 151 
5 4,93 25 4.960 4.958 110 13 B 2.100 2.100 201 
4.613 001 2.083 132 
6 4.lh 60 4.399 4.396 011 2.082 2u1 
4 4.265 4.266 120 2.082 032 
13 3.890 3.891 021 2.078 211 
3.790 111 5 2.05 25 B 2.057 2.058 161 
3.625 040 6 2.019 2.017 221 
4 3.560 3.5635..330 9 1.964 
10 3.45 100 3.452 3.454 121 6 1.94 9 1.944 
15 3.340 3.356 031 2 1.915 
13 3.075 3.0755 111 +3 1.818 
3.049 131 5 1.80 4 1.803 
6 2.991 2.988 140 4 1.784 
10 2.87 85 2.885 2.887 121 4 1.72 9 B 1.726 
35 2.851 2,849 041 3 1.691 
8 2.67 42 2.662 2.663 141 4 1.670 
25 B 2.642 2.639 200 3 1.652 
2.636 131 3 1.630 
2.596 210 4 1.597 
18 2.548 2.545 201 4 1.584 
2.541 150 4D 13.57 9 B 1.570 
2.508 211 3 4,50 9B 1.524 
6 2.480 2.479 220 3B 1.498 
2.455 051 2 1.475 
1 2.41 18 2.415 2.414 060 1 1.46 3 1.462 
2.102 221 9 1.427 
2.376 141 5 1.414 
2.333 151 91.386 
6 2.312 2.5150 2250 3 1.369 
2.306 002 3 1.35 2 1.345 
4 2.279 2.280 012 2 1.334 
2.279 112 4 1.316 
5 2.25 13° 2,253 2.252 231 4 1.299 
13 2.202 2.200 122 Plus additional 
2.198 022 weak lines. 
2.196 160 
9 2.140 2.159 061 
2.133 240 


* D = diffuse. Camera diameter: 56.7mm. CuX« radiation, Ni filter. 
Original spacings converted by present authors from kX to Ä units. 

** B — broad. Film corrected for shrinkage. Camera diameter: 114.59 mm. 
FeK« radiation, Mn filter (A = 1.9373 Ä). Lower limit 29 measurable: approxi- 
mately 6.0° (18.5 A). 
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the one taken in CuX« radiation that it was the film measured. 
Measurements were made with a Hilger-Watts film-measuring rule with 
a vernier precision of 0.05 mm. These measurements were corrected 
for film shrinkage; a shrinkage correction of 1.0025 was applied. The 
lower limit of 20 measurable on film 8762 was found to be approximately 
6.0° (18.5 Ä). Intensities were obtained by visual comparison with a 
calibrated film strip such that successive step line-exposures are 
related to each other by a factor of yY2. X-ray powder data for 
väyrynenite are given in Table2 which lists both observed and 
caleulated interplanar spacings. Observed spacings of the present 
study are compared with those reported by VOLBORTH (1954a); 
VOLBORTH’s original spacings have been converted to Ängström units 
for the convenience of having both sets of data on the same scale. 
Interplanar spacings were calculated from the x-ray cell constants 
down to d,,, > 2.000 Ä. No indexed pattern of väyrynenite previously 
has been available. The agreement between the observed and cal- 
culated spacings is excellent; all lines measured on film 8762 are 
satisfactorily accounted for. 


Morphologieal data 
Five crystals, including the one used in the single-erystal x-ray 
study, were examined with the two-circle optical goniometer. The 
erystals were found to be rather poorly developed, each showing no 
more than seven measurable faces giving fair and excellent signals. 


Table 3. Comparison of morphological data for väyrynenite 


Present study VOLBORTH (1954a) 
Crystal class Monoclinic; prismatie —2/m Monoclinie 
Elements 
(from Table 1) | 
Axial ratio a:b:c = 0.3734:1:0.3264; @3030 — 0.7271:1:0.3299; 
8 = 102° 45° + 05° Bu—3102497 
Projection Po = 0.8964, 9, = 0.3264, | 99 = 0.4653, 9, = 0.3299, 
% = 0.2263 022775 
Polar 29:Q0:ro = 0.8743:0.3184:1 | 99:90:70 = 0.4537:0.3217:1 
Forms observed e 001 e 001 
b 010 b 010 
m 110 m 110 
11370) 
Dominant forms m,b,c 
(descending rank) 


* Apparently a misprint for (013) because it lies in zone with (001) and (010) 
as indicated on VOLBORTH’s stereographic projection (Fig. 5, p. 68). 
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The results were plotted on a gnomonie projeetion and the forms 
identified by comparison with the x-ray lattice. The morphological 
data thus derived are tabulated in Table 3. 

Euhedral erystals of väyrynenite are rare. The erystals, rather 
simple in habit, are short to long prismatic parallel to [001]. The 
typical habit is shown in Fig.1. Only three forms were observed: 
c{001}, b£010}, and m{110}, the last being the 
dominant form. The prism faces are generally 
striated vertically, and for that reason gave mul- 
tiple signals of only fair quality; but these 
afforded sufficiently accurate measurements for 
identifying the form. Because of the absence 
of a general form, it was impossible to determine 
conclusively from morphological evidence alone 
whether the crystal class is 2/m or m. A test for 
piezoelectrieity by IsıDorRE ADLER of the U.S. 
Geological Survey was made with an instrument 
Fig.1.Typicalerys- of the Giebe-Scheibe type. The absence of any 
tal habit of väyry- positive reaction for piezoelectrieity supports our 


nenite showing the Ä 
. assumption for the erystal class 2/m. 
observed forms: 
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c{001}, 6{010}, and Averages of measured and calculated angles 
m{110} for väyrynenite are presented below: 
Present study VOLBORTH (1954) 
a Calculated 
Forms Measured aan Measured (STRADNER’S 
(x-ray cell) 
x-ray cell) 
a | @ % | @ 2 @ wm | Q 
| | | | 
0.001 1 =. | 62004) 8 05002) | 0200 Fe 
b 010 0°00’ | 90°00° | 0°00’ | 90°00° | 0°00’ | 90°00’ | 0°00’ | 90°00° 
m 110 | 69°54’ | 90°00° | 69593”, 90°00° | 54°30° 90°00’ | 54°30” | 90°00° 


When the inconsisteney between the values for the form m {110} 
was noted, x-ray powder patterns were made of each one of four of the 
five measured erystals to make certain that the crystals measured were 
väyrynenite. In each instance a pattern of väyrynenite was obtained. 
On none of the crystals measured was a form having a @ of 54°30' 
observed. Therefore, the perfect agreement between VOLBORTH’S 
measured g value for m{110} and that calculated from STRADNER’S 
x-ray cell constants cannot be accounted for in view of the previous 
evidence presented for the apparent error in her a value. 
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Physical and optical data 

According to Ridgway’s color standards and nomenclature, 
erystals of väyrynenite are usually pale Congo pink when translucent, 
and shell pink when transparent; sometimes, pale gull gray and nearly 
colorless. The streak is white. The cleavage is prismatie with {010} 
perfect and easy, {100} good but diffieult, and {001} fair; the {010} 
and {100} cleavages were confirmed optically and by Buerger pre- 
cession photographs. The mineral is brittle and breaks with an uneven 
fracture. Hardness is 5. The specific gravity determined on the Berman 
microbalance, using toluene as the immersion liquid, was 3.215 + 0.005 
(an average of eight different measurements); by suspension method in 
Cleriei solution on analysis material, by von KnoRRING, 3.22. The 
fusibility is 2-3 on von Kobell’s scale, producing a dark-brown, 
magnetic, blebby glass. The mineral is very slowly soluble in cold 
HCl, HNO,, and H,SO,. It does not fluoresce in either short-wave or 
long-wave ultraviolet radiation. 

Väyrynenite is nearly colorless and non-pleochroic in transmitted 
light. The perfect cleavage parallel to (010) is readily observed under 
the microscope. The optical properties are summarized in Table 4. The 
optical orientation as given by VOLBORTH (1954a; Fig.5, p.68) was 
found to be in error. 


Table 4. Optical data for väyrymenite 


Present study VOLBORTH (1954a) 
Optic sign (—) =) 
Indices | 
« | 1.638 + 0.001xa) 1.640 + 0.001xa) 
ß | 1.658 + 0.001,ya) 1.662 + 0.001ya) 
Yy | 1.664 + 0.001,ya) 1.667 + 0.0013) 
y—a | 0.026 | 0.027 
Optie orientation Xihe= 31° | Fa @e> 302?) 
6 eb 
Dispersion r > v, moderate -- 
2 V. (meas.) 54° 08° 46° 
2 V. (cale.) 56° 50° Sulz 
Chemistry 


The analyzed sample was first separated with Clerici solution and 
further purified by hand piceking under the binocular microscope. 
Samples of approximately 300-400 mg were used for each of the 
various determinations. The chemical methods mainly used were 
those recommended by HILLEBRAND and others (1953). 
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Prior to chemical analysis a sample of väyrynenite was spectro- 
oraphically analyzed by Janer D. FLErcHer of the U.S. Geological 
Survey with the resulting percentages: 


IR Mn, Be, P 
ER Fe 
EN AI, Ca, Sı 


.0oX Mg, La 
.00X Cu Sag 
.000X Ag, Ba, Cr, Yb 
Not found: Au, Hg, Mo, W, Ge, Zn, Pb, Bi, As, Sb, Cd, TI, Co, Ni, 
VEScH ErheNbs Ueand.D, 


The chemical analysis by von KNoRRING is given in Table 5. The 
formula derived from his chemical analysis is (Mn,Fe)Be(PO,)(OH). 
Using the specific gravity determination of 3.22, VON KNORRING’s 


Table 5. Chemical analyses and cell contents of väyrynenite 


| | Molecu- zZ 
Theoreti- Weight per cent | lar quo- 4 * S 
| cal com- tients Krone ee = 
position (von re aa. 
(Mn:He | You | vos | Rson 2 258 
|= 85:15)| Bortm | Knor- | rına’s RR S 
|  (1954a) | RING anal.) “ 
MnoO I ee 34.01 0.4795 | (Mn) 0.4795 3.38 
Feo | 6.12 4.59 | 5.92 | 0.0824 | (Fe) 0.0824 0.58% 4.03 
[070) I | 0.53 0.0095 (Ca) 0.0095 0 | 
BeO | 14.21 12.10 13.85 0.5536 (Be) 0.5536 3.90 
Na,0 iR > 0.20 0.0032 |, (Na) 0.0064 
R,0 (1918 0.04 0.0004 (K) 0.0008 
Li,0 er: 
ALO, | | 2.45* 0.40 | 0.0039 | (Al) 0.0078 
1205 | 40.31 40.36 39.98 0.2816 (BE 05032 Da 
H,0-+ | 5.12 [5.00]** 4.93 0.2736 (EI) 0.5472 3.85 
Bo | 0.08 | 0.19 | (0) 2.8219 | 19.87 
F — +++ 0.00 
Insol. | 0271325 0220:06 
Total 100.00 95.35 100.11 
[100.35] 


* Trace of Be. 
** By difference. 
*** The presence of fluorine detected qualitatively. 
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analysis in Table 5, and our cell dimensions, the experimental mole- 
cular weight of the unit cell is 704.3. The calculated cell contents 
approach closely the formula 4|(Mn,Fe)Be(PO,)(OH)]. 

It should be noted that the presence of fluorine is indicated in 
VOLBORTH's proposed formula for väyrynenite (VOLBORTH, 1954a). 
In von KnörrinG's chemical determination fluorine was not detected. 
It is possible, however, that fluorine-bearing varieties of väyrynenite 
may occur (see herderite). On the other hand, it also is possible that 
contaminating apatite may account for the presence of fluorine in 
VOLBORTH’s analysis (Table 5). 


Struetural relation to euelase 


VOLBORTH (1954a) suggested the possibility that väyrynenite 
might be isostructural with herderite, CaBe(PO,)(F,OH). Although 
väyrynenite and herderite have the same chemical formula type, a 
comparison of their x-ray powder patterns and their axial elements 


Fig.2. X-ray powder diffraetion patterns of väyrynenite (above) and euclase 
(below) taken with a 57.3 mm diameter camera using Fe/Mn radiation 
(A= 1.9373 A) 


does not indicate any apparent structural relationship between these 
two minerals. Later, a comparison of the structure of herderite, 
described by Pavrov and BeLov (1957), with that deduced for 
väyrynenite by Mrose and D.E. Arrtzman (oral communication) 
showed that the two minerals have entirely different structures. 

A search of Crystal data (Doxsay and Nowackt, 1954) showed that 
väyrynenite and euclase, AlBe(SiO,)(OH), have very close c/b ratios, 
and that their a/b ratios are relatively close. This, coupled with the 
fact that both minerals have the same chemical formula type, re- 
markably similar erystallographic data, and perfect cleavage parallel to 
(010), strongly suggested that they might be isostructural. 
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As with herderite, the x-ray powder pattern of euclase showed no 
strong structural resemblance to väyrynenite (Fig.2). Nevertheless, 
the erystallographic similarities, using the data of Bıscor and WARREN 
(1933) for comparison, were confirmed by a reinvestigation of euclase 
by the Buerger precession method. Although the powder patterns of 
the two minerals appeared to be different, the precession h0l, hk0, 
and Okl nets of the two minerals were remarkably similar (Fig.3). In 
order to elucidate the relation between these two structures, the 
determination of the structure of väyrynenite and the redetermination 
and refinement of the euclase structure were undertaken. These two 
structure determinations have been completed; the results will 
appear shortly (Mrosz and D. E. ArrLEMmANn, oral comm.). 


Crystallographie data for euelase 
Single-erystal x-ray studies were made using a small cleavage 
fragment of euclase from Villa Rica, Minas Geraes, Brazil (USNM 
R 3775). Precession photographs of the h0l, Okl, and hk0 nets, as well 
as of the 1kl and hki nets, were obtained with a quartz-calibrated 
Buerger precession camera, using Mo/Zr radiation (2 = 0.7107 Ä). The 


Table 6. Comparison of erystallographic data for väyrynenite and euclase 


Väyrynenite Euclase 
BıscoE and WARREN 
Present study Present study (1933) * 
Cell constants 
a 5.41, + 0.005 Ä 4.76, + 0.005 Ä 4.76 Ä 
b 14.49 + 0.02 14.29 + 0.02 14.27 
c 4.73, + 0.005 4.613 + 0.005 4.63 
ß 102° 45° + 05° 100° 15° + 05° 100° 16° 
@:b2C 0.3734:1:0.3264 0.3333:1:0.3232 0.3336:1:0.3244 
Cell contents |4[(Mn,Fe)Be(PO,) 4[AlBe(SiO,)(OH)] 4[AlBe(SiO,)(OH)] 
(OH)] 
Cell volume SL N 309.3 A? 309.5 A? 
Space group P2/a-0s7? P2,/a-0,7° P2,/a-057? 
Spec. grav. 3.23 (for Mn: Fe 3.115 3.113 
(cale.) —= 85:15) 
Speec. grav. 3.215 + 0.005 3.095 + 0.005 — 
(obs.) (microbalance) (mierobalance) 
3.22 (suspension 
method) 


* Original values converted by the present authors to Ä units; c and a inter- 
changed so that e < a. 


Table 7. X-ray powder data for euclase, AlBe(SiO 


Monoclinie, P2,/a — O7? 


0 — 2, 
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„(OH) 


- 0.005 A,b = 14.29 + 0.02, c = 4.61, + 0.005, $ = 100° 15° + 


McKie (1955) 2 Present Study = Mckie (1955) ! Present Study ® 
Measured Measured Calculated Measured Measured 
(film 12836) ? (film 12836) > 
2 £ I nk nn, Z Ankı z kl 
100 Tor 100 7.146 7.1455 020 5 1.754 2 1.748 
15 4 [5 4.547 4.545 001 1 1.716 1 1.720 
4 4.457 4.454 110 1 1.690 
1 4.331 4.331 011 20 1.672 9 1.675 
j 3.920 120 9 1.664 
50 3.85 35 3.836 3.834 021 3 1.650 2 1.647 
15 3.60 13 3.576 3.573 040 15 1.624 4 1.621 
10 3.53 3 1.565 2 1.562 
3 3.493 3.489 111 3 1.559 2 1.539 
4 3.342 3.341 130 10 1.517 1 1.517 
10 3.92 15 1.500 2 1.505 
3 3.292 3.288 031 6 1.493 
70 3,24 3 1.475 2 1.476 
50 3.219 Te} 5) 1.454 1 1.450 
5 3.10 15 1.440 6 1.437 
5 2.97 3 9,05 ara Ai 1 <i.h2% 
5 2,88 3 2,871 2.8742 ı 131 10 1.407 3 1.411 
2.841 140 3 1.401 
h 2,811 2.808 041 5 1.394 
70 2.78 2,773 Sad 121 2 1.388 
10 2.55 2.515 2.5453 131 15 1.377 4 1.376 
2.555 141 30 1.369 18 1.365 
7) 2.45 35 2,444 2.440 150 10 1.351 h 1.354 
2.419 051 10 1.339 h 1.337 
2 2.384 2.382 060 10 1.322 b) 1.321 
15 2.56 15 1.311 8 1.509 
9 2.347 2.344 200 2, Pz.095 
2.513 210 5 1.285 
2.305 002 2 1.284 
2.300 141 5 1.269 2 1.266 
2 2.279 2.276 012 3 1.251 1 1.250 
20 B 2.26 3 „2236 1 1.226 
13 2.253 201 5 1.211 2 1.203 
2.238 151 5 1.192 1 1.188 
2.22 220 3 er) il 217 
2.285 211 15 1.156 4B 1.155 
5 2.18 2 2.182 Bis, ade 5 1.141 2 1.139 
2.165 022 5 1.147 1 1.120 
2.148 221 1 1.102 17 <1.100 
5 2.12 2,124 160 1 1.093 i <1.095 
3 2.111 2.110 061 1 1.078 1 <1.080 
2.107. 122 1 1.063 1 <1.065 
2.105 230 1 1.058 1272231.057 
15 2.08 £) 2.074 2.071 151 1 1.052 i <1.050 
5 2.05 2.051 032 3 1.042 2 1.041 
6 2.040 2.0356 231 1 1.030 1 <1.028 
2.003 2.000 132 1 1.023 1248022 
30 1.996 18 1.991 1 1.014 1 <1.015 
10 1.955 1.952 5B 1.000 2B 1.000 
5 1.924 “ 1.924 Plus thirty-eight | Plus additional 
30 1.883 18 1.880 additional lines | weak lines. 
10 1.808 2 1.805 ranging from 
20 1.786 6 1.790 dygı = 0.990 Aare to dygn 
2 1.778 all with 1I<6 ', 


Explanation of Table 7 see page 287 below 


= 0.773 R, 
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zero-level films were measured. Corrections were made for horizontal 
and vertical shrinkage. The crystallographie data for euclase are 
summarized in Table 6 and compared with those obtained for 
väyrynenite. 

The x-ray powder pattern of euclase used for comparison with the 
pattern of väyrynenite was made from part of the same crystal used in 
the single-erystal x-ray studies (USNM R3775). The experimental 
procedure followed in taking and measuring the euclase powder pattern 
is the same as that described in the x-ray powder data section for 
väyrynenite. Observed interplanar spacings are compared in Table 7 
with those recently published for euclase from Tanganyika (McKiır, 
1955). A complete set of interplanar spacings was calculated from the 
present x-ray cell constants; Table 7, column 3 lists all caleulated 
spacings down to d,,,; = 2.000 Ä. This table provides the first available 
indexed powder data for euclase. 

The specific gravity for euclase (USNM R 3775) was determined on 
the Berman microbalance. An average of six different measurements 
gave a value 0f 3.095 + 0.005. This value is in g00d agreement with the 
calculated specific gravity of 3.11. 
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1ıB — broad, diffuse line. Camera diameter: 9 cm. CuXx« radiation; wave- 
length not indicated. Lower limit 26 measurable: 11.0 Ä. Not corrected for 
absorption. Intensities approximate, using the calibrated strip technique. 

2B — broad. Film corrected for shrinkage. Camera diameter: 114.59 mm. 
FeK« radiation, Mn filter (A = 1.9373 Ä). Lower limit 29 measurable: approxi- 
mately 6.0° (18.5 A). 

3 Specimen from Villa Rica, Minas Geraes, Brazil (USNM R 3775). 

** The region between dyz, — 0.910 Ä and dj, = 0.821 A, inclusive, has 


particularly indistinct lines. 
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Abstraet 


Differences in orientation were found by transmission. electron diffraction 
between two adjacent erystal layers in microcrystals of artificially-grown 
molybdenum disulphide. The arrangement of the numerous double-diffraetion 
spots shows that between the two super-imposed crystal layers discrete, erytallo- 
graphically distinet rotation angles generally exist. From this the conclusion may 
be drawn that in addition to the absolute minima of grain boundary energy 
existing in the case of parallel orientation, further relative minima must be 
present. This conclusion is compared to those derived from the dislocation con- 
cept of grain boundaries. 


Auszug 


Elektronenbeugungsdiagramme, die bei der Durchstrahlung von Mikro- 
kristallen aus synthetischem Molybdändisulfid erhalten werden, lassen häufig 
orientierte Verwachsungen zweier Kristallschichten erkennen. Aus der Anord- 
nung der zahlreich auftretenden Mehrfachbeugungsreflexe ist zu entnehmen, 
daß sich die Kristallschichten im allgemeinen nur mit ganz bestimmten, kri- 
stallographisch ausgezeichneten Verdrehungswinkeln übereinanderlagern. Das 
Vorkommen diskreter Orientierungen zeigt, daß der Verlauf der spezifischen 
Korngrenzenenergie in Abhängigkeit vom Verdrehungswinkel neben den 
absoluten Minima im Falle der parallelen Orientierung noch weitere relative 
Minima aufweisen muß. Dieser Befund wird bisher vorliegenden Überlegungen 
gegenübergestellt, die vom Versetzungsmodell der Korngrenze ausgehen. 


ı D 188. 
2 Abteilung Prof. Dr. K. MoLIErE. 
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A. Einleitung 


Die elektronenmikroskopische Untersuchung übereinanderliegender 
Kristallschichten hat in den letzten Jahren zunehmende Bedeutung 
erlangt, weil mit Hilfe des sogenannten Moire-Effektes Gitterfehl- 
ordnungen bei Kristallen indirekt sichtbar gemacht werden können, 
deren Netzebenenabstände weit unterhalb der Auflösungsgrenze 
heutiger Elektronenmikroskope liegen ?.'. Voraussetzung für die 
Entstehung von Kristall-Moires ist, daß die durchstrahlten Schichten 
entweder bei gleicher Struktur verschiedene Orientierung oder in 
paralleler Orientierung geringe Unterschiede in den Gitterkonstanten 
aufweisen. Im ersten Fall wurde der Effekt meist an Kristallpaaren 
untersucht, die aus zufällig übereinanderliegenden Schichtkristallen 
bestanden. Die Moire-Periode ist durch den Verdrehungswinkel der 
beiden Kristalle bestimmt, welcher im Beugungsdiagramm aus- 
gemessen werden kann. Wegen der Verzeiehnungsfehler sind solche 
Messungen aber nicht sehr genau. Im zweiten Fall läßt sich dieser 
Nachteil und auch die Zufälligkeit bei der Präparation vermeiden, 
wenn man Aufdampfschichten benutzt, die aus zwei genau parallel 
verwachsenen Einkristallfilmen verschiedener Metalle bestehen (PASH- 
veY und Mitarbeiter*). Die zu erwartende Periodizität im Moire ergibt 
sich dann aus den bekannten Gitterkonstanten der Komponenten. 
Diese müssen allerdings präzise definiert sein, insbesondere muß eine 
Legierungsbildung zwischen den Metallen vermieden werden. 

Es zeigte sich nun, daß Schichtkristalle der gleichen Substanz 
gelegentlich unter ganz bestimmten Verdrehungswinkeln miteinander 
verwachsen. In einer kurzen Mitteilung? wurde bereits von der Beob- 
achtung derartiger Orientierungen bei MoS,-Kristallpaaren berichtet. 
Der Drehwinkel kann hier direkt einfachen geometrischen Beziehungen 
entnommen werden, und die Moire-Effekte sollten sich deshalb gut 
quantitativ untersuchen lassen. Da das Studium dieser Erscheinung 
außerdem wertvolle experimentelle Hinweise bezüglich der Real- 


3 H. HasHımorto and R. UyEpA, Detection of dislocation by the moire 
pattern in electron micerographs. Acta Urystallogr. 10 (1957) 143. 

+ D. W. PASHLEY, J. W. MENTER and G. A. Bassett, Observation of dis- 
locations in metals by means of moire patterns on electron micrographs. Nature 
[London] 179 (1957) 752—755. — Siehe auch G. A. Bassett, J. W. MENTER and 
D. W. PAsHurLey, Moir6 patterns on electron micrographs, and their application 
to the study of dislocations in metals. Proc. Roy. Soc. A 246 (1958) 345—368. 

5 J. STABENOW, Mehrfachbeugung bei Elektroneninterferenzen in Molybdän- 
disulfidkristallen. Naturwiss. 44 (1957) 360. 
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struktur von Kristallen und ihrer Korngrenzen liefert, wird im Teil I 
der vorliegenden Arbeit darauf näher eingegangen. Der Teil II® 
behandelt den Zusammenhang zwischen Mehrfachbeugung und 
Kristall-Moire. 

In der Literatur sind bisher nur vereinzelt Angaben über das 
Vorkommen diskreter Orientierungen bei übereinanderliegenden 
Schichten gleicher Kristalle zu finden. Die ersten durch Elektronen- 
beugung belegten Beobachtungen dieser Art sind von WILMAN? ver- 
öffentlicht worden. Das Vorliegen bestimmter Orientierungen von sich 
überlappenden Kristallen konnte jedoch nur in zwei Fällen bei lang- 
kettigen Paraffinen überzeugend nachgewiesen werden. Eine ähnliche 
Beugungsaufnahme zeigten COWLEY, REES und SPInk®. Später beob- 
achtete Hısı? bei Glimmerkristallen eine Verdrehung aufeinander- 
folgender Schichten jeweils um etwa 10°. Die Untersuchung von 
Rana!0, gleichfalls an Glimmer, ergänzte diese Beobachtung. Kürzlich 
berichteten Surto und Uyeva!!, daß sie auch bei blättchenförmigem 
kolloidalem Gold häufig wohldefinierte Orientierungen zweier Kristalle 
finden konnten. Eine systematische Behandlung dieser Erscheinungen, 
insbesondere unter Berücksichtigung der damit verbundenen Mehr- 
fachbeugung, liegt jedoch noch nicht vor. 


B. Elektronenbeugung an Kristallpaaren mit diskreter Orientierung 


1. Muster der Beugungsreflexe 


Durchstrahlt man einen dünnen hexagonalen Einkristall senkrecht 
zu seiner Basisfläche mit Elektronen, so erhält man das in Abb.1a 


6 J. STABENow, Elektroneninterferenzen an übereinanderliegenden Kristall- 
schichten. II. Zusammenhang zwischen Mehrfachbeugung und Kristall-Moire. 
Z. Physik (1959). Im Druck. 

?H. Wırman, The slip, twinning, cohesion, growth and boundaries of 
erystals. Proc. Physie. Soc. [London] A 64 (1951) 329—350. 

8 J.M. Cowzeyv, A.L. G. Rexzs and J. A. Spink, Secondary elastie scatte- 
ring in electron diffraction. Proc. Physie. Soc. [London] A 64 (1951) 609-619. 

»T, Hısı, Electron diffraction pattern of mica of various thieknesses. 
Nature [London] 175 (1955) 475. 

10 Q, Rang, Überstruktur im Elektronen-Beugungsdiagramm eines Glinmer- 
einkristalls. Z. Physik 152 (1958) 194202. Interessanterweise gelangt RAnG 
in dieser Arbeit unabhängig von der früheren Mitteilung des Verfassers? zu ganz 
ähnlichen Ergebnissen. 

11 EB, Suro and N. Uyepa, Electron microscopie and diffraction studies of 
superposed lamellar erystals. Proc. Int. Conf. Elec. Mier., Berlin 1958. Im 
Druck. 
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schematisch dargestellte Muster von Beugungsreflexen. Die Indizierung 
in der Figur bezieht sich auf hexagonale Achsen. Das gleiche Beugungs- 
bild tritt bei in [111]-Richtung durchstrahlten kubisch-flächen- 
zentrierten Kristallen auf. Es gelten daher die folgenden Überlegungen 
bei sinngemäßer Änderung der Indizierung auch für diesen praktisch 
sehr wichtigen Fall. Befindet sich nun hinter dem betrachteten Kristall 
ein zweiter, der gegenüber dem ersten um die gemeinsame [001 ]-Achse 
verdreht ist, so treten im Beugungsdiagramm natürlich auch dessen 
Reflexe auf, die in Abb. 1b durch die leeren Kreise angedeutet sind. Die 
großen Punkte bedeuten wieder die Reflexe des ersten Kristalls. 


210 
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Abb.1. Schematische Beugungsdiagramme. a) Einkristall, b) Kristallpaar in 
2,1-Orientierung (p = 21° 48). e und Oo Primärreflexe, - Mehrfachbeugungs- 
reflexe 


Die starke Wechselwirkung der Elektronenwellen mit dem Kristall- 
gitter und die Eigentümlichkeit ihrer Ausbreitung in diesem bedingen 
eine Kopplung der abgebeugten Strahlen untereinander und mit dem 
Primärstrahl. Im allgemeinen führt das bei einer homogenen, plan- 
parallelen Kristallschicht nur zu einem Intensitätsausgleich zwischen 
den einzelnen Reflexen. Liegen jedoch zwei Schichten verschiedener 
Orientierung in Strahlrichtung gesehen aufeinander, so können zusätz- 
liche Reflexe dadurch auftreten, daß ein in der ersten Schicht abge- 
beugster Strahl in der nächsten als Primärstrahl fungiert und (selbst 
bei erheblicher Abweichung von der genauen Bragg-Richtung) weitere 
abgebeugte Strahlen erzeugt. 
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Es ist für das Folgende zweckmäßig, die hier interessierende gegen- 
seitige Verschränkung der beiden Kristallgitter nicht durch den Dreh- 
winkel 9 zu beschreiben, sondern durch Indexpaare h,, h,, welche die 
koinzidierenden Beugungsreflexe beider Gitter bezeichnen. Das Bei- 
spiel in Abb.1b ist so gewählt, daß gerade der 120-Reflex des einen 
Kristalls mit dem 210-Reflex des anderen zusammenfällt. (Die Koin- 
zidenzpunkte sind in der Figur durch Kreise mit großen Punkten im 
Innern markiert.) Dieser Spezialfall soll eine „2,1-Orientierung“ 
genannt werden. Allgemeiner wird im folgenden als ‚„h,,h,-Orientie- 
rung“ eine solche gegenseitige Verdrehung der beiden Schichtkristalle 
bezeichnet, bei welcher der h,h,0-Reflex des einen Gitters mit dem 
hzh,0-Reflex des anderen koinzidiert. Der entsprechende Drehwinkel 
der beiden Basisnetzebenen des reziproken Gitters (und natürlich auch 
des Raumgitters) ergibt sich als Winkel zwischen den Vektoren 


b= Ab, + habe und = hd, + hub, 


Eu Dan 
y-2arcig a n+n,: (1) 
Offenbar lassen sich durch die Gesamtheit der rationalen Zahlen RR 


h, 
alle Drehwinkel » darstellen. Hierbei ist es ausreichend, A, > h, > 0 


und teilerfremd anzunehmen ; aus Symmetriesründen kann man sich ja 
auf Lagen des Koinzidenzpunktes in einem Sektor von 30° beschrän- 


ken. Ferner ist eine Drehung um den Winkel o' = + > — p spiegel- 


bildlich äquivalent zur Drehung um 9. Wird letztere durch das Index- 
paar h,,h, beschrieben, so gilt für das Indexverhältnis der äquivalenten 


Drehung um 3 — op 
ea 
hy‘ hı—h; 
wie sich aus (1) leicht ergibt. 

Zur Behandlung der Zweifachbeugung an zwei übereinander- 
liegenden, verdrehten Kristallschichten ist es praktisch, die beiden 
reziproken Gitter durch ein gemeinsames Achsensystem zu beschreiben. 
Es seien b,, b, bzw. b,’, b,' die zur hexagonalen Achse senkrechten 
Grundvektoren der beiden reziproken Gitter. Das neue, gemeinsame 
Achsensystem B,, ®, sei definiert durch die Transformation 


bt Rob; 
De 1 es 2 
(2a) 
g,_ ab + (+ h)b, 
BT 2 


m 
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beziehungsweise 
= nah De 
t \ (2b) 
Bass hbir (ht R2)b, 
E m? 


wobei m? = h?-+ hs? + h,h, und h,,h, das Indexpaar des für die 
betrachtete Orientierung maßgebenden Koinzidenzpunktes im System 
b,, b, bedeutet. m?|®,| = m/b,| ist der Abstand der nächsten koin- 
zidierenden Primärreflexe vom Zentrum. Die Vektoren ®,, ®, sind 
für den Fall der 2,1-Orientierung in Abb. 1b eingezeichnet. Sie spannen 
als Grundvektoren ein Flächengitter auf, das durch die kleinen Punkte 
der Figur markiert ist. 

Es wird nun behauptet, daß dieses um den Faktor m”! verkleinerte 
reziproke Gitter die möglichen Richtungen der Zweifachbeugungen bei der 
betreffenden Orientierung bestimmt. Zum Beweis genügt es zu zeigen, 
daß jede Linearkombination zweier Vektoren g = 9b} + 950, und 
g’ = bi + 9b,’ sich in der Form 


G = G,%ı IE G, 83 (3) 


mit ganzzahligen G, und @, darstellen läßt, und umgekehrt!?. 
Die Umkehrungen von (2a) und (2b) lauten: 


b, = (hı Fi h.) B, 2 h,®, 
= hd, + hd; 


und 


bi’ = (hı + ho) dı — Me 
(Sp = hıBı -- he 82. 
Eine beliebige Linearkombination 
g+g’= Abi + gebe + gib + 92br/ 


12 Bei einer planparallelen Kristallplatte sind bekanntlich die Richtungen 
aller möglichen Beugungsstrahlen durch die Projektionen aller Vektoren des 
reziproken Gitters auf die Plattenebene vollständig bestimmt!?. Es ist leicht 
einzusehen, daß bei aufeinanderfolgenden Beugungen an zwei um die Platten- 
normale verdrehten Schichtkristallen die tangentielle Projektion des Wellen- 
vektors irgendeiner Beugungswelle sich aus den tangentiellen Projektionen je 
eines Vektors der beiden reziproken. Gitter zusammensetzt. Da es sich bei dieser 
Untersuchung um sehr dünne Plättchen handelt, sind die Intensitätsbereiche 
des reziproken Gitters in Richtung der Plattennormale strichförmig ausein- 
andergezogen. 


132 Vgl. z.B. M.v. LAuE, Materiewellen und ihre Interferenzen. 2. Auflage 
(1948), S. 249. 
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läßt sich mit Hilfe von (4a) und (4b) schreiben 
sri- (tn tm) th+n-+ gNM)1B: 
+ (9 = 9 )Rı — (91 — 97')he] 2. 


Setzt man 
(At 9 +9)h, - (At+9%H A), = 6, (5a) 


und 
$‘-)tı - (A — 92 )he — Gy, (5b) 


so folgt in Übereinstimmung mit (3) 
g E= gg — & — GB, En Gb. 


Aus gegebenen Zahlenpaaren g,, 9, und 9, 95° bestimmt sich eindeutig 
ein Paar ganzzahliger G, und @,. Das bestätigt den ersten Teil der 
Behauptung. 

Ist umgekehrt @,, @, vorgegeben, dann erhält man aus (5b) ein- 
deutig (bis auf Kongruenz) ein Wertepaar 


$- = hr —Bß; (6) 


denn h, und h, sind als teilerfremd vorausgesetzt!*. Aus (5a) ergibt 
sich mt’ =g,—-eundg’ =—f: 


A ra ee - Baht gt 2a), = G, 
oder 
2h,+h)ı+ (h+2)ae=ht(e&+PB)h+ al, = G,. (7) 


Da h, und Ah, teilerfremd sind, besitzt auch das Zahlenpaar (2 Ah, + h,), 
(h, + 2 h,) keinen gemeinsamen Teiler. Deshalb läßt sich g, und 9, 
aus (7) (bis auf Kongruenz) eindeutig ermitteln und damit aus (6) 
gleichfalls 9,’ und g9,'. Die Behauptung ist somit vollständig bewiesen. 

Im allgemeinen liegen die koinzidierenden Primärreflexe außerhalb 
des beobachtbaren Winkelbereichs der abgebeugten Elektronenwellen. 
Die Orientierung der Kristalle kann in diesen Fällen leicht aus der 
Anordnung der Zusatzreflexe entnommen werden. Aus der ersten 
Gleichung von (2a) folgen nämlich die Beziehungen 


16,| = m|®,| und |%,bı + h,b,| = |h| = mIb}|. 


Die Anordnung der Zusatzreflexe zwischen zwei Primärreflexen ist 
also geometrisch ähnlich der Anordnung der Primärreflexe zwischen 
zwei Koinzidenzpunkten. 
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2. Übergitter eines Kristallpaares 


Zwischen dem System der Mehrfachbeugungsreflexe und der 
Struktur des zugehörigen Kristallpaares besteht ein einfacher Zusam- 
menhang. In Abb.2 ist schematisch die Anordnung der Atome in der 
Übergangsschicht zwischen zwei verschränkten Kristallen in 2,1- 
Orientierung angegeben. Die Drehachse ist parallel zur Richtung [001] 
und steht senkrecht zur Zeichenebene. Die leeren Kreise markieren die 
Stellen, an denen sich die Atome einer Nachbarschicht befinden 
müßten, falls der Aufbau eines darunterliegenden Kristalls in idealer 


Abb.2. Schematische Darstellung der Atomanordnung in der Übergangszone 

zwischen zwei gegeneinander verschränkten Kristallen (p = 21° 48’). Die Dreh- 

achse (parallel zu [001]) steht senkrecht zur Zeichenebene. e Atome der einen 

Grenzflächen-Netzebene, © Mulden zwischen den Atomen der anderen Grenz- 
fläche 


Weise fortgesetzt würde. Sie bedeuten also sinngemäß Mulden zwischen 
den Atomen in der Oberflächennetzebene des unteren Kristalls. Infolge 
der Verdrehung der als starre Gebilde betrachteten Kristallhälften 
nehmen nur gewisse Atome diese Lagen wirklich ein. (In der Zeichnung 
sind die Atome in der Grenzfläche der oberen Kristallhälfte durch 
Punkte angedeutet.) Jeder Orientierung, bei derim Beugungsdiagramm 
eine Koinzidenz zweier niedrig indizierter Reflexe eintritt, entspricht 


12 Zum Beweis siehe z.B. A. ScHorz, Einführung in die Zahlentheorie. 
Sammlung Göschen Bd. 1131 (1945), 8. 43. 


Orientierte Verwachsung von Molybdändisulfid 297 


im Atomgitter eine Konfiguration, bei der sich gerade ein relativ 
sroßer Teil der Atome genau wieder in Mulden der angrenzenden 
Netzebene befindet. Diese Atome bilden gleichfalls ein hexagonales 
Netz. Faßt man zur Richtung [001] parallele Gitterreihen ins Auge, so 
sieht man, daß nur diejenigen Reihen, welche in Atomen enden, die in 
Atommulden des gedrehten Kristalls zu liegen kommen, sich in diesem 
ungestört fortsetzen. Diese Gitterreihen bilden gewissermaßen ein die 
Grundgitter beider Kristalle umfassendes ‚„‚Übergitter“. 

Die Basisnetzebene des einen Kristalls mit den Grundtranslationen 
a, und a, sei in Abb.2 durch die Kreise, die dagegen verdrehte Netz- 
ebene mit der Basis a,', a, durch die eingezeichneten Punkte dar- 
gestellt. Wegen der geometrischen Ähnlichkeit dieser Gitteranordnung 
mit der im reziproken Raum ist ersichtlich, daß die Anordnung der 
hier mit Punkten zusammenfallenden Kreise und die Lagen der 
Koinzidenzpunkte im Beugungsdiagramm sich unmittelbar ent- 
sprechen. Bedeutet h,,h, wieder das Indexpaar des für die betrachtete 
Orientierung maßgebenden Koinzidenzpunktes im System b,, D,, so 
kann das erwähnte Übergitter durch folgende Translationen beschrie- 
ben werden: 


A = (hh + h)a + ra, 
5 Mm. 


Hierbei ist a, — a, die zur Basisebene senkrechte Gittertranslation 
und M die Anzahl der in beiden Kristallen insgesamt übereinander- 
liegenden Elementarzellen. Die neue Indizierung ergibt sich aus dem 
Übergang zum System a,, d,. Im reziproken Gitter entsprechen den 
Y,, A, die Basisvektoren 


Dur a [U; U; ] Te [Y; A] 
en Ey, 
oder mit (8) 
3 h, [Ag a3] + Ra [az a,] h,6, + habs 
LT 2 En: + h,%)(,00) Mr -hhh, 
( 1 2 1 


und 


re —h,[a0]+ (+ h)lazı) _ hd + (hy + ho)b, 1 
= (hi? + ha? + hıh,) (0, 4,0;) h%?+ h2?+ hıkz 
Durch Vergleich mit (2a) folgt daraus 
B, = DB, und B, = B,. 


Die Basisnetzebene im reziproken Gitter des Übergitters ist daher 
identisch mit dem Gitternetz der Mehrfachbeugungsreflexe. Die Lagen 


298 JOACHIM STABENOW 


aller möglichen Mehrfachbeugungsreflexe lassen sich somit durch Beugung 
les Elektronenstrahls am jeweiligen Übergitter des Kristallpaares 
beschreiben. 

Die formale Ähnlichkeit der Abb.1b und 2 miteinander kann für 
die Konstruktion eines nützlichen Modells verwertet werden. Versieht 
man zwei verschiedenfarbige, transparente Kunststoffolien, z.B. eine 
gelbe und eine blaue Folie, mit Löchern in hexagonaler Anordnung 
und lest beide parallel übereinander auf eine weiße Unterlage, so 
erscheinen die Löcher weiß auf grünem Grund. Sie können in dieser 
Orientierung die Atome einer Netzebene (Löcher in der oberen Folie) 
repräsentieren, die alle in Mulden einer benachbarten Atomlage 
(Löcher in der unteren Folie) liegen. Dies entspricht den Verhältnissen 
am Einkristall. Durch gegenseitige Verdrehung der Folien um ihren 
semeinsamen Mittelpunkt lassen sich nacheinander beliebige Orien- 
tierungen der beiden Schichten studieren. Die zugehörigen Übergitter 
markieren sich durch weiße Löcher, während die nicht koinzidierenden 
Bohrungen gelb und blau erscheinen. Identifiziert man nun die weißen 
Löcher mit den primären Beugungsreflexen der einen Kristallschicht, 
so ergibt nach den obigen Überlegungen das System der gelben bzw. 
blauen Löcher das vollständige Reflexmuster der mehrfach ab- 
gebeugten Strahlen für die vorher eingestellte Orientierung. Dieses 
Modell erleichtert die schnelle Übersicht über die Mannigfaltigkeit der 
Orientierungen und der Beugungsdiagramme, besonders dann, wenn 
viele Reflexe wegen zu geringer Intensität ausfallen. 


C. Experimentelle Ergebnisse 


1. Präparat und Aufnahmetechnik 


Bei dem in dieser Arbeit untersuchten Molybdändisulfid handelt 
es sich um ein Präparat, das von PrLıer# und Ross» auf synthetischem 
Wege durch thermische Zersetzung schwefelreicherer Sulfide erhalten 
worden war. Zahlreiche Kriställchen besaßen eine für die Elektronen- 
beugung geeignete Dicke. Gelegentlich beobachtete Beugungsdia- 
oramme ließen eine gesetzmäßige Orientierung zweier Kristalle bzw. 
zweier Kristallschichten vermuten. Aus diesem Grunde wurde die 
Untersuchung weiter ausgedehnt und die Erscheinung systematisch 
verfolgt. 


5 K. Ross, Untersuchungen über synthetisches Molybdändisulfid. Bisher 
unveröffentlichte Diplomarbeit der Freien Universität Berlin (1957). 
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Molybdändisulfid kristallisiert in einem hexagonalen Schichtgitter. 
Die Mo-Atome und ebenso die S-Atome sind auf Ebenen senkrecht zur 
Richtung [001] angeordnet, und zwar so, daß jede Lage von Mo- 
Atomen auf beiden Seiten von je einer Lage S-Atomen begleitet wird 
und zusammen mit diesen ein Schichtpaket bildet. Die Schwefelatome 
liegen in einem Paket genau übereinander. Das gesamte Gitter baut 
sich aus diesen Schichtpaketen auf, wobei jedes dritte Schichtpaket 
wieder in identischer Lage mit dem ersten liegt. Zwei Schichtpakete 
übereinander bilden demnach den Elementarabstand. Die Bindungs- 
kräfte zwischen benachbarten Schichtpaketen sind geringer als inner- 
halb derselben. Dieser Tatsache entspricht die sehr vollkommene 
Spaltbarkeit parallel zur Basisfläche (001). 

Geringe Mengen der als feinkristallines Pulver vorliegenden Sub- 
stanz konnten durch längere Behandlung im Ultraschallfeld in Wasser 
suspendiert werden. Da Molybdändisulfid vom Wasser nicht benetzt 
wird, war eine leichte Isolierung hinreichend kleiner Teilchen möglich. 
Ein Tropfen der Suspension wurde wie üblich auf die mit einem 
dünnen Kollodiumfilm überspannte Objektträgerblende aufgetrocknet. 
Mit dem Elektronenmikroskop!% wurden zunächst geeignete Kriställ- 
chen (Größe etwa 0,5 bis 2 u) herausgesucht und deren Beugungs- 
diagramme nach dem Verfahren der Feinbereichsbeugung!?.!° auf- 
genommen. 


2. Elektronenbeugungsdiagramme 


Wie man nach dem Gitteraufbau des Molybdändisulfids erwarten 
sollte, entstehen bei seiner Kristallisation in der Hauptsache dünne, 
blättchenförmige Kristalle. Diese legen sich bei der Präparation vor- 
nehmlich mit ihrer Basisfläche flach auf den Trägerfilm. Die Durch- 
strahlung der Kriställchen im Elektronenmikroskop erfolgt dann 
annähernd parallel zur Richtung [001]. Ein auf diese Weise erhaltenes 
Elektronenbeugungsdiagramm eines MoS,-Einkristalls zeigt Abb.3a 
in Übereinstimmung mit dem Schema der Abb.1a. Die Intensitäts- 
verteilung im Beugungsmuster entspricht nicht derjenigen, die sich 


16 Die Untersuchungen wurden mit einem Elektronenmikroskop vom Typ 
Elmiskop I der Siemens & Halske AG. durchgeführt. 

ı? H. BonrscH, Über das primäre und sekundäre Bild im Elektronen- 
mikroskop. II. Strukturuntersuchung mittels Elektronenbeugung. Ann. Physik 
27 (1936) 75—80. 

ıs JB. LePoorz, Ein neues Elektronenmikroskop mit stetig regelbarer 
Vergrößerung. Philips’ techn. Rdsch. 9 (1947) 33—46. 
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Abb. 3a 


Abb. 3c Abb. 3d 


Abb.3. Elektronenbeugungsaufnahmen eines MoS,-Einkristalls und mehrerer 

MoS,-Kristallpaare verschiedener Orientierung in gleichem Abbildungsmaßstab. 

a) Einkristall, b) 2,1-Orientierung, c) 3,1-Orientierung, d) 5,1-Orientierung, 
e) 6,1-Orientierung, f) 5,4-Orientierung 
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unter Berücksichtigung des Struktur- und Gitterfaktors ergibt. Die 
Intensität der Reflexe nimmt vielmehr mit wachsendem Winkel gleich- 
förmig ab. Der Grund dürfte, abgesehen von dynamischen Effekten, in 
einer mehr oder weniger unregelmäßigen Verbiegung der Kristall- 
lamellen liegen, so daß sie dem Elektronenstrahl Bezirke wechselnder 
Reflexionsbedingungen darbieten; denn es wurden auch bei dickeren 
Kristallen niemals einzelne getrennte Laue-Zonen beobachtet. Den 
gleichen Eindruck vermitteln die elektronenmikroskopischen Bilder, 


Abb. 3e Abb. 3f 


die hell-dunkle Streifungen aufweisen, welche bei Änderung der Be- 
strahlungsverhältnisse wandern. Es handelt sich hierbei um ‚‚Streifen 
gleicher Neigung“, d.h. jeder Streifen charakterisiert ein Gebiet, das 
eine bestimmte Neigung gegen den Elektronenstrahl hat. Im Beugungs- 
bild wird daher die Überlagerung der Beugungsanteile wirksam, die 
von verschiedenen Bereichen des durchstrahlten Kristalls herrühren. 

Außer Einkristallbildern konnten zahlreiche Diagramme von Kri- 
stallpaaren verschiedener Orientierung beobachtet werden. Typische 
Beispiele stellen die Abb.3b, c, d,e und f dar. Alle Aufnahmen sind 
im gleichen Maßstab wiedergegeben. Abb.3b entspricht dem schema- 
tischen Diagramm in Abb.1b. Der 210-Reflex des einen Kristalls fällt 
genau mit dem 120-Reflex des anderen Kristalls zusammen. In den 
(im allgemeinen) stärkeren Reflexen erkennt man die Primärreflexe 
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der beiden Kristalle. Bei Abb.3c befindet sich der Koinzidenzpunkt 
bereits außerhalb des abgebildeten Bereichs. Der Anordnung der 
Mehrfachbeugungsreflexe kann aber entnommen werden, daß hier ein 
Kristallpaar in 3,1-Orientierung vorlag. Eine ähnliche Aufnahme, von 
einem Kristallpaar in 5,1-Orientierung herrührend, zeigt die Abb.3d. 
Die Abb.3e und 3f weisen charakteristische Unterschiede in der 
Intensitätsverteilung der Mehrfachbeugungsreflexe auf. In Abb.3f 
treten diese z.B. nur in Gruppen um die Primärreflexe herum auf. Der 
Grund dafür ist, daß viele Strahlen, die durch zweimalige Beugung 
unter größerem Winkel entstehen, zu schwach sind, um die Fotoplatte 
zu schwärzen. Die unterschiedlichen Intensitäten lassen sich im 
einzelnen bei diesen und anderen Bildern dadurch gut erklären. Die 
Verdrehungswinkel der beiden Kristallschichten ließen sich aus den 
Aufnahmen immer unter Annahme von relativ kleinen, ganzzahligen 
Werten der Indizes h, und h, gemäß Formel (1) bestimmen (von 
gewissen geringfügigen Abweichungen ist weiter unten die Rede). Die 
Experimente beweisen, daß die Kristalle in ganz bestimmten gegen- 
seitigen Verdrehungen übereinander angeordnet waren. 

In der Tab.i sind nun die möglichen Orientierungen, nach der 
Größe ihrer Übergitter geordnet, zusammengestellt. Der zugehörige 


Drehwinkel 9 bzw. der diesen zu 3 ergänzende Winkel g’ ist ebenfalls 


Tabelle 1. Zusammenstellung der möglichen Orientierungen geordnet nach 
wachsender ‚Übergitter‘‘-Konstante A 


Nr. Orientierung A[A] p bzw. @ beobachtet 
1 2,1 8,33 21° 48° ja 
2 Sl 11,36 DT AS] ja 
3 3,2 13,73 13° 12° ja 
+ 5,1 17,54 il ja 
5 4,3 19,16 9° 26° ja 
6 6,1 20,66 152108 ja 
7 5,3 22,05 16° 247 ja 
8 5,4 24,60 72.04 ja 
9 7,2 25,78 242962 nein 

10 8,1 26,91 2382 ja 
11 He 28,00 26° 00° nein 
12 9,1 30,05 102242 ja 
13 6,5 30,05 02022 ja 
14 8,3 | 31,02 29° 26° nein 
15 9,2 31,97 19° 38° nein 
16 7,5 32,89 11° 00° ja 
17 7,6 35,50 5° 04° ja 


ÖOrientierte Verwachsung von Molybdändisulfid 303 


angegeben. Weitere Örientierungen mit noch größerem Übergitter 
konnten nur relativ selten beobachtet werden. Von den in der Tabelle 
aufgeführten 17 Orientierungen wurden 13 tatsächlich gefunden. Wenn, 
nach dem mikroskopischen Bild zu urteilen, einzelne definierte Kristalle 
bzw. Kristallschichten vorlagen (das Objekt also nicht aus einem poly- 
kristallinen Haufwerk bestand), konnten stets, zumindest annähernd, nur 
die beschriebenen diskreten Konfigurationen festgestellt werden. 

Einige des öfteren beobachtete Beugungsbilder verdienen noch 
besondere Beachtung (siehe auch Teil II dieser Arbeit®). Abb.4a zeigt 


Abb. 4a Abb. 4b 


Abb.4. a) Elektronenbeugungsdiagramm eines MoS,-Kristallpaares mit geringer 
Abweichung von der 2,1-Orientierung, b) Vergrößerung des eingezeichneten 
Bereichs 


ein solches Diagramm. Es besitzt große Ähnlichkeit mit dem Beugungs- 
bild eines Kristallpaares in 2,1-Orientierung. Die vorliegende Orien- 
tierung weicht jedoch ein wenig hiervon ab. Der 210- und der 120- 
Reflex fallen nicht genau zusammen. In Abb.4b ist die Umgebung 
dieser Reflexe vergrößert wiedergegeben. Als Folge dieser Abweichung 
treten anstelle der besprochenen mehrfach abgebeugten Strahlen ganze 
Gruppen von Strahlen auf. Zwei benachbarte Strahlen einer Gruppe 
weichen untereinander in ihrer Richtung um den gleichen Betrag ab 
wie die beiden nicht genau koinzidierenden primären Beugungsstrahlen. 
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Im allgemeinen können bei vollkommener Koinzidenz verschiedene 
Strahlen durch nochmalige Beugung am zweiten Kristall den gleichen 
Mehrfachbeugungsreflex hervorrufen. Die ihnen entsprechenden Pri- 
märreflexe sind relativ zueinander in derselben Weise angeordnet wie 
die Koinzidenzpunkte der betreffenden Orientierung. Bei geringer Än- 
derung des Verdrehungswinkels erscheinen alle vorher zusammenfallen- 
den Mehrfachbeugungsreflexe, hinreichende Intensität vorausgesetzt, 
getrennt und bilden die erwähnten Reflexgruppen. Um den Nullstrahl 
entstehen Mehrfachbeugungsreflexe der Art hyh>0|/Rahr0 (hyhz0 und Aah,0 
bedeuten die Indextripel der annähernd koinzidierenden Reflexe). 

Derartige geringe Abweichungen von der vollkommenen Koinzidenz 
wurden fast ausnahmslos nur bei der 2,1- und der 3,1-Orientierung 
oefunden. Die Tatsache, daß bei anderen Konfigurationen Abwei- 
chungen praktisch nicht beobachtet werden konnten, läßt sich nicht 
mit zu geringer Intensität der getrennt auftretenden Reflexe erklären. 
Das negative Ergebnis scheint vielmehr dafür zu sprechen, daß bei den 
genannten Orientierungen besondere Verhältnisse hinsichtlich der 
Grenzflächenstruktur und der damit verbundenen energetischen Bigen- 
schaften vorliegen müssen, auf die im einzelnen später eingegangen wird. 


D. Diskussion 
1. Entstehungsweise der Kristallpaare 


Die Untersuchung mittels Elektronenbeugung allein gibt keinen 
Aufschluß darüber, ob die gegeneinander verdrehten Kristallbereiche 
direkt verwachsen sind oder ob zwei vorher getrennt existierende 
Kristalle nach zufälliger Berührung fest in einer der beschriebenen 
Orientierungen aneinander haften blieben. Das elektronenmikro- 
skopische Bild läßt erkennen, daß sicher in vielen Fällen eine unmittel- 
bare Verwachsung von verdrehten Schichten vorliegt. Äußerlich 
wirken solche Objekte wie Einkristalle. Sie offenbaren ihre komplexe 
Struktur im Mikroskopbild lediglich bei genügend hohem Auflösungs- 
vermögen durch das Auftreten von Moires (siehe auch Teil II dieser 
Arbeit®). In anderen Fällen, wo einzelne übereinanderliegende Kristall- 
lamellen beobachtet werden können, ist eine Entscheidung dieser Frage 
nicht ohne weiteres möglich !?. 


19 Besitzen solche Kristalle Prismenflächen, die miteinander einen Winkel 
von 120° bilden, so kann der Drehwinkel p auch aus dem elektronenmikrosko- 
pischen Bild ermittelt werden. Diese Messung führte stets zum gleichen Ergebnis 
wie die Bestimmung aus dem Beugungsdiagramm. 
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Ein Übereinandergleiten zweier Kriställchen und ihre gegenseitige 
Ausrichtung etwa während der Präparation auf dem Objektträger 
wäre an sich denkbar. Wie SCHASKOLSKY und SCHUBNIKOW? zeigen 
konnten, tritt unter günstigen Umständen beim Auftreffen kleiner 
Alaunkristalle auf eine große Einkristallflläche der gleichen Substanz 
eine Ausrichtung zur Unterlage in bestimmter Orientierung auf. Vor 
kurzem berichteten auch ZOUCKERMANN und CoRCUFF?!, daß sie bei 
der Sedimentation von Glimmerpulver auf eine Glimmerspaltfläche 
eine Orientierung der Kriställchen im wesentlichen parallel zur Unter- 
lage beobachten konnten. Die Güte der Ausrichtung hängt allerdings 
stark vom Medium ab, in dem die Sedimentation vorgenommen wird. 
Offenbar spielt bei diesen Versuchen eine H,O-Zwischenschicht eine 
besondere Rolle. Gegen eine Entstehung der MoS,-Kristallpaare wäh- 
rend der Präparation auf dem Objektträger spricht jedoch die Beob- 
achtung, daß sich das Verhältnis der Anzahl der als Kristallpaare 
vorliegenden Kriställchen zur Gesamtmenge nicht merklich ändert, 
wenn die Konzentration der Suspension variiert wird. 


2. Korngrenzenenergie und Versetzungsmodell 
der Korngrenze 


Es interessiert nun, in welchem Zusammenhang die beobachteten 
diskreten Orientierungen mit dem strukturellen Aufbau der sich 
berührenden Kristallschichten stehen und wie weit sie sich vom energe- 
tischen Standpunkt aus verstehen lassen. 

Stoßen zwei Kristallbereiche derselben Substanz und Struktur 
aneinander, die nicht gleich orientiert sind, so kann man im Hinblick 
auf ihre gegenseitige Anordnung zwei Extremfälle unterscheiden. Es 
können entweder beide Gitterbereiche um eine in ihrer Grenzfläche 
liegende oder um eine senkrecht zu ihr stehende Achse gegeneinander 
verdreht sein. Man spricht von geneigten bzw. von verschränkten 
Korngrenzen. Wegen der Abweichung von der idealen Anordnung der 
Atome in der Übergangszone zwischen den beiden Kristallbereichen 
ist deren freie Energie größer als die eines entsprechenden Ein- 
kristalls. Man betrachtet zweckmäßig die Grenzfläche direkt als Träger 


20 M. SCHASKOLSKY und A. SCHUBNIKOW, Über die künstliche Herstellung ge- 
setzmäßiger Kristallverwachsungen des Kalialauns. Z. Kristallogr. 85 (1933) 1—16. 

21ı M. R. ZOUCKERMANN et Y. CoRcUFF, Orientation de microcristaux par 
sedimentation sur un cristal unique de mö&me nature. C. R. Paris 245 (1957) 
2323—2326. — M. R. ZOUCKERMANN, Orientation de mierocristaux deposes sur 
mica. Proc. Int. Conf. Elec. Mier., Berlin 1958. Im Druck. 


Z. Kristallogr. Bd. 112 230 
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dieser erhöhten Energie und bezeichnet den Mehrbetrag, bezogen auf 
die Einheit der Berührungsfläche, als spezifische Korngrenzenenergie. 
Diese ist im allgemeinen von der gegenseitigen Orientierung der 
Kristallite abhängig. 

Beim Molybdändisulfid sind im Falle verschränkter Korngrenzen 
mit hoher Wahrscheinlichkeit nur Anordnungen möglich, bei denen 
die Kristallitgrenze parallel zur Basisebene zwischen zwei Schicht- 
paketen hindurch verläuft, so daß die aneinandergrenzenden Flächen 
aus je einer Schicht hexagonal dicht gepackter Schwefelatome be- 
stehen. Bei idealer Fortsetzung des einen Kristalls in gleicher Orien- 
tierung befinden sich alle Atome der benachbarten Netzebene in 
Potentialmulden zwischen den Atomen in der Grenzschicht des Unter- 
lagekristalls. Die potentielle Energie erreicht in diesem Fall ein 
absolutes Minimum. Werden die beiden Kristallhälften um eine zur 
Grenzfläche senkrechte Achse gegeneinander verdreht, so ist zu 
erwarten, daß auch die spezifische Korngrenzenenergie mit zuneh- 
mendem Drehwinkel p anwächst, ein Maximum bei g = - erreicht 


und nach einer Drehung um % wieder bis auf den Wert Null abfällt. 


Diese Orientierung ist identisch mit der anfänglichen einkristallinen 
Anordnung. 

Das Auftreten von Kristallpaaren mit ganz bestimmten gegen- 
seitigen Verdrehungen um Winkel 9 # 0, +£ 3 läßt jedoch vermuten, 
daß der Verlauf der Korngrenzenenergie in Abhängigkeit vom Dreh- 
winkel zwischen den Werten p = 0 und ne noch weitere relative 
Minima aufweist. Von den in Tab.1 aufgeführten Orientierungen 
wurden die 2,1- und die 3,1-Orientierung weitaus am häufigsten 
gefunden. Dieser experimentelle Befund könnte ein Hinweis dafür sein, 
daß Konfigurationen mit kleinem Übergitter, bei denen also die Anzahl 
der genau in Potentialmulden liegenden Atome pro Flächeneinheit 
verhältnismäßig groß ist, mit besonders ausgeprägten relativen Minima 
der Korngrenzenenergie verbunden sind. Der Verlauf und die Breite 
dieser Energieminima scheinen vergleichbar zu sein den Verhältnissen 


im absoluten Minimum (v —=(, + 3); denn lediglich bei der 2,1- und 


der 3,1-Orientierung konnten die bereits erwähnten sehr kleinen 
Abweichungen von den genauen Verdrehungswinkeln beobachtet 
werden, wie sie auch von GOODMAN ? für die Einkristall-Orientierung 


22 J. F. GOODMANN, Evidence from moir6 patterns of packing faults in 
boron nitride erystals. Nature [London] 180 (1957) 425—427. 
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beim Bornitrid gefunden wurden. Man könnte sich hier vorstellen, daß 
infolge geringfügiger Wachstumsstörungen die genaue Ausrichtung 
parallel zur Unterlage blockiert ist und daher eine innerhalb des 
breiten Minimums liegende, eng benachbarte Orientierung ein- 
genommen wird. 

Das Vorhandensein einer Reihe metastabiler Orientierungen läßt 
sich nach Wırman? sehr schön durch ein Kugelmodell verifizieren. 
Werden die aneinanderliegenden Kristallschichten durch Lagen dicht 
gepackter Kugeln dargestellt und gegenseitig verdreht, so findet bei 
entsprechenden Orientierungen ein merkliches Einrasten der Kugeln 
statt. Solche Orientierungen sind dadurch ausgezeichnet, daß ein 
bestimmter Teil der Kugeln wieder genau in Mulden liegt. Allerdings 
dürfte ein derartiges Modell mit starren Kugeln nicht ganz der Wirk- 
lichkeit entsprechen. 

Die Berechnung der Grenzflächenenergie in Abhängigkeit von der 
Orientierung der Kristallite erfordert es, eine bestimmte Vorstellung 
über die Struktur der Korngrenze zugrunde zu legen. Versuche in dieser 
Hinsicht sind bisher nur ausgehend vom Versetzungsmodell unter- 
nommen worden, so daß sich die folgende Betrachtung auf dieses 
Modell beschränken läßt. Dies bedeutet gleichzeitig eine Beschränkung 
auf kleine Orientierungsunterschiede der Kristalle; denn nur im Fall 
der Kleinwinkel-Korngrenze ist die Annahme sinnvoll, daß der Über- 
gang zwischen den beiden Gitterbereichen durch geeignet angeordnete 
Versetzungen vermittelt wird. 

Bei verschränkten Korngrenzen parallel zur Basisebene von hexa- 
gonalen Kristallen besteht die Versetzungsanordnung nach FRANK? 
aus einem hexagonalen Netzwerk von Schraubenversetzungen. Dieses 
ist in Abb.5 für eine Verdrehung von 9 = 7°20’, entsprechend einem 
Kristallpaar in 5,4-Orientierung, dargestellt. Die Kreise deuten wieder 
Mulden zwischen den Atomen der einen Schicht an, während die 
Atome der anderen Schicht als Punkte eingezeichnet sind. Durch 
geringe Verschiebungen der Atome in beiden Kristallagen ist es mög- 
lich, große regelmäßige Bereiche zu erhalten. Lediglich zwischen diesen 
befinden sich stärker gestörte Gebiete, in denen Schraubenversetzungen 
netzartig verlaufen. Man sieht, daß durch das Versetzungsnetzwerk 
zwischen den Gitterbereichen in günstiger Weise, d.h. mit dem 
geringsten möglichen Anteil von Gitterstörungen, vermittelt wird. 


23» F.C. Frank, Hexagonal network of dislocations. Report of the Con- 
ference on Defects in Crystalline Solids, 1954. The Physic. Soc. 1955, S. 159—168. 
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Zwischen dem gegenseitigen Abstand D zweier paralleler Versetzungs- 
linien (der Maschenweite des Versetzungsnetzwerkes) und dem Dreh- 
winkel p besteht der Zusammenhang 


Re 
sn an’ (9) 


wobei b die Versetzungsstärke bedeutet. Mit zunehmender Verdrehung 
wird die Maschenweite D immer kleiner und erreicht oberhalb etwa 15° 


Su 


BR = RE 
> 
Be a 


ERDE 


Abb.5. Hexagonales Netzwerk von Schraubenversetzungen als Modell der 

Grenzfläche zwischen zwei gegeneinander verschränkten Kristalliten (parallel 

zur 111-Ebene im kubisch-flächenzentrierten Gitter bzw. zur 001-Ebene im 

hexagonalen Gitter). e Atome unmittelbar oberhalb der Grenzfläche, © Mul- 
den in der Atomschicht unmittelbar unterhalb der Grenzfläche. 


solche Werte, daß eine Unterscheidung zwischen gutem und schlechtem 
Kristallbezirk nicht mehr möglich ist. 

Bei bekanntem Versetzungsschema ergibt sich durch Überlagerung 
der Spannungszustände der einzelnen Versetzungen der die Korn- 
grenze beschreibende Spannungszustand. Damit ist aber auch die 
elastische Energiedichte bekannt, und durch Integration darüber läßt 
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sich im Prinzip die Korngrenzenenergie in Abhängigkeit von der gegen- 
seitigen Orientierung der Kristalle ermitteln. ReAp und SHOckKLEY** 
sowie VAN DER MERVE? ist es gelungen, diese Rechnungen für das 
kubisch-primitive Gitter durchzuführen. Die von ihnen berechnete 
Korngrenzenenergie zeigt einen vollkommen glatten Verlauf und weist 
außer beim Winkel » —= 0 keinerlei Minima auf, die eine Vorliebe für 
gewisse Orientierungen verständlich machen könnten. 

Berücksichtigt man jedoch nach ReAD und SHockLeyY°* im Falle 
geneigter Korngrenzen, daß sich der Abstand D zwischen den Ver- 
setzungen in der Grenzfläche nicht kontinuierlich ändern kann, sondern 
stets ein ganzzahliges Vielfaches des Netzebenenabstandes betragen 
muß, so erhält man im Verlauf der Korngrenzenenergie scharfe relative 
Minima bei denjenigen Drehwinkeln 9, für die nach (9) das Verhältnis 
D/b einen rationalen Wert annimmt. Bei kleinen Neigungswinkeln 
sind diese Minima allerdings wenig ausgeprägt. Sie sollten aber von 
merklicher Tiefe sein, wenn die Orientierung so beschaffen ist, daß die 
Grenzfläche zwischen den Kristallbereichen identisch mit einer niedrig 
indizierten Netzebene ist. Die Messungen der Korngrenzenenergie bei 
Silieium/Eisen von Dunx und Mitarbeitern lassen offenbar tatsäch- 
lich derartige Minima bei den erwarteten Orientierungen erkennen. 

Leider führen analoge Überlegungen bei verschränkten Korn- 
grenzen zu keiner besseren Übereinstimmung mit der Erfahrung. Einer 
diesbezüglichen Bemerkung von NABARRO 7 zufolge sind zwar ähnliche 
Abweichungen vom berechneten Energieverlauf bei den gefundenen 
diskreten Orientierungen denkbar, aber wahrscheinlich viel zu gering, 
um einen nennenswerten Einfluß ausüben zu können. Wegen der 
atomistischen Struktur der Kristalle variiert nämlich die Energie 
einer Versetzung periodisch bei einer Translation entlang ihrer Gleit- 
ebene. Es existieren jenach Gitterstruktur verschiedene Folgen parallel 


22» W.T.Rsap and W. Suockrey, Dislocation models of erystal grain 
boundaries. Physic. Rev. 78 (1950) 275—289. Siehe auch W.T. ReAp, Disloca- 
tions in erystals. New York, London, Toronto: MeGraw Hill (1953). 

> J. H.van DER Merve, On the stresses and energies associated with 
inter-erystalline boundaries. Proc. Physie. Soc. [London] A 63 (1950) 616637. 

2 0, G. Dunn and F. Lioxerrı, The effect of orientation difference on 
grain boundary energies. Trans. Amer. Inst. Min. Metallurg. Engrs. 185 (1949) 
125—132. — C. @. Dunn, F. W. Danıers and M. J. BoLToN, On the measure- 
ment of relativ interface energies in twin related cerystals. Trans. Amer. Inst. 
Min. Metallurg. Engrs. 188 (1950) 368—377. 

 F.R.N. NABARRo, The mathematical theory of stationary dislocations. 
Adv. Physies 1 (1952) 269—394. Vgl. insbesondere 8. 357. 
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laufender Potentialrinnen. Bei einer Veränderung der gegenseitigen 
Orientierung der Kristalle ändert sich die Maschenweite des Ver- 
setzungsnetzwerkes, wobei die einzelnen Versetzungen Gleitbewe- 
gungen ausführen. Bei gewissen Drehwinkeln sollten zahlreiche Ver- 
setzungslinien die Lagen tiefster Energie tatsächlich einnehmen, und 
die spezifische Korngrenzenenergie müßte daher an diesen Stellen 
Minima aufweisen. Da jedoch die periodischen Energievariationen im 
Vergleich zur Linienenergie einer Versetzung sehr klein sind, dürfte 
auch im vorliegenden Fall der Einfluß dieses Effektes zu vernach- 
lässigen sein. 

Es läßt sich demnach bei verschränkten Korngrenzen keine Über- 
einstimmung des experimentellen Befundes mit der vorliegenden 
Theorie erzielen, obwohl eigentlich das Versetzungsmodell, zumindest 
bei kleinerem Orientierungsunterschied, eine gute Näherung darstellen 
sollte. Die Gründe für diese Diskrepanz sind zur Zeit noch schwer zu 
übersehen. Es ist fraglich, ob sich wegen der Anisotropie der Bindungs- 
kräfte bei Schichtkristallen überhaupt noch ein Versetzungsnetzwerk 
bei mittleren Drehwinkeln ausbilden kann. Wahrscheinlich kommt hier 
die Vorstellung von zwei relativ starren, gegeneinander verdrehten 
Kristallhälften der Wirklichkeit viel näher. 


Zusammenfassung der Ergebnisse 

1. Die Untersuchung von Mikrokristallen aus synthetischem 
Molybdändisulfid mittels Elektronenbeugung, ergänzt durch die 
elektronenmikroskopische Beobachtung desselben Objektes, ergab, daß 
orientierte Verwachsungen zweier Kristallschichten oft vorkommen. 
Dabei wurden immer — zumindest annähernd — nur ganz bestimmte, 
kristallographisch ausgezeichnete Verdrehungswinkel der mit der 
Basisebene untereinander verwachsenen Kristalle gefunden. 

2. Die diskreten Orientierungen solcher Kristallpaare sind dadurch 
gekennzeichnet, daß gewisse Beugungsreflexe der beiden Gitter zusam- 
menfallen. Im allgemeinen liegen diese Reflexe außerhalb des beobacht- 
baren Winkelbereichs der abgebeugten Elektronenwellen. Die bei der 
Durchstrahlung der MoS,-Kristallpaare auftretende (ungewöhnlich 
starke) Mehrfachbeugung gestattet jedoch, aus der Anordnung der 
Mehrfachbeugungsreflexe die Orientierung zu ermitteln, und läßt 
deutlich selbst geringfügige Abweichungen von den genauen Orientie- 
rungen erkennen. 

3. Beim Vorliegen der ausgezeichneten Verdrehungen ergänzen die 
Mehrfachbeugungsreflexe das Muster der Primärreflexe beider Kristalle 
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zu einem vollständigen Reflexsystem. Es hat den Anschein, als ob die 
Beugung an einem Gitter mit viel größerer Elementarzelle stattfinde. 
Eine derartige Übergitter-Zelle wird offenbar von zur Richtung [001] 
parallelen Gitterreihen gebildet, welche in Atomen enden, die in 
Mulden zwischen den Atomen der Oberflächennetzebene des gedrehten 
Kristalls zu liegen kommen. Sie verlaufen daher ungestört durch beide 
Kristalle hindurch. 

4. Die Frage nach der Entstehung der Kristallpaare ist nicht 
immer eindeutig zu beantworten. In vielen Fällen läßt das elektronen- 
mikroskopische Bild mit Sicherheit eine unmittelbare Verwachsung 
erkennen. Bei anderen Kristallpaaren ist allerdings die Möglichkeit 
nicht auszuschließen, daß zwei vorher getrennt existierende Kriställ- 
chen nach zufälliger Berührung fest aneinander haften blieben. Eine 
Entstehung während der Präparation auf dem Objektträger ist jedoch 
unwahrscheinlich, da Konzentrationsänderungen der MoS,-Suspension 
ohne merklichen Einfluß blieben. 

5. Das Auftreten von ganz bestimmten Orientierungen bei gegen- 
einander verschränkten Kristallschichten zeigt, daß der Verlauf der 
spezifischen Korngrenzenenergie in Abhängigkeit vom Verdrehungs- 
winkel neben den absoluten Minima im Falle der parallelen Orien- 
tierung noch weitere relative Minima aufweisen muß. Diese relativen 
Minima scheinen bei Konfigurationen mit kleinem Übergitter, bei 
welchen also die genau in Potentialmulden der angrenzenden Ober- 
flächennetzebene liegenden Atome pro Flächeneinheit verhältnismäßig 
zahlreich sind, besonders ausgeprägt zu sein. Nach bisher vorliegenden 
theoretischen Überlegungen, die vom Versetzungsmodell der Korn- 
grenze ausgehen, sind zwar geringe Energieerniedrigungen bei den 
gefundenen Verdrehungen denkbar, aber wohl viel zu klein, um das 
Auftreten diskreter Orientierungen verständlich zu machen. Diese 
Diskrepanz ist möglicherweise durch den ausgesprochenen Schicht- 
gittercharakter von MoS, bedingt. Die Anisotropie der Bindungskräfte 
in der Grenzzone könnte die Ausbildung eines Versetzungsnetzwerkes 
verhindern. 

Mein besonderer Dank gilt Herrn Professor Dr. K. MOLIERE für 
sein Interesse an dieser Arbeit und für wertvolle Hinweise. Herrn 
Professor Dr. E. Ruska und seinen Mitarbeitern danke ich für die 
Gewährung eines Arbeitsplatzes am Elektronenmikroskop sowie Herrn 
Professor Dr. K. Prier# und Herrn K. Ross für die Überlassung der 
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Abstract 


The view expressed in an earlier paper! that within a calcite plate weakly 
deformed by a temperature gradient interfering x-rays travel on curved paths 
is tested experimentally and theoretically. Series of measurements prove 
that (a) the point at which the radiation leaves the crystal lattice is not altered 
when the erystal plate is subjected to a difference of temperature T’ £ 0 and 
that (b) the relative intensity R,/R of the two reflexions produced by the 
breakdown of the wave fields at the surface of the crystal does however depend 
on AT. 

It follows from (a) and (b) that the ray paths of the wave fields as given by 
the Poynting vectors must show a curvature within the weakly deformed 
erystal. The main reason for this is the curvature of the reflecting lattice plane. 
The curvature of the rays is about 10* times greater than that of the lattice 
planes. 

Calculations on a model in which the lattice plane with a continuous curva- 
ture is substituted by two inclined lattice planes of neighbouring ideal erystals 
give results which in all cases are in qualitative agreement with the experimental 
results. 


Auszug 
Die in einer früheren Arbeit! ausgesprochene Vermutung, interferierende 


Röntgenstrahlung verlaufe in einer durch einen Temperaturgradienten schwach 
deformierten Calcitplatte auf gekrümmten Bahnen, wird experimentell 


* Gekürzte Dissertation, Technische Universität Berlin (1958), 1. Teil; vgl. 
Physik. Verh. 9 (1958) 6. 
1 G. BORRMANN und G. HILDEBRANDT, Absorption und Weg interferierender 


Röntgenstrahlen im schwach deformierten Kristallgitter. Z. Physik 156 (1959), 
im Druck. 
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und theoretisch geprüft. Durch eine Reihe von Messungen wird nachgewiesen: 
a) Die Stelle, an der die Strahlung das Kristallgitter verläßt, ändert sich nicht, 
wenn an die Kristallplatte eine Temperaturdifferenz AT # 0 angelegt wird; 
b) das Intensitätsverhältnis R,/R der beiden Reflexe, die beim Zerfall der 
Wellenfelder an der Austrittsfläche des Kristalls entstehen, ist jedoch von AT 
abhängig. 

Aus a) und b) folgt, daß die durch die Poyntingvektoren der Wellenfelder 
gegebenen Strahlwege im schwach deformierten Kristall gekrümmt verlaufen. 
Verantwortlich hierfür ist in der Hauptsache die Krümmung der reflektierenden 
Netzfläche. Die Strahlen sind etwa 10!mal stärker gekrümmt als die Netzfläche. 

Die Durchrechnung eines Modells, das die Netzfläche mit ihrer stetigen 
Krümmung durch gegeneinander geneigte Netzebenen zweier benachbarter 
idealer Kristalle ersetzt, ergibt in allen Punkten qualitative Übereinstimmung 
mit den Experimenten. 


1. Einleitung 


Durchstrahlt man eine Einkristallplatte mit dem monochromati- 
schen Licht einer punktförmigen Strahlenquelle, so zeigt ein hinter dem 
Kristall aufgestellter Film eine ziemlich gleichmäßige Untergrund- 
schwärzung. Wenn für bestimmte Richtungen der Primärstrahlung die 
v. Lauesche Interferenzbedingung erfüllt ist, treten auf der Rückseite 
des Kristalls abgebeugte Strahlen aus (Laue-Fall der Interferenz) und 
schwärzen den Film zusätzlich. In den betreffenden Primärrichtungen 
erweist sich dann, wie E. RUTHERFORD und Ü. AnDRADE? bei der 
Durchstrahlung von Steinsalz mit Gammastrahlen beobachteten, die 
Untergrundschwärzung des Films als weniger stark, es entstehen helle 
Extinktionslinien. Sie haben ihre Ursache offensichtlich in dem Energie- 
verlust, den die primäre Strahlung infolge der Abbeugung interferieren- 
der Strahlung erleidet. 

Dies gilt jedoch nur für den Mosaikkristall, wie G. BORRMANN 
anläßlich der Wiederholung dieser Versuche mit Röntgenstrahlen und 
Quarzkristallen zeigen konnte. Wurde nämlich ein nahezu idealer 
Einkristall durchstrahlt, so zeigten die Extinktionslinien eine Hell- 
dunkelstruktur; mit zunehmender Kristalldicke ging die Umwandlung 
weiter, es entstanden rein dunkle Linien, genannt R,-Reflexe, die un- 
sefähr ebenso stark wie die gewohnten Reflexe R sein konnten. Beide 
Reflexe unterlagen stark verringerter Absorption®. Hierüber ist eine 


2 EB, RurHErForD and E.N.pA C. AnDRADE, The spectrum of the pene- 
trating y-rays from radium B and radium C. Phil. Mag. [6] 28 (1914) 263—273. 

3 &. BORRMANN, Über Extinktionsdiagramme von Quarz. Physik. Z. 42 
(1941) 157—162. 

4 G&. BORRMANN, Die Absorption der Röntgenstrahlen im Fall der Inter- 
ferenz. Z. Physik 127 (1950) 297—323. 
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Reihe von Arbeiten erschienen, vgl. z.B. CAmPBELL?, RoGosA und 
Schwarz‘, BROGREN und Aperv”, Hunrer®. Nach Erweiterung der 
dynamischen Theorie der Röntgenstrahlinterferenzen? auf absor- 
bierende Kristalle (M. v. LauE!, W. H. ZACHARIASEN!!) war es mög- 
lich, diesen Effekt der anomalen Absorption theoretisch zu deuten: die 
Wellenfelder, mit denen man es im Interferenzfall des Idealkristalls 
immer zu tun hat, werden anders als einzelne ebene Wellen absorbiert. 
Eine physikalisch anschauliche Diskussion findet sich in und 

Mit genügend eng ausgeblendeter Primärstrahlung und genügend 
dicken Kristallen ließ sich auch der Weg der interferierenden Strahlen 
im Gitter beobachten. Es ergab sich, daß die Reflexe R, und R erst 
in der Austrittsfläche des Kristalls entstehen. Im Gitter gibt es nur 
einen einzigen Strahlweg, der praktisch der reflektierenden Netzebene 
folgt, sofern diese etwa senkrecht zur Oberfläche steht?-'?. Auch dieses 
Ergebnis ist nach M.v.Laus theoretisch zu erwarten!*. Um die 
Strahlrichtung im Kristall zu erhalten, hat man den Poyntingvektor 
der Wellenfelder zu berechnen. Bei Einstrahlung innerhalb des ganzen 
Winkelbereiches der Interferenz entstehen im Kristall vier einander 
überlagerte Strahlenfächer, deren jeder den Winkel zwischen Einfalls- 
und Reflexionsrichtung ausfüllt13,14,15. In einem dieser Fächer ist die 


5 H.N.CAmPBELL, X-ray absorption in a crystal set at the Bragg angle. 
J. appl. Physies 22 (1951) 1139—1142. 

6 G.L.Rocosa and G. Schwarz, Transmission of x-rays through caleite 
near the Bragg angle. Physic. Rev. 87 (1952) 995—998. 

? 64. BROGREN and Ö.Apeır, The anomalous x-ray transmission in caleite. 
Ark. Fysik 8 (1954) 97—112, 401—426. 

3 L.P.HunTer, Transmission of x-rays by single crystal germanium. Ned. 
Akad. Wetenschap. Proc. B 61 (1958) 214—219. 

®M.v. Lau, Röntgenstrahl-Interferenzen. Leipzig 1948; 3. Auflage im 
Druck. 

10 M.v. LAuE, Die Absorption der Röntgenstrahlen in Kristallen im Inter- 
ferenzfall. Acta Crystallogr. 2 (1949) 106—113. 

11 W. H. ZACHARIASEN, Theory of x-ray diffraetion in erystals. New York 
1945. 

12 G. BORRMANN, Der kleinste Absorptionskoeffizient interferierender 
Röntgenstrahlung. Z. Kristallogr. 106 (1954) 109121. 

13 M.v. LAuE, Die Interferenz-Absorption von Röntgenstrahlen in Kri- 
stallen. Proc. of the Intern. Symposium on the Reactivity of Solids, Gothen- 
burg (1952) 215—223. 

14 M.v. LauE, Die Energieströmung bei Röntgenstrahl-Interferenzen in 
Kristallen. Acta Crystallogr. 5 (1952) 619-625. 

15 G. BORRMANN, Vierfachbrechung der Röntgenstrahlen durch das ideale 
Kristallgitter. Naturwiss. 42 (1955) 67—68. 
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Absorption kleiner als in den übrigen, so daß nur dieser dicke Kristalle 
zu durchqueren vermag. Da aber die Absorption überdies stark von der 
Richtung im Fächer abhängt, und zwar derart, daß sie längs der 
reflektierenden Netzebene am kleinsten ist, bleibt schließlich nur 
Strahlung dieser und eng benachbarter Richtungen übrig 1.17,18, Dies 
gilt aber nicht mehr, wenn die reflektierende Netzebene von der Stel- 
lung senkrecht zur Oberfläche (symmetrischer Laue-Fall) stark ab- 
weicht. 

Der Weg längs der Netzebene, der sich wie angedeutet aus der 
Geometrie ergibt, nämlich aus der Beobachtung von Eintritts- und 
Austrittsstelle, hängt aufs engste mit der Stärke der Reflexe R, und R 
zusammen. Nach M. v. LAuz ergibt sich der Poyntingvektor aus der 
Vektoraddition der Intensitäten der beiden Wellen, die das Wellenfeld 
bilden: 


CH 12 (&olDal? oe 3|D,|”) (1.1) 


(D,, D, sind die Amplituden der Wellen in Primär- bzw. Reflexions- 


richtung und 3,, $ die zugehörigen Einheitsvektoren). Wenn nur die 


5 : 5 h m D 
Richtung von © interessiert, kann man mit «= -— = — 


r D, auch 


schreiben (vgl.!): 
Skast3. (1.2) 


Bei gleichen Intensitäten (I, = I,, also x = 1) fließt daher der Energie- 
strom längs der Winkelhalbierenden zwischen $, und 3, er folgt also der 
reflektierenden Netzebene. 

Da nun « beim Übergang in den Außenraum erhalten bleibt und 
mit dem Energieverhältnis R,/R durch die Beziehung 


RolR = « yolyn (1.3) 


verknüpft ist [vgl. (3) in!; y, und y, sind Richtungscosinus gemäß 
(28.3) in 9], kann man aus Ry,/R sofort « und damit die mittlere Rich- 
tung des Restfächers im Kristall bestimmen. Verläuft diese parallel 
zu den Netzebenen, so muß R,/R = 1 sein (bei Reflexion 1.Ordnung 


16 GC, BORRMANN und H. WAGNER, Die Absorption interferierender Röntgen- 
strahlen längs ihrer Wege im idealen Kristallgitter. Naturwiss. 42 (1955) 68. 

17 &. BORRMANN, G. HILDEBRANDT und H. WAGNER, Röntgenstrahl-Fächer 
im Kalkspat. Z. Physik 142 (1955) 406414. 

18 H. WAGNER, Röntgenstrahlung anomaler Schwächung im Falle Bragg- 
scher Reflexion. Z. Physik 146 (1956) 127—168. 
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von MoK, an den zu den Rhomboederflächen des Kalkspats parallelen 
Netzebenen ist yg/y, = 1,07); weicht der Strahlweg stark von den 
Netzebenen ab, so ist R,/R # 1 zu erwarten. Dies beweisen die Fig.9 
und 10 in 1”. 

Die Theorie setzt ein ideales Kristallgitter voraus. Obwohl die 
gegebenen Kristalle von diesem Idealzustand mehr oder weniger weit 
entfernt sein werden, lassen sich doch Exemplare finden, die nahezu 
den theoretisch erwarteten Wert der übernormalen Durchlässigkeit 
aufweisen 419-2, Geringste Gitterdeformationen jedoch, wie sie 7. B.em 
Temperaturgradient im Kristall verursacht, genügen, um die Durch- 
lässigkeit zu verringern. Über einen Versuch, der in anschaulicher 
Weise den starken Einfluß einer Temperaturdifferenz zwischen der 
Eintritts- und Austrittsfläche einer 3,2 cm starken Kalkspatplatte auf 
die anomale Absorption zeigt, wurde in?? berichtet. Bei quantitativen 
Versuchen mit dem gleichen Kristall! hatte sich nun gezeigt, daß der 
Temperaturgradient nicht nur die übernormale Durchlässigkeit be- 
einflußt, also die Energien der Reflexe R, und R verringert, sondern 
daß er auch das Energieverhältnis R,/R und damit « verändert. Bei 
Deformation des Gitters ändert sich also die mittlere Richtung des die 
Austrittsfläche erreichenden Strahlenfächers. Nimmt man nun an, daß, 
ebenso wie im ungestörten Gitter, die an der Austrittsfläche beobachtete 
Strahlrichtung im ganzen Kristall gilt (Abb.1, Strahlen $,, mit 
&« = 0,7 und 8, , mit « = 1,3), so mußte die Austrittsstelle sich von B 
nach 0’ bzw. von B nach C’’ um etwa 0,7 mm verlagert haben. Dies 
traf aber nicht zu. Folglich mußte der Strahlweg gebogen gezeichnet 
werden. 

Diejenigen Beobachtungen, auf welchen die Hypothese der ge- 
krümmten Strahlen im Kristall beruht, nämlich Veränderlichkeit von 
R,|R und Konstanz der Austrittsstelle, mit einer verbesserten Appara- 
tur zu prüfen, ist der Zweck der vorliegenden Arbeit. 


19 P. B. HırscH, The reflexion and transmission of x-rays in perfect absor- 
bing erystals. Acta Crystallogr. 5 (1952) 176—181. 

20 W. H. ZACHARIASEN, On the anomalous transparency of thick erystals to 
x-rays. Proc. Nat. Acad. Sci. USA 38 (1952) 378—382. 

2ı G.L. Rocosa and G. SCHWARZ, X-ray transmission studies of large 
imperfect erystals. J. appl. Physics 24 (1953) 954—956. 

22 4. BORRMANN und G. HILDEBRANDT, Röntgenwellenfelder in großen 
Kalkspatkristallen und die Wirkung einer Deformation. Z. Naturforsch. 11a 
(1956) 585—587. 

23 G. BORRMANN und W. GERISCH, Ein Röntgenstrahl-Absorptionsdia- 
gramm von Kalkspat und seine Indizierung. Z. Kristallogr. 106 (1954) 99—108. 
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2. Apparatur und Strahlengang 

Auch für die neuen Versuche wurde wieder MoK-Strahlung einer 
handelsüblichen Röhre verwendet. Die Röntgenanlage wurde so weit 
stabilisiert, daß die Konstanz des Emissionsstroms bzw. der Anti- 
kathodenspannung besser als + 0,3%/, bzw. + 1°), war. Als Spannung 
wurden 34kV für MoK, bzw. 38 kV für MoK, gewählt; der zu A/2 
gehörende Reflex 2.Ordnung konnte daher nicht auftreten. 

Die zur Halterung und Justierung des Kristalls und der Zählrohre 
dienende Apparatur zeigt die folgende Abb. 2; Abb.3 gibt den Strahlen- 
gang für MoK, maßstabgerecht sowie die Einrichtung zur Temperie- 
rung des Kristalls schematisch wieder. 


Io 


Ih 


b) a) c) 


Abb.1. Strahlengänge bei verschiedenen Temperaturgradienten. K Kalkspat- 
platte, Dicke D = 3,2 cm. u = 32 cm-!, uD = 70 für MoK,. An K liegt die 
Temperaturdifferenz AT = T,—T,. P Primärstrahl, N reflektierende Netz- 
ebene, 9/2 Glanzwinkel (MoK, : 6°43°; MoKz:5°58). a) S,0: der durch 
& = I,/In = 1,0 gegebene Strahl bei AT = 0; b) S,,,: Strahl mit « = 0,7 bei 
AT = —0,4°C; Sg’ als Kreisbogen gezeichneter gekrümmter Strahl, der nahe 
B parallel zu S,,, verläuft; mit « = 0,7 berechnet man aus (1.2): BO’ = 0,7 mm; 
ce) Syor: Strahl mit « = 1/0,7 bei AT = +0,4°C. Sg’ entsprechend b). Die 
«-Werte beruhen auf den gemessenen Intensitäten I, und /,. Alle Strahlen Sx 
entstammen dem bei A entstehenden von 3%, bis 8 reichenden Strahlenfächer. 
Die Winkel zwischen den S, und der Netzebene sowie die Krümmungen der Sg 
sind um den Faktor 10 vergrößert gezeichnet. Vgl. Fig. 6 int 
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a) Apparatur. Der Kristall K lag zwischen hohlen Kupferplatten 
P, und P,, die bei E mit Aussparungen als Durchlaß für die Strahlung 
versehen waren. Kristall, Platten und Blende B, saßen gemeinsam auf 
einem um die Achse A drehbaren Tisch 7, der über einen Hebel Hb 
mittels der Feinstellschraube St auf den gewünschten Glanzwinkel 
eingestellt wurde. 


III 


Abb. 2 Abb. 3 


Abb.2. Kristall- und Zählrohrhalterung. Rö Röntgenröhre (Mo); T Tisch mit 
Hebel Hb; St Stellschraube; P,, P, Kupferplatten; K Kristall; Sk Skala; 
F Fassung für Zählrohre Z; A, B, © Drehachsen 
Abb.3. Strahlengang, Temperiervorrichtung. Fk Fokus; B,, B, Blenden (auf 
4x 0,8 mm? geöffnet); P,, P, Platten mit Einsätzen E; K Kalkspatplatte mit 
Netzebenen N; P Primärstrahl; R,, R Reflexe; Z Zählrohre; Ti Thermostat; 
A Heizung; I Isolierung. Abstände FkB, = 38 mm; FkB, = 114mm; FkZ = 
300 mm 


Zwecks Temperierung des Kristalls drückte ein Thermostat Tt 
Wasser von 20°C durch die Kupferplatten hindurch. Eine regelbare 
elektrische Heizung H erwärmte das Wasser zusätzlich ein wenig, 
so daß sich eine auf + 0,01 °C konstante Temperaturdifferenz zwischen 
den Platten aufrecht erhalten ließ, deren Vorzeichen von der Wasser- 
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flußrichtung abhing. Glyzeringetränkte Papierstreifen zwischen Kup- 
ferplatten und den polierten Kristalloberflächen sorgten für guten 
Wärmeübergang, ebenso Einsatzstücke E, die die Fenster der Platten 
so weit verkleinerten, wie es ohne Behinderung der Strahlung möglich 
war. Der Kristall wurde durch wärmeisolierendes Material J nach 
außen hin abgeschirmt. Die Temperaturen der beiden Platten wurden 
durch Thermometer und zusätzlich durch NTC-Halbleiterwiderstände 
in einer empfindlichen Brückenschaltung gemessen. 

Die Reflexintensitäten wurden mit zwei Geiger-Müller-Zählrohren 
Z mit Kryptonfüllung gemessen, die die MoK,-Strahlung zu etwa 
50°/, absorbierten. Die um Achsen © schwenkbaren Zählrohre saßen 
in einer gemeinsamen, um die Achse B drehbaren Fassung F, deren 
Winkellage sich an einer Skala Sk ablesen und fixieren ließ (B ging durch 
die Austrittsstelle der Strahlung in der Kristalloberfläche). Die zugehö- 
rigen beiden Zählgeräte waren über ein Relais so miteinander ver- 
bunden, daßsiesich durch die Start-Stop-Stufe deseinen Geräteszugleich 
ein- und ausschalten ließen. Es wurde mit vorgewählter Impulszahl 
gearbeitet; die Empfindlichkeit der Zählrohre wurde vor und nach 
jeder längeren Meßreihe mit einem Eichpräparat überprüft. 

b) Strahlengang. Die Blenden DB, und B, ließen den Primärstrahl P, 
mit einer Winkeldivergenz von + 27’ in der Strahlenebene, unter 6° 
aus der Antikathode austreten, so daß sich ein Fokus Fk von etwa 
1x1 mm? ergab. Da die Differenz der Glanzwinkel von MoK, und 
MoX, 45’ beträgt (vgl. Abb.1), konnte also, bei Justierung auf den 
MoK,-Reflex, zwar Strahlung aus dem Kontinuum links und rechts 
der MoX,„-Linie, mit Sicherheit aber keine MoX,-Strahlung zur Re- 
flexion gelangen. 

Die Winkeldivergenz senkrecht zur Strahlenebene wurde aus 
Intensitätsgründen so groß wie möglich gemacht, jedoch durften weder 
die obere Platte P, noch die Zählrohrwände von Strahlung getroffen 
werden. Um die richtige Lage der oberen Platte zu ermitteln, wurde 
sie in Etappen über die Strahlenaustrittsstelle hinweg verschoben und 
jedesmal die Anzeige der Zählrohre notiert. Es ergab sich ein Bereich, 
in dem beide Zählraten konstant und maximal waren; auf seine Mitte 
wurde P, eingestellt. Eine Kontrollaufnahme auf Röntgenfilm zeigte 
beide Reflexe ohne jegliche scharfe Begrenzung (die Breite der Reflexe 
ergibt sich aus der Brennfleckbreite und der durch den Strahlenfächer 
verursachten Divergenz der interferierenden Strahlung im Kristall). 

Die Primärstrahlung wird im Kristall, wegen seiner beträchtlichen 
Dicke, durch normale Absorption weitgehend unterdrückt; sie würde 
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sich aber bemerkbar machen, wenn die Reflexe bei hohen Temperatur- 
oradienten sehr schwach werden. Trotzdem war keine Störung zu 
befürchten, da P den Kristall ja geradlinig durchquert (gestrichelt 
gezeichnet) und durch P, abgefangen wird, während die interferierende 
Strahlung auf ihrem Weg längs der reflektierenden Netzebene NN auf 
das Fenster von P, trifft. Die beiden Reflexe gelangten daher un- 
gehindert in die Zählrohre, die so justiert waren, daß die Strahlen In, 
und R parallel zum Zähldraht liefen, ohne jedoch ihn oder die Wand 
zu treffen. 

Für die Versuche wurden mehrere Stellen eines auf der Oberfläche 
des Kristalls etwa 1,5X 7 cm? großen Bereiches benutzt, von dem aus 
zahlreichen Weitwinkeldiagrammen bekannt war, daß in ihm die 
übernormale Durchlässigkeit nahezu konstant war, während sie 
außerhalb dieses Bereiches stark abfiel. 


3. Messungen mit Mo K,-Strahlung 
3.1 Prüfung der Konstanz der Austrittsstelle 


Um zu prüfen, ob sich die Strahlenaustrittsstelle in Abhängigkeit 
vom Temperaturgradienten verlagert, wurden bei «241.7. .0 nnd 
AT = —0,4°C Vorversuche auf verschiedene Weise durchgeführt *: 

{. Die Austrittsstelle wurde mit dem Fenster der oberen Platte P, 
abgetastet. 2. Die Profile beider Reflexe wurden mit den Zählrohren 
abgetastet, die zu diesem Zweck mit Schlitzblenden versehen waren. 
3. Ein Abtastspalt von 10x 0,5 mm?, der dicht über P, angebracht 
war, wurde mittels eines Gewindetriebes reproduzierbar in Schritten 
von 0,1 mm über die Reflexe hinweg verschoben. 

Keine dieser Meßreihen, die mit dem Strichfokus der Röntgenröhre 
erhalten wurden, ließ eine Verschiebung der Austrittsstelle erkennen. 
Die Fehlergrenzen lagen zwischen 0,2 und 0,1 mm. 

In der endgültigen Anordnung mit dem Punktfokus (vgl. Abb.3) 
wurde der Abtastspalt aus Intensitätsgründen auf 10x1,5 mm? 
erweitert (wirksame Breite 1,3, mm für R, bzw. 1,1, mm für R, da die 
Strahlen den 1mm hohen Spalt schräg durchlaufen). Es wurden je 
drei Reflexprofile (bei AT = 0, — 0,4°C und + 0,4°C) für R, und R 
aufgenommen, die in Abb.4 und 5 wiedergegeben sind. Da die Reflexe 
häufig Unsymmetrien zeigten, die nach bisheriger Kenntnis auf 
Kristallfehlern beruhen, wurden die Kurven nicht symmetrisch, 
sondern möglichst den einzelnen Meßpunkten folgend eingetragen. 


24 Zum Vorzeichen von AT vgl. Unterschrift zu Abb.1. 
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Abb.4 u. 5. Abtastprofile der Reflexe R, und R bei verschiedenen Temperatur- 

differenzen; MoK,. Die Abszisse gibt die Ortskoordinate des Abtastspalts an, 

die Ordinate die Zählrate. Bei AT = 0 gilt der linke, bei AT = +0,4°C der 
rechte Ordinatenmaßstab 
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Die Auswertung der Kurven lieferte folgende Resultate: 

a) Weder die Ortskoordinaten der Kurvenmaxima noch der in 
Halbwerthöhe markierten Kurvenmitten zeigten einen eindeutigen 
Gang mit AT, wie er bei Annahme eines geradlinigen Strahlweges zu 
erwarten wäre (vgl. Abb.1). 

b) Die erkennbaren Schwankungen lagen um etwa eine Zehner- 
potenz unter dem früher für den geraden Strahlweg abgeschätzten 
Wert 0,7 mm (vgl.t); sie betrugen bei den Ortskoordinaten der Maxima 
bzw. der Kurvenmitten + 0,05 mm bzw. + 0,03 mm. 

c) Auch die Halbwertbreiten blieben praktisch unverändert; als 
Schwankung wurde + 0,04 mm gemessen. 

Zusammenfassend ist also zu sagen, daß keine vom Temperatur- 
gradienten abhängige Verschiebung der Austrittsstelle zu beobachten 
war. Daß infolge der Blendenverhältnisse ein Teil der austretenden 
Strahlung dem Bremsspektrum beiderseits der MoX -Linie entstammt, 
ist offenbar kein Einwand gegen diese Schlußweise, denn jede der 
Bremsstrahlkomponenten vermag ebenfalls nur als interferierende 
Strahlung das Gitter längs der Netzebenen zu durchdringen. 


3.2 Abhängigkeit des R,/R-Wertes 
von der Temperaturdifferenz 


In zwei Gebieten des erwähnten 
gleichmäßig übernormal durchlässigen 
Kristallbereiches wurden an je drei be- 
nachbarten Stellen die Funktionen 
R,= HAT) und. R = (AT) aufgenom- 
men. Die Meßzeiten je Kurvenpunkt be- 
trugen bei den höchsten AT-Werten eine 
Stunde, die Zählraten waren dabei zum 
Teil geringer als der Nulleffekt. (Zum 
Vergleich: Aufnahmen auf Röntgenfilm 
hätten bei |AT| = 0,6°C0 Expositions- 
6-08 -02 0 +02+04+06 zeiten von einigen hundert Stunden er- 

——e AT[°C] fordert.) 

Abb. 6. Abhängigkeit des Die Kurven zeigten den an anderer 
Stärkeverhältnisses R,/R von Stelle! schon beschriebenen Verlauf. 
der Temperaturdifferenz AT; Wir beschränken uns daher auf die 
MoK,. Die Meßpunkte geben ed Be % ZEN 
Fa EB iedergabe der Stärkeverhältnisse R,/R 
verschiedenen Kristallgebieten der beiden Reflexe, die, nach Kristall- 

wieder gebieten zusammengefaßt, in Abb.6 ein- 
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getragen sind. Wir haben zusätzlich zwei parallele Schranken so ein- 
gezeichnet, daß sie etwa 90°/, der Meßwerte des Intervalls — 0,4°C 
s AT < + 0,4°C enthalten. Obwohl die Werte weniger streuten 
als bei den früheren Messungen, der Abstand der Schranken daher 


100 


Z [Imp/min] 


-06 -04 02 (0) +02 +04 +06 
——- An °C] 


Abb.7. Abhängigkeit der Reflexenergien R, und R und des Energieverhältnisses 
R,/R von der Temperaturdifferenz AT; MoK,. Genaueste Messung 


relativ gering war, fanden sich nach wie vor bei hohen Temperatur- 
gradienten große Abweichungen. Die Schranken stiegen in beiden 
Diagrammen fast gleichstark an, nämlich um 0,8, je 1°C im oberen 
Teil und um 0,8, je 1°C im unteren Teil von Abb. 6. 

Abb.7 zeigt die zuverlässigste aller bisherigen Messungen. Die 
Meßpunkte lagen dichter, die Meßzeiten waren länger, ebenso die 
Wartezeiten nach jeder Veränderung von AT. Über die Funktion 
R,/R = (AT), die bisher wegen der Streuung der Meßpunkte als 
linear angenommen wurde, ließ sich nun Genaueres aussagen. Nie war 
nur nahe AT = 0 linear, ihr Anstieg betrug dort 0,8, je.1°C; bei 
31* 


Pr 
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AT < 0 wurde die Steigung erheblich geringer; bei AT > 0 blieb der 
Kurvenverlauf unklar, da die gezeichnete Abflachung durch nur einen 
Meßpunkt (AT = + 0,6,°C) bedingt war. 

Da zuvor festgestellt worden war, daß sich die beiden Zählrohre in 
ihrer Empfindlichkeit für MoK,-Strahlung um weniger als 1°/, von- 
einander unterschieden, wurde auf entsprechende Korrekturen 
verzichtet. 

Auch bei simultaner Messung beider Reflexe bestätigte sich also die 
in! behauptete Abhängigkeit des R,/ R-Wertes von AT: gegenüber dem 
bei AT = 0 gültigen Wert ändert sich R,/R im Mittel um etwa + 25°/,, 
beiAT = + 0,4°C bzw. um etwa + 31°), beiAT = + 0,6°C. 


4. Kontrollmessungen mit MoK;-Strahlung 


Zur weiteren Prüfung der früheren Resultate wurde eine Reihe von 
Messungen mit MoK ‚-Strahlung durchgeführt. 

Die Konstanz der Austrittsstelle wurde wieder mittels des in 3.2 
beschriebenen Abtastspaltes kontrolliert, jedoch mit erhöhter Ge- 
nauigkeit, da wegen größerer Intensität des K ,-Reflexes die Spaltbreite 
nur 1,0 mm zu betragen brauchte (die K,-Strahlung ist im Spektrum 
zwar schwächer, unterliegt im Kristall jedoch geringerer Absorption 
und verläßt ihn daher fast mit gleicher Stärke wie die K,-Strahlung; 
da nun die Spannung der Antikathode, wie in 2. erwähnt, auf 33 kV 
erhöht werden konnte, ergab sich ein Intensitätsgewinn). 

Wieder wurden die Energieverteilungskurven für R, und R bei 
AT = 0 und + 0,4°C gemessen; diesmal betrugen die durchschnitt- 
lichen Abweichungen von den AT = 0 zugeordneten Werten bei den 
Kurvenmittelpunkten + 0,03 mm, beiden Kurvenmaxima + 0,04mm; 
bei den Halbwertbreiten + 0,06 mm. Auch bei MoX „Strahlung war 
also kein Einfluß des Temperaturgradienten auf die Lage der Aus- 
trittsstelle erkennbar. 

Die Intensitäten der K,-Reflexe gingen bei AT = + 0,4°C auf 
etwa 120/,. bei AT = + 0,6°C auf etwa 1,5°/, ihres Wertes bei AT = 0 
zurück, in guter Übereinstimmung mit den K,-Messungen. Qualitativ 
unverändert war auch der Verlauf der Kurve R,/R = f{AT); ihr 
Anstieg bei AT —= 0 lag jedoch mit 1,0, je 1°C etwas höher als der 
entsprechende K,-Wert. Dies war theoretisch zu erwarten: Da der 
Winkelbereich der Interferenz mit abnehmender Wellenlänge schmaler 
wird, müssen die Wellenfelder auf die gleiche Gitterdeformation 
empfindlicher reagieren. 


Gekrümmte Röntgenstrahlen im schwach verformten Kristallgitter 325 


Die Versuche mit MoX ‚-Strahlung bestätigten also durchweg die 
mit MoXA,- gewonnenen Resultate. 

Abschließend ist zu den Experimenten im Laue-Fall zu bemerken, 
daß sich die Durchlässigkeit der 3,2 cm dicken Kalkspatplatte als 
zeitlich nicht konstant erwiesen hatte. Im Verlauf der ersten 1,5 bis 
2 Stunden nach Beginn der Bestrahlung stieg die Zählrate um 7 bis 
14°), an, um dann erst konstant zu bleiben. Dieser Anstieg zeigte sich 
ebenfalls, wenn die gesamte Apparatur eingeschaltet, der Kristall 
jedoch erst zwei Stunden später der Strahlung ausgesetzt und die 
Messung begonnen wurde; der Effekt war also reell. 

Obwohl hierzu viele Messungen gemacht wurden, steht die end- 
gültige Klärung noch aus. Für die vorliegende Arbeit ist nur wesent- 
lich, daß der Kristall vor Beginn einer jeden Meßreihe etwa 2 Stunden 
durehstrahlt wurde, um konstante Verhältnisse zu erzielen. 

Nach Abschluß der Experimente können nun die in 3. mitgeteilten 
und durch 4. bestätigten Ergebnisse mit den der Abb.1 zugrunde 
liegenden Vorstellungen verglichen werden. Die Tab.1 enthält in 
Spalte 2 die aus Abb.7 entnommenen experimentellen Werte; mit- 
tels (1.3) wurde daraus «& (Spalte 3) und mittels (1.2) der Winkel & 
zwischen der Netzebene und dem Strahl 8, berechnet (Spalte 4). 


Tabelle 1 
AT DITZzES Ta | Abstand BO 
| | 
0) | 1,20 | 112 | 293% | 
ande EI RR N DE DEE Eu 
+0,4°C 1,53 | 1,43 | +1°12% | BC” =0,5mm 


Aus diesen e-Werten ergibt sich die Verlagerung der Austrittsstelle, 
bei geradlinigem Strahlweg, für + und — 0,4°0 zu je 0,5 mm, bezogen 
auf die Austrittsstelle bei AT = 0. Obwohl sich also der in Abb.1 
angegebene Wert verkleinert, ändert sich nichts an der Aussage, daß 
statt der erwarteten gesamten Verschiebung um 1,0 mm die Ver- 
schiebung 0 (mit einer Unsicherheit < + 0,1 mm) beobachtet wurde: 
die Annahme gekrümmter Strahlen erweist sich als richtig. 


5. Vergleich der Experimente bei AT = 0 mit der Theorie 


Zunächst ist nun zu zeigen, daß die Messungen bei AT = 0 be- 
friedigend mit der Theorie der Interferenzerscheinungen des Ideal- 
kristalls übereinstimmen. Es sollen drei Resultate besprochen werden: 
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a) die Durchlässigkeit der Kalkspatplatte im Interferenzfall (vgl. 
hierzu auch?); b) das Stärkeverhältnis der Reflexe R, und R; ce) der 
Strahlenfächer im Kristall. 


5.1 Die Durchlässigkeitund der minimale Absorptions- 
koeffizient des Kristalls 


An die Stelle der normalen Durchlässigkeit I/I, = e”"” tritt im 
Interferenzfall die Beziehung I/I, = er”, vgl.*, 8.304. Im vor- 
liegenden Fall ist uD — 70, während aus den Experimenten 4,D = 9,4 
folgt. Dieser für MoX,, geltende und ein zweiter, mit MoX, gemessener 
Wert wurden in das Diagramm Abb.$8 eingetragen, das früher nach 
Messungen mit CuX-Strahlung gezeichnet worden ist (*, Fig.8). Die 


10 ’ 
| 2 ı-Mo-K, 
WD | 
15 
| 
On DONE BO 60 


Abb.8. urD als Funktion von «D (Wiederholung von Fig.8 aus* mit zwei neuen 
Meßpunkten). u normaler Absorptionskoeffizient, 4 Absorptionskoeffizient im 
Fall der Interferenz, D Kristalldicke. Gültig für den (200)-Reflex von Kalkspat 


neuen Meßpunkte liegen, bei einer Unsicherheit von + 1/2 Einheit des 
Ordinatenmaßstabes, unzweifelhaft nahe der geradlinig verlängerten 
früheren Kurve. Diese ist von HırscH!? und von ZACHARIASEN ?0 mit 
der dynamischen Theorie verglichen worden. Beide Autoren haben 
eine in der Hauptsache, nämlich der Größenordnung der Abweichung 
von der normalen Absorption, gute Übereinstimmung festgestellt. Die 
tatsächlich noch vorhandene Diskrepanz soll uns hier nicht be- 
schäftigen; sie beruht einerseits auf den zweifellos doch vorhandenen 
Gitterfehlern, andererseits auf der bisher nur mit Abschätzungen 
durchgeführten Rechnung. 

Aus der Kurve ist früher*1? der minimale Absorptionskoeffizient 
ZU Umin — (16/193) u = 0,08, u abgeleitet worden. Dieser oder doch 
ein ihm sehr nahe kommender Wert muß also auch noch für MoK- 
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Strahlung in der hier untersuchten großen Platte gelten. Für die 
folgenden Rechnungen wird daher der Näherungswert uynin — I,Lu 
benutzt werden. 


5.2 Das Stärkeverhältnis A,/R 


Die Stärke von R, und R wird von der Theorie durch integrale 
Intensitäten beschrieben, die noch auf Energien umzurechnen sind, 
entsprechend der üblichen Art der Beobachtung!. ZACHARIASEN hat 
die Integrale im symmetrischen Laue-Fall ausgerechnet?®, jedoch 
näherungsweise R, = R gesetzt. Eine genauere, auch für den un- 
symmetrischen Laue-Fall gültige Integration stammt von Karo”. 
Nach seinen Gleichungen (33) und (34) berechnen wir R,/R zunächst 
im symmetrischen Laue-Fall, da dieser in der vorliegenden Arbeit 
meist als Näherung dient. Da quadratische Glieder nur zu 0,1°/, bei- 
tragen, vernachlässigen wir sie und erhalten: 


De 
Be E12 BEE: LEE 
Rue 35; 1 Were war 
en 8 


Zur Berechnung von D, D, und h wurden Zahlenwerte aus’ 
benutzt. 

Mit den gleichen Vernachlässigungen ergibt sich nach Karo im 
vorliegenden unsymmetrischen Laue-Fall: 


SR \ 
Du (14 =) Aeneon 


1 — (8 + 1) (1-2cosß) 
sh 

Zum Vergleich sind in Tab.2 die mittleren R,/[R-Werte sowie die 
maximalen Abweichungen jeweils mehrerer Messungen eingetragen, 
die an sechs Stellen der Kalkspatplatte durchgeführt wurden. 


2 zn 
R 


1+ 


Tabelle 2 
Zahl der 5 7 4 | 4 9 | 3 
Messungen | | 
___ MeBBuUngen | | | | m 


R,/R-Wert me i,33 1,19 1,28 1,30 1,16 1,24 
| +0,08 | +0,06 |+0,03 |+ 0,01 | +0,01 


25 N. Karo, Integrated intensities of the diffracted and transmitted x-rays 
due to ideally perfect erystal (Laue case). J. Physie. Soc. Japan 10 (1955) 
46—55. 
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Als experimentellen Mittelwert erhält man R,/R = 1,25; der theo- 
retische Wert liegt um 12°/, niedriger. Diese Abweichung dürfte auf 
Fehler im jeweils durchleuchteten Kristallbereich zurückzuführen 
sein (früher auf Röntgenfilm aufgenommene Diagramme hatten noch 
weit größere Schwankungen der R,/R-Werte in einigen hier nicht 
benutzten Bezirken der Kalkspatplatte gezeigt; auch RR <1 
kam dort vor). 


5.3 Der Strahlenfächer im Kristall 
Der von MoXK,-Strahlung im Kalkspat (bei Reflexion erster Ord- 
nung an der Spaltfläche im Laue-Fall) erzeugte Fächer ist schon 
einmal für einen 14mm langen Strahlweg berechnet und durch 
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Abb.9. Vergleich der gemessenen mit den berechneten Profilen der Reflexe R, 
und R; MoR,. ----------- Energieverteilung, für eine Punktquelle berechnet. 

Energieverteilung, den Versuchsbedingungen entsprechend korri- 
giert. © 0 000 gemessene Energieverteilung, aus Abb.4 und 5 übernommen 


Photogramme geprüft worden !?; über den entsprechenden Fächer im 
Bragg-Fall der Interferenz sind ausführliche Rechnungen veröffent- 
licht worden!®. Der Fächer in der hier vorgegebenen 32 mm dicken 
Platte (Laue-Fall) wurde in analoger Weise berechnet (vgl. An- 
hang A). 

Das Resultat zeigt Abb.9. Die gestrichelten Kurven geben die 
Energieverteilung an der Austrittsfläche wieder, wobei eine punkt- 
förmige Strahlenquelle vorausgesetzt ist. Die Halbwertbreite (früher 
%7, genannt) ist für beide Reflexe nahezu gleich ; sie beträgt im Winkel- 
maß etwa 2° bzw. etwa 1,2 mm auf der Austrittsfläche des Kristalls. 
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Um nun die berechneten Verteilungen mit den Messungen ver- 
gleichen zu können, wurden (durch Überlagerung mehrerer Ver- 
teilungen) die Brennfleckbreite von 0,8 mm sowie der Abtastvorgang 
mit dem Spalt (vgl. 3.1) rechnerisch berücksichtigt. Das Resultat sind 
die durchgezogenen Kurven, die zugleich mit den aus Abb.4 und 5 
übernommenen Meßpunkten in Abb.9 eingetragen wurden (die drei 
Verteilungen sind lediglich im R,-Maximum einander angeglichen). 
Wie der Vergleich zeigt, weichen lediglich in der Nähe des R-Maxi- 
mums die experimentellen Werte merklich (maximal um 5°/,) von der 
theoretischen Kurve ab. Im gesamten übrigen Kurvenverlauf ist die 
Übereinstimmung bei beiden Reflexen sehr gut. 

Hat man die Intensitätsverteilung einmal ausgerechnet, so kann 
man leicht auch die Durchlässigkeit und das Energieverhältnis R,/R 
ermitteln. 

Für die Durchlässigkeit wurde I//I, = 2,17 10-5 erhalten (un- 
symmetrischer Laue-Fall), also ist I/I, = e*"? = e-!? (gegen e”-* im 
Experiment, vgl. 5.1) und u, = 3,1 em! gegenüber u = 22 cm”! bei 
normaler Absorption. 

Ebenfalls durch. graphische Integration der korrigierten theo- 
retischen Verteilungskurven wurden folgende Stärkeverhältnisse 
ermittelt: 

Im symmetrischen Laue-Fall R,/R = 1,03, (gegenüber 1,02, 
nach KATo); 

im unsymmetrischen Laue-Fall R,/R = 1,10, (gegenüber 1,10, 
nach KATo). 

Die hier mitgeteilten Werte stimmen also mit den in den Ab- 
schnitten a) und b) auf andere Weise erhaltenen theoretischen Werten 
gut überein. 


6. Vergleich der Experimente bei 4T#0 mit der Theorie. 
Das Zweikristallmodell 
Als Folge der Temperaturdifferenz ist erstens der Abstand der 
Netzebenen (200) an beiden Kristalloberflächen verschieden, zweitens 
krümmt sich die reflektierende Netzebene. Beide Effekte verlagern 
den Winkelbereich der Interferenz, und zwar, wie eine genauere 
Analyse zeigt, in entgegengesetzten Richtungen. Jedoch überwiegt 


26 Die Energieverteilung an der Austrittsfläche muß noch in die Energie- 
verteilung auf dem Film umgerechnet werden. Diese im vorliegenden Fall 
geringfügige Korrektur, die nur Höhe und Breite von R, nicht aber die Gesamt- 
energie betrifft, ist im zweiten Teil dieser Arbeit berücksichtigt. 
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die durch die Netzebenenkrümmung verursachte Verlagerung um 
mehr als eine Größenordnung (vel.!), so daß wir von der Variation des 
Netzebenenabstandes absehen dürfen. Um nun rechnen zu können, 
ersetzen wir die stetig gekrümmten Netzflächen durch geknickte 
Netzebenen; wir operieren also mit zwei idealen Teilgittern, deren 
Netzebenen miteinander einen sehr kleinen Winkel bilden (,,Zwei- 
kristallmodell‘). 


Abb.10. Zweikristallmodell mit parallelen Teilgittern Kj und Kjr und zwei 

Strahlwegen. Die Reflexe sind hier mit R und T (statt mit R und R,) bezeichnet. 

P einfallende Strahlen, $ Strahlen im Gitter. Größenordnung von e1°, von 
Ay, 1’. Näheres im Text 


Abb.10 zeigt zunächst den einfacheren Fall zweier paralleler 
Teilgitter X, und K,; (symmetrischer Laue-Fall, Beugungswinkel 
® = 90° angenommen). Eine ebene Welle P, falle so in K, ein, daß 
ein Wellenfeld S, in Richtung der Netzebene entsteht. In der Aus- 
trittsfläche von K, zerfällt S, in der üblichen Weise in die Reflexe 7, 
und R,, die ihrerseits in X; Wellenfelder S,’ und S,'' hervorrufen. 

Im Experiment fällt divergente Strahlung ein, so daß in X, der 
gesamte Fächer entsteht. Außer S, sei nur noch ein weiterer Strahl $, 
des Fächers hervorgehoben, der mit der Netzebene den Winkel & 
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bildet. Er werde durch den von P, um einen sehr kleinen Winkel Ay, 
(Größenordnung 1’) abweichenden Primärstrahl P, angeregt. Im 
Anhang B wird gezeigt, daß wir in unserem Fall zwischen e und Ay, 
einen einfachen linearen Zusammenhang annehmen dürfen und daß 
sich, wie gezeichnet, S und P gegenläufig drehen. 

Wie die Rechnung weiter zeigt, fallen die beim Zerfall von 8, 
entstehenden Reflexe 7’, und R, unter solchen Winkeln in X}, ein, daß 
die von ihnen erzeugten Strahlen S,’ und 8,’ exakt parallel zu S, sind 


A 


) 


) 


—_ 


R 


SB 
PA 
R 


Abb. 11. Zweikristallmodell mit nichtparallelen Teilgittern; zwischen den Netz- 
ebenen von Kı und Kyr ist der Winkel A (Größenordnung 1”) zu denken. 
Einfallsrichtungen von P, und P, wie in Abb. 10 


(Anhang C). Denkt man sich daher K7, dicht an K, herangerückt, so 
würden alle Strahlwege genau so verlaufen wie in einem einheitlichen 
Kristall (die einzige Abweichung bestände in dem in der Grenze 
zwischen K; und Kj; zusätzlich entstehenden Wellenfeld Nr.1 mit 
übernormaler Absorption, vgl.!). 

Die Strahlwege 8,’ und S,” könnten wir jedoch auch dadurch 
erhalten, daß wir zwar in Richtung von P, einstrahlen, aber das Teil- 
gitter Kj, um den Winkel A = |Ay,| entgegen dem Uhrzeigersinn 
drehen. Dies sei in Abb.11 geschehen, wo außerdem die Teilgitter 
einander bis zur Berührung genähert worden sind. Den Strahlweg 1, 
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durch P, hervorgerufen, können wir nun direkt aus Abb.10 über- 
nehmen: wieder tritt der Winkel & auf. P, wird zu einem in X, schon 
sehr flach verlaufenden Weg führen. Der Primärstrahl P,, der durch 
Spiegelung von P, an P, entstanden ist, erzeugt den in X, parallel zur 
reflektierenden Netzebene verlaufenden Strahl 3. Ein in der Mitte 
zwischen P, und P, einfallender Primärstrahl ?, schließlich führt zu 
einem Strahlweg 4, der in K, und X, gleiche Winkel e/2 mit der 
Netzebene bildet. 

Welcher dieser Strahlen unterliegt nun im absorbierenden Kristall 
der geringsten Schwächung? Da die Absorption mit größer werdender 
Abweichung von der reflektierenden Netzebene immer stärker an- 
wächst 6, ist der Weg 2 sofort auszuschließen. Die Strahlen 1 und 3 
werden längs ihres zur Netzebene parallelen Weges zwar minimal, längs 
des restlichen Weges jedoch stark absorbiert. Das Minimum der 
Schwächung ist daher für den symmetrischen Weg 4 zu erwarten, der 
wegen seiner mittelgroßen Abweichung von der Netzebene nur relativ 
geringer Absorption unterliegt. 

Hieraus folgern wir: Wären die Teilgitter zunächst parallel, so 
würde die minimal geschwächte Strahlung der Netzebene folgen, also 
dem in A endenden Weg 1’; die Reflexe wären hierbei gleichstark, also 
wäre R,/R = 1. Bei nichtparallelen Teilgittern erweist sich der wieder- 
um nach A führende Weg 4 als optimal; da jedoch beim Zerfall des 
Wellenfeldes 4 ein relativ starker R-Reflex entsteht (bei A weicht der 
Weg 4 von der Netzebene in Richtung zu 8 hin ab), ist jetzt R,[R <1 
zu erwarten. In Übereinstimmung mit den Experimenten zeigt somit 
das Zweikristallmodell, daß sich bei deformiertem Kristall wohl der 
R,/R-Wert, nicht aber die Strahlenaustrittsstelle ändert. 

Diese Überlegungen bleiben auch dann gültig, wenn man mit dem 
ganzen Fächer rechnet, statt ihn durch einen mittleren Strahl zu 
ersetzen. Derartige Rechnungen über die gesamte aus dem Kristall II 
austretende Strahlung in Abhängigkeit vom Winkel A zwischen den 
beiden Teilgittern führten zum Diagramm Abb.12, das R, R und 
R,/R als Funktionen von 4 zeigt. In folgenden Punkten ist es mit dem 
Experiment vergleichbar: 

a) Der Charakter der Kurven ist in Abb. 12 qualitativ der gleiche 
wie im experimentellen Diagramm Abb.7. 

b) Die Funktion R,/R = f(A) ändert sich in der auf Grund der 
Gitterdeformation zu erwartenden Richtung. Gemäß den von MıT- 


” Vgl. W. VoıGT, Lehrbuch der Kristallphysık, Leipzig und Berlin 1910. 
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ederwinkel einer wie in Abb.3 orientierten Kalkspatplatte nahe der 
unteren (Eintritts-)Fläche, wenn diese erwärmt wird (AT <0, vgl. 
Abb.1). Zur Austrittsfläche hin ändern dann die Netzflächen ihre 
Richtung im gleichen Sinn wie in der Abb.11 von X, zu K,; hin, also 
ist der Weg 4 bevorzugt und der R,/R-Wert muß kleiner als bei 
AT = 0 sein (P fällt in Abb.3 und Abb.11 von der gleichen Seite her 
in die Netzebenen ein). Tatsächlich finden sich im Experiment die 
kleineren R,/R-Werte bei AT < 0, vgl. Abb.7. Der Weg des minimal 
geschwächten Strahls ist daher im gleichen Sinn gekrümmt wie die 


Netzfläche. 


1 -05 (0) +05 +7 
—- Alsec] 


Abb.12. Reflexenergien E von R, und R und Energieverhältnis R,/R in Ab- 

hängigkeit vom Winkel 4 zwischen den Netzebenen der Teilgitter, auf der 

Basis des Zweikristallmodells für den symmetrischen Laue-Fall berechnet. 
Kalkspat, D = 2x1,6 cm, (200)-Reflex, MoK, 


Da das Zweikristallmodell also qualitativ die gleichen Ergebnisse 
liefert wie das Experiment, erscheint der aus dem Experiment er- 
schlossene gekrümmte Strahlweg verständlich. 


7. Schlußbemerkung 
Die hier beschriebenen Versuche und Rechnungen hätten in 
mancherlei Richtungen fortgesetzt werden können, z. B. durch Ver- 
wendung von Zählgeräten mit wesentlich geringerem Nulleffekt (der 
hier etwa 1/sec betrug), um die Temperaturdifferenz erhöhen und den 
Abtastspalt verfeinern zu können; durch Erzeugung anders gerichteter 
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Gradienten; durch Reflexion an anderen Netzebenen; durch Be- 
rechnung der Verformung oder Auswahl besonders einfacher Ver- 
formungsfälle. 

Den Ausschlag gab schließlich folgende Überlegung: Die Netzebene, 
an der reflektiert worden war, stand zwar nicht senkrecht zur Ein- 
trittsfläche, aber die Abweichung war doch so gering, daß der Fächer 
fast symmetrisch zur Netzebene lag (die Diskussion konnte daher auf 
dem symmetrischen Laue-Fall basieren). Um die Symmetrie zu stören 
und von der Netzebene abweichende Strahlwege im Kristall zu 
beobachten, müßten schräg durch die Platte laufende Netzebenen 
benutzt werden. Die stärkste Abweichung vom symmetrischen Laue- 
Fall liegt nun vor, wenn die Netzebene parallel zur Oberfläche verläuft: 
das ist aber der symmetrische Bragg-Fall. Hier hat die Strahlkrüm- 
mung tatsächlich ganz andere Konsequenzen, was in der folgenden 
Arbeit gezeigt werden soll. 

Anhang 


A. Die Energieverteilung in den Reflexen R, und R. 

Die Intensitäten der beiden Wellen, die eine planparallele ideale Kristall- 
platte nach starker Absorption verlassen, sind nach M. v. Lauzs Gl. (37) und 
(38) in!" gegeben durch 


2v 
(alla — (a) 2 £ ID 
ID, | Ds | 4 cosh?v e (1a) 
p,@%» — po. Yon .-D. 
DD] = Da ir © (1b) 


Bei Variation von v und o ergibt |D,®|® den hier mit R, bezeichneten Reflex, 
| D,®]? ergibt R. 


| D® 1? | Dy® | 2 


N 


de dyn 


Q 
Abb.13. Zur Berechnung der Intensitäten I, und I, bei Annahme einer punkt- 
förmigen Quelle @. Das Winkelelement dıy, des einfallenden Bündels verhält sich 
zum zugeordneten Winkelelement de des Strahlenfächers größenordnungs- 
mäßig wie 1: 10°. Der tatsächliche Winkelabstand zwischen de und dy, ist 
<10°; nur dann gelten die benutzten Näherungen 
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Diese Formeln gelten zunächst für seitlich unendlich ausgedehnte ebene 
Wellen. Fällt dagegen ein eng begrenzter Primärstrahl auf einen großen Kri- 
stall, so bewirkt der Strahlenfächer eine Herabsetzung der Intensitäten (vgl. 
Abb.3 in !?). Um einfache Verhältnisse zu haben, denken wir eine punktförmige 
Strahlenquelle @ in der Eintrittsfläche liegend, vgl. Abb.13; dy, bedeutet ein 
Winkelelement der einfallenden Strahlung innerhalb des Winkelbereiches der 
Interferenz; de ist das zu dy, gehörige (im allgemeinen sehr viel größere) Winkel- 
element im Strahlenfächer. 

Gibt nun die in dy, strömende Energie an der Austrittsfläche gerade zu den 
Intensitäten (1a, b) Anlaß, so erhält man die wahren Intensitäten, wenn man 
die Ausdrücke (1a, b) mit dy,/de multipliziert. 

dıy,/de ist von H. WAGNER für den Bragg-Fall berechnet worden [(VI, 11) 
in!#]. Im Laue-Fall erhält man den gleichen Ausdruck, abgesehen davon, daß 
—|y,„| durch y, zu ersetzen ist. Es gilt also 


2 a: 
y, sin (5 _ e) — Y,sın (5 + ) 


d 
4y (sin® — — sin? e) : 
- 2 
Mit 
gt fr WE 
er ey sin (5 - ) j?n sin (3 + e) (3) 
[vgl. (V, 8)? und (31)°] und 
%D)— jiel, (4) 
es, 
wo ug = - cose— |A||/1— — und» =" Dijeos (e 15,12) 


u, 8/2, Ds. Abb. 1; wegen ug = Umin = 0,1ubeie = 0 ist |A| = 0,9 zu setzen, 
vgl. 5.1), lassen sich aus (1a, b) die Intensitätsverteilungen an der Aus- 
trittsfläche als Funktionen von & berechnen, wobei e der Winkel zwischen dem 
jeweiligen Fächerstrahl und der reflektierenden Netzebene ist. Um Energien 
(eigentlich Strahlungsleistungen) zu erhalten, hat man noch |D,®|? und 
| D,® ]2 mit y, sowie | D,(® |? mit y,„ zu multiplizieren. Man erhält: 


day |Dy@? _ So@ 
de Do 7 S@ 
de f) BE (z ) 
„sin (— — 
= .O |\xar| 5 z 3 7 e“D (5a) 
i y, sin \9= .) + y,sin > + e) } (sin? 3 — sin? ) = 
Y, dy, Dr? 2; Sn 
Yo de Dr) a) | e 4 | ( ) 
y„in(—-+e)}|sin|- — 
© \Kar| ö 2 2 ) 


2 eo: a: N 
z I sin (3 —: e) + y,sin (3 4 e)! (sin: a e) 2 
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Im symmetrischen Laue-Fall vereinfachen sich diese Gleichungen zu 


Be 3 
Shane I 
SRC) ya > 
S E © | hr - e-%D (6a) 
(a) 


0 ll RA. 
— 608 E 2 — —_ sin? 
sin „ cose |sin’ 


y4 


Ed: 
Aa sin? ae sin? e 
Sn _ _ O|xael 2 e-nD | (6b) 


S@ er EP 
sın > COSE sın“ > — sın? € 


P4 y 


Mittels (4), (5) und (6) wurden berechnet: Die Energieverteilung der durch- 
dringenden Strahlung; das Stärkeverhältnis R,/R = le S®de/f S,® de im 
symmetrischen und im unsymmetrischen Laue-Fall; die Durchlässigkeit der 
Kalkspatplatte (vgl. 5.1 und 5.2) durch Vergleich mit der Reflexionskurve im 
Bragg-Fall. 

Alle hier und im folgenden abgeleiteten Gleichungen gelten für Kristalle mit 
Symmetriezentrum; es genügt, den Fall CO = 1 zu berücksichtigen (Schwingung 
G senkrecht zur Strahlenebene). Zu | %., | vgl. Anhang B. 

B. Zusammenhang zwischen Einfallsrichtung und Strahlrichtung im Fächer 

Führt man v. Laves Gleichungen (28) und (30) aus!" in (3) ein, so erhält 
man im vorliegenden symmetrischen Laue-Fall 


9 | tg 
wg = IX Sa SER EEE (7) 


sind 
Ver} —tg? e 


Diese Gleichung hat folgende Eigenschaften: 


a) Zum Einfallswinkel y, — ®/2 gehört e = 0, der Fächerstrahl liegt in der 
Netzebene. Weicht y, um Ay, von 8/2 ab, so weicht der zugehörige Fächerstrahl 
um e von der Netzebene ab. 

b) Entgegengesetzt gleiche Ay,-Werte haben entgegengesetzt gleiche 
e-Werte zur Folge. 

c) Der Drehsinn von e und 4, ist entgegengesetzt. 

Diese Beziehungen werden bei der Diskussion des Zweikristallmodells 
benötigt. 

d) Mit | Xnr | = 1,95 : 10° (vgl. ”) kann (7) für kleine e durch die lineare 
Beziehung 


E[Grad]) — —44y, [sec] (8) 


angenähert werden, wobei im Bereich —2,5° se <s +2,5° Fehler zwischen 
4 und 9°/, auftreten. Mit (8) werden die Rechnungen im Abschnitt D durch- 
geführt. 

e) Überträgt man (8) auf den verformten Kristall, so folgt, daß die Strahl- 
krümmung 14400mal größer sein sollte als die Krümmung der Netzfläche. 
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C. Zur Parallelität der Strahlwege im zweiten Kristall des Modells. 


In Abb. 10 ist der Strahlweg S, so gezeichnet, daß er in beiden Teilgittern 
gleiche Winkel mit der Netzebene bildet, daß also |e’| = |e”’| = |e| gilt. Hier- 
für ist der Beweis zu erbringen. 

a) |e’| = je| ist sofort einzusehen, da bei der planparallelen Platte jeder 
Strahl des R,-Reflexes parallel zu dem ihn auslösenden Primärstrahl läuft 
(vgl.’, S. 311, Anm. 2), also T', parallel zu P, ist. 

b) Der Einfallswinkel von T, (und von R,) ist y, = 9/2 + Ay,; aus Gl. (8) 
resultiert der zu Ay, gehörende Winkel &’°. Der Einfallswinkel von R, sei y, = 
9/2 + Ay, zu Ay, gehört &’’. Sollnun S,’” parallel zu S,’ sein, so muß offensicht- 
lich &” = — e’ gelten (das negative Zeichen ist erforderlich, weil T, und $,’ auf 


6,® 


| 
| & d) 
| 
| 


Abb.14. Lage der im Anhang C benutzten Vektoren 


derselben, R, und 8,’ auf verschiedenen Seiten der Netzebene liegen), d.h. es 
muß Ay, = —Ay, sein; der Winkel zwischen R und 7 ist dann also y, + %n = 
® = const. Um dies zu beweisen, machen wir von der Stetigkeit der Tangential- 
komponenten der Wellenvektoren (°, 8.304) Gebrauch und bilden aus ihnen 
und einem in der Austrittsfläche und der Strahlenebene gelegenen Vektor q 
(Abb. 14) die skalaren Produkte: 
(9:8) — (9: 8®) und (9:8) — (9: 8,9). 

Wegen (26.24)? 8, =, + b„ wird hieraus, wenn man beachtet, daß b, 
parallel zu g ist: 

(ab) =(g' {8,®) 8,0} — |5.|= 1/d (9) 


(d ist die Gitterkonstante). Mit |&,®| = |8.®| = k = 1/A gilt nach Abb. 14 
weiter 


v 
sin (5 + An) — —gR,®/k und sin (3 +4m) = gR, Mr. 


7. Kristallogr. Bd. 112 22 
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Dies in (9) eingesetzt gibt, unter Benutzung der Braggschen Gleichung: 


Ri: 1% : 

sin (5 4. hr) + sin (5 - Ay) — A/d = 2 sin 5° (10) 
Da die Ay von der Größenordnung 1’ sind, folgt aus (10) unmittelbar 
Ay, = Ay, wie behauptet (im unsymmetrischen Laue-Fall erhält man 
dagegen Ay, = —Ays ' YolYn)- 


D. Zur Berechnung des Diagramms Abb. 12 (symmetrischer Laue-Fall). 

Auch bei Berücksichtigung des gesamten Fächers ergibt sich, daß der 
Strahl maximaler Energie dem symmetrischen Weg 4 in Abb. 11 folgt. Um dies 
zu zeigen, werde zunächst noch einmal der Fall paralleler Teilgitter betrachtet 
(Abb. 10); es sei also A = 0 und |e| = |e”| = Je]. Wenn wir in (6) zur Ab- 
kürzung 


SA le u = Tale) 
setzen, so gilt für die Energie von 7 bzw. R: 
SC) — ,‚S((a) fı(e) bzw. „OD = = sor (e). 


Wir betrachten nun S,'® bzw. S,„.‘® als Energie der in Ky, eindringenden 
Strahlung. Um also die Energie z. B. von 7’ zu erhalten, müssen wir Sy,‘ erneut 
mit f‚(e) multiplizieren. Wenn wir beachten, daß &’ bezüglich 7 positiv, jedoch e” 
bezüglich R negativ zu nehmen ist, so erhalten wir für die vier aus Kyr aus- 
tretenden Strahlen 


ro) 

(e) Sa =S he = Se File) Ale) (11) 
wen Zee Tl 
(AU) SAT ehe ehe: 


Wird nun das obere Teilgitter um einen Winkel 4 gedreht, so vergrößern 
sich dort die Einfallswinkel um Ay, = 4; folglich werden alle e-Werte in Kyr 
um einen Winkel e, wachsen, für den nach (8) eygraaı = —4Afsee] gilt. 
(11) schreibt sich dann, wenn man noch die zusammengehörigen Strahlen 
zusammenfaßt: 


(TEE 7%) Sa =Ssa [fil) Alet+% rt hl) Alert %))] 19 
(Bar). ga Siehe ehe ee 


(12) liefert die Energieverteilung in R, und R, wenn man e, bei konstantem &9, 
d.h. konstantem 4, variiert. 

Derartige Rechnungen, für verschiedene e,-Werte im Bereich —4° <., S 
+ 4° (entsprechend +1’ > A > —1”) durchgeführt, zeigten folgendes: 
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a) Alle R,- bzw. alle R-Verteilungen waren untereinander ähnlich, so daß es 
genügte, für die weiteren Rechnungen die Ordinate des jeweiligen Maximums 
an. Stelle des Reflexintegrals zu ermitteln. 

b) Wählte man als Winkel zwischen X, und Kı z. B. A = 0,5”, so daß 
also alle Strahlen in Ay, um &, = — 2° zu drehen waren, dann erwiesen sich die 
Maxima von R, und R als dem Strahl mit e = — 1?” zugeordnet; im Kristall X} 
mußte der zugehörige Poyntingvektor daher um e = — 1°’ — ©, = + 1° von der 
Netzebene abgewichen sein: auch bei Berücksichtigung des Strahlenfächers 
folgt der Strahl maximaler Energie dem symmetrischen Weg (vgl. Abb.11). 

Die für verschiedene Winkel A im Bereich +17” > A > — 1’ gemäß. Gl. (12) 
berechneten R,- und R-Werte, als Funktionen von 4 aufgetragen, führten 
schließlich zum Diagramm Abb. 12, das bereits in Kap. 6 mit den Experimenten 
verglichen wurde. 


ae 
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Mit 12 Abbildungen im Text 


(Eingegangen am 17. Juli 1959) 


Abstraet 


ÖObservations are made on radiation entering a calcite plate on a side 
face and emerging on a basal plane in accordance with the symmetrie Bragg 
case. All predictions concerning curvature of the rays which can be made as a 
consequence of the results considering the Laue case! have been experimentally 
confirmed. Weak deformation of the erystal produced by a temperature gradient 
perpendicular to the crystal plate yields the following observations: 

1. The strength of the two reflexions R, and R which are produced on the 
face of emergence by the breakdown of the wave fields declines only when the 
temperature increases in the direction of the rays. In the opposite case the 
strength actually increases (in the Laue case the strength decreases in each 
case). 

2. The relative strength R,/R changes (as with the Laue case). 

3. The plane of emergence of the radiation changes (in contrast to the Laue 
case in which it remains unaltered). 

4. The interfering radiation may emerge on the practically plane side 
surface of the erystal plate at a distance of a few millimetres from the point of 
entry. This considered to be a convincing proof of the curvature of the rays in 
the crystal. 

In the appendix observations on an undeformed crystal are compared with 
the theory of the wave fields. Adequate, sometimes good, agreement is found. 


* Gekürzte Dissertation, Technische Universität Berlin (1958), 2. Teil; 
vgl. Physik. Verh. 9 (1958) 6. 

1 G. HILDEBRANDT, Gekrümmte Röntgenstrahlen im schwach verformten 
Kristallgitter, A. Laue-Fall der Interferenz. Z. Kristallogr. 112 (1959) 312-339. 
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Auszug 

Beobachtet wird die im symmetrischen Bragg-Fall in eine Seitenfläche 
einer Kalkspatplatte eindringende, aus einer Grundfläche der Platte austretende 
Strahlung. Alle Voraussagen über Strahlkrümmung, die sich auf Grund der 
Ergebnisse im Laue-Fall! machen lassen, werden experimentell bestätigt. 
Schwache Verformung des Kristalls durch einen Temperaturgradienten senk- 
recht zur Kristallplatte hat zur Folge: 

1. Die Stärke der beiden Reflexe R, und R, die sich an der Austrittsfläche 
aus dem Zerfall der Wellenfelder ergeben, nimmt nur dann ab, wenn die 
Temperatur in Strahlrichtung zunimmt; im anderen Fall wächst sie sogar 
(im Laue-Fall nahm die Stärke beidemal ab). 

2. Das Stärkeverhältnis R,/R ändert sich (ähnlich wie im Laue-Fall). 

3. Die Austrittsstelle der Strahlung verlagert sich (im Gegensatz zum 
Laue-Fall, wo sie gleich blieb). 

4. Die interferierende Strahlung kann in einigen Millimetern Abstand von 
der Eintrittsstelle aus der praktisch ebenen Seitenfläche der Platte wieder aus- 
treten. Dies wird als schlagender Beweis für die Krümmung der Strahlen im 
Kristall angesehen. 

Im Anhang werden die Beobachtungen am unverformten Kristall mit der 
Theorie der Wellenfelder verglichen; es zeigt sich brauchbare. teilweise gute 
Übereinstimmung. 

1. Einleitung 

Wir gehen aus von dem im Laue-Fall erhaltenen Resultat ge- 
krümmter Röntgenstrahlen im leicht deformierten Gitter? und 
fragen, was im Bragg-Fall zu erwarten ist. Wir interessieren uns 
jedoch nicht für den üblichen Bragg-Reflex, sondern für die auch im 
Bragg-Fall vorhandenen Wellenfelder mit reduzierter Absorption ® 
und die bei ihrem Zerfall entstehenden Reflexe R, und R. Entscheidend 
ist wiederum der Strahlenfächer, dessen Lage sich allerdings im 
Bragg-Fall wesentlich von der im Laue-Fall unterscheidet (vgl. 
Fig.1 und 4 in*), woraus sich die Verschiedenheit der Erscheinungen 
in beiden Fällen erklärt: Im Laue-Fall erstreckt sich der Fächer zu 
beiden Seiten der Netzebene; bei Strahlkrümmung entfernt sich ein 
Teil der Fächerstrahlen von der Richtung parallel zur Netzebene, ein 
anderer Teil nähert sich ihr, wobei es gleichgültig ist, ob die die 
Gitterdeformation verursachende Temperaturdifferenz AT positiv oder 
negativ ist (Abb. 1 in!). Im symmetrischen Bragg-Fall dagegen liest 

2 &. BORRMANN und G. HILDEBRANDT, Absorption und Weg interferieren- 
der Röntgenstrahlen im schwach deformierten Kristallgitter. Z. Physik, im 


Druck. 
3 &. BoRRMANN, Die übernormal durchdringende Röntgenstrahlung im 


Bragg-Fall der Interferenz. Naturwiss. 38 (1951) 330. 
4 (. BORRMANN, G. HILDEBRANDT und H. WAGNER, Röntgenstrahl-Fächer 


im Kalkspat. Z. Physik 142 (1955) 406-414. 
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der Fächer ganz auf einer Seite der Netzebene; AT < 0 bewirkt 
Annäherung (Strahlen 1’”...4’ in Abb.1), AT>0 stärkere Ab- 
weichung (Strahlen 1’...4) der Strahlrichtung von der Richtung 
parallel zur Netzebene. Diese Richtung aber ist in beiden Fällen ent- 
scheidend, denn ihr ist das Minimum der Absorption zugeordnet. 


Pro 


>. DER 


Abb.1. Vier Strahlen des Fächers kleiner Absorption im symmetrischen Bragg- 
Fall ohne und mit Verformung des Kristalls. K Kalkspatplatte mit Seitenfläche 
EA und Grundfläche EB. An K liegt die Temperaturdifferenz AT = T,—T, 
(EB hat die Temperatur T,, der Gradient ist | EB). P Primärstrahl; Rz 
Bragg-Reflex; R,, R, R’ Reflexe der durchdringenden Strahlung. = Glanz- 
winkel (6,7° für MoK,„). Es gelten folgende Strahlengänge: 1...4 bei AT = 0; 
17...2 bei AT>0; 17..47 pei AT <0. Man’ betrachte die Figur unter 
flachem Winkel in Richtung des Strahls 2 


Folglich werden die Strahlen 1’...4’ mehr als 1...4, die Strahlen 
1”...4'' weniger als 1’...4’ absorbiert werden. Der Intensitätsverlauf 
wird also bei AT > 0 nicht nahezu symmetrisch zum Verlauf bei 
AT <0 sein, wie es doch im Laue-Fall gefunden wurde (Abb.7 int). 
Konsequenterweise sollte man erwarten, daß die Strahlen 1’’...4” 
trotz Verformung sogar stärker als 1...4 sein werden; jedoch ist dieser 
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Schluß nicht sicher, weil der Energieverlust in einem gebogenen 
Strahl wahrscheinlich nicht allein durch die richtungsabhängige 
Absorption (Photoeffekt) bestimmt wird, sondern auch noch durch 
Neuerzeugung von Wellenfeldern, die nicht zur Beobachtung kommen?. 

Im Zusammenhang hiermit ist zu vermuten, daß sich die Lage des 
Fächers verändern wird. Es seien 1 und 4 die auf dem Film (bei 
bestimmter Belichtungszeit) eben noch nachweisbaren Randstrahlen 
des Fächers. Aus der Tatsache, daß dann (bei gleicher Belichtungs- 
zeit) die Strahlen 1’ und 4’ nicht mehr beobachtbar sind, folgt, daß sich 
der linke Fächerrand nach rechts verschieben muß, während sich über 
den rechten Rand nichts Sicheres aussagen läßt. Letzteres gilt auch 
bei Umkehr des Temperaturgradienten; wenn nämlich 1’ wirklich 
stärker als 1 sein sollte, so müssen Strahlen, die bei AT —= 0 zwischen 1 
und B endeten, neu hinzukommen. Die auffälligste Erscheinung ist 
wieder am linken Rand zu erwarten: der Strahl 4’ wird, bevor er die 
Fläche EB erreichen kann, wieder zur Eintrittsfläche HA zurück- 
gebogen. Dort kann er aber, aus geometrischen Gründen, nur einen 
Reflex abspalten, den wir, weil er in dieselbe Richtung wie R geht, 
mit R’ bezeichnen wollen; die restliche Energie von 4’ wird ins Gitter 
reflektiert (partielle Reflexion von Wellenfeldern, vgl.* und’). Da der 
Punkt D mit wachsendem |A7| nach unten rückt, sollte die Breite des 
R’-Reflexes mit |AT| zunehmen. Dies gilt auch, wenn man nicht |AT|, 
sondern den Abstand zwischen dem Eintrittspunkt A und der Aus- 
trittsfläche EB vergrößert, denn auch in diesem Fall wächst der 
Abstand ED. 

Das Energieverhältnis R,/R sollte eine ähnliche AT-Abhängigkeit 
zeigen wie im Laue-Fall: Werden die Wege 1...4 durch einen Tem- 
peraturgradienten in die Wege 1’...4’ umgeändert, so muß gemäß 
v. Lauxs Vektoraddition der Intensitäten, Gl. (1.1) int, der R,/R-Wert 
größer werden, denn alle Strahlen nähern sich der R,-Richtung. Das 
Umgekehrte gilt für die Strahlen 1”... 4". 

Das Experiment muß erweisen, inwieweit alle diese Vermutungen 
zutreffend sind. 

2. Apparatur 


Auch für die Experimente im Bragg-Fall ließ sich die in', Abb.2 
und 3, wiedergegebene Apparatur verwenden, jedoch waren einige 
Abänderungen erforderlich (vgl. Abb.2). 


5H. Wacner, Röntgenstrahlung anomaler Schwächung im Falle Bragg- 
scher Reflexion. Z. Physik 146 (1956) 127—168. 
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Zum Studium der gegenseitigen Lage der Reflexe, ihrer Aus- 
dehnung, der Lage ihrer Maxima usw. waren Aufnahmen auf Röntgen- 
film besser geeignet als Messungen mit dem Zählrohr. Vor einem nur 
noch zur Justierung benötigten Zählrohr wurde daher ein Einschub 
befestigt, in den sich eine Filmkassette einführen und mittels Rasten in 


Abb.2. Apparatur und Strah- 
lengang. Fk Strichfokus der 
Mo-Antikathode; K Kristall; 
P,, P, Temperierplatten; P 
Primärstrahl; Rp, R, R, Re- 
flexe; F Film; B,, B, Spalt- 


blenden; B,, B, Absorber- 

bleche; B, Blende gegen 

Streustrahlung. Näheres im 
Text 


vier verschiedenen Stellungen fixieren 
ließ, so daß jeweils vier verschiedene Dia- 
gramme mit dem gleichen Film aufge- 
nommen werden konnten. Wegen der ge- 
ringeren Empfindlichkeit des Films mußte 
allerdings der Strahlweg im Kristall ge- 
genüber dem Laue-Fall verkürzt und der 
Abstand Fokus—Kristall so klein wie 
nur möglich gehalten werden. 

Um den Primärstrahll P und den 
Bragg-Reflex R, auf dem Film als ge- 
nügend schmale Bezugsmarken zu er- 
halten, wurden die Spaltblenden B, und 
B, auf nur 0,1 bzw. 0,05 mm geöffnet 
und so justiert, daß P den Strichfokus 
der Röntgenröhre unter 3° verließ (Fokus 
dann etwa 10x 0,05 mm?). Zwei Absorber- 
bleche B, und B, mußten eingefügt 
werden, um R, und P so zu schwächen, 
daß sie den Film etwa gleich stark 
schwärzten wie die Reflexe R, und R. 
Zugleich diente B,, bis an den Kristall 
herangeschoben, als Streustrahlenblende, 
ebenso wie die Blende 5,, die so einge- 
stellt war, daß ihre Kante dicht am linken 
Rand des Primärstrahls lag. — Um die 
Beobachtung des die Eintrittsfläche des 
Kristalls verlassenden Zusatzreflexes R’ 
zu ermöglichen, ließ sich die Blende 5, 
auch in der tieferen Lage B, einsetzen. 


Die Blenden B,, B, und B, waren am Tisch 7 (vgl. Abb.2 in!) 
befestigt; B, dagegen war mit der Kristall-Temperierplatten-Einheit 
verbunden, die sich in Pfeilrichtung bewegen ließ und dadurch die 
Einstellung der gewünschten Strahlweglänge im Kristall ermöglichte 


(vgl. Kap.4 und Abb.6). 
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Der Kristall sollte gut ausgebildete Flächen besitzen und in der 
Nähe einer geeigneten Fläche, parallel zu dieser, eine hohe Durch- 
lässigkeit für Wellenfelder aufweisen. Da die früher benutzte Kalk- 
spatplatte diese Eigenschaften nicht zeigte, wurden etwa S0 weitere 
Kristalle im Laue-Fall geprüft, wobei sich schließlich ein etwa 21 mm 
starkes Exemplar als brauchbar erwies. Seine als Ein- und Austritts- 
fläche vorgesehenen Flächen wurden geschmirgelt, geschliffen und 
7 Sekunden lang mit 0,7 n Salzsäure geätzt®. Im Anhang wird gezeigt 
werden, daß das Gitter dieses Kristalls für die folgenden Unter- 
suchungen genügend ‚ideal‘ war. 


Ar=10,8°0 
AT=0 
A ke 


BER Du 


Abb.3. Diagramme bei verschiedenen Temperaturdifferenzen; kurzer Strahlweg 

lg, = 8,8 mm; 34 kV; 15 mA; 2h; MoK,; Filme 1 und 3. Etwa 4fach vergrößert. 

P Primärstrahl, Rp, R, R, Reflexe. Der linke Rand von R entspricht der 

Kristallkante E. Der Abstand Kristall-Film war EF = 41 mm (berechnet). 
Die Abstände PR variieren auf den Filmen um + 0,5°/, 


3. Aufnahmen und Photometerkurven 
Bereits die ersten orientierenden Aufnahmen zeigten die erwarteten 
Erscheinungen. Zur endgültigen Auswertung wurden mit 34 kV und 
15 mA folgende Aufnahmeserien angefertigt: 


6 K. V. Mannıng, The effect of treatment of the surface of caleite erystals 


upon the resolving power of the two-erystal-speetrometer. Rev. Sei. Instrum. 5 


(1934) 316—320. 
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Film 1 mit 4 Aufnahmen bei AT = 0; + 0,4°; +4+ 0,8°%; + 1,2°C (je 
2 Stunden belichtet). 

Film 2 mit 4 Aufnahmen bei AT=0; —0,4°; —0,8°; 1228 
(2 Stunden). 

Film 3 mit 4 Aufnahmen wie Film 2, aber anderer Justierung, siehe 
unten (2 Stunden). 

Film 4 mit 2 Aufnahmen bei AT = + 1,5°C (6 Stunden); —1,5°C 
(4 Stunden). 


AT=-1,5°C 


AT= —1,5°C 


Ba IR I > 
Abb.4. Diagramme wie Abb.3, jedoch längere Belichtungszeiten (6 Stunden 
bei AT = +1,5°C; 4 Stunden bei AT = —1,5°0); Film 4. Etwa 4fach ver- 
größert 


Bei den folgenden Aufnahmen wurde der Strahlweg im Kristall 

verlängert: 

Film 5 mit einer Aufnahme bei AT = 0 (2 Stunden). 

Film 6 mit 4 Aufnahmen bei AT = 0; —0,75°; —1,5°; + 1,5°C 
(2 Stunden). 

Bei den Filmen 1 und 2 wurde nur die jeweils erste Aufnahme auf 
K,, eingestellt. Von Film 3 ab wurde jede Aufnahme für sich so 
justiert, daß die Bragg-Reflexe von X, und K,, erschienen. 

Die folgenden, aus Ausschnitten verschiedener Aufnahmen zu- 
sammengesetzten Abbildungen zeigen die einzelnen Effekte recht 
deutlich. In Abb. 3 erkennt man, daß in beiden Reflexen die Intensität 
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zunimmt, wenn AT von positiven zu negativen Werten übergeht; 
zugleich verschieben sich die Reflexe nach links. In der untersten 
Aufnahme (AT < 0) verbreitert sich der R-Reflex, über eine deutlich 
erkennbare Hell-Dunkel-Linie hinweg, nach links. Später wird gezeigt 
werden, daß die dunkle Linie (genauer: ihr rechter Rand) die Pro- 
jektion der Kristallkante # ist; die links davon beobachtete Intensität 
muß daher dem erwarteten R’-Reflex entstammen. Der die dunkle 
Linie verursachende Intensitätsrückgang ist zu erwarten, denn trotz 


AU) 
A AN — Mad LE, 
% 
E 
H 
AT=—1,5°0 


IRerr R Ian, 42 
Abb.5. Diagramme bei längerem Strahlweg Iy = 11,4 mm; 34 kV; 15 mA; 2U; 
Film 6, etwa 4fach vergrößert. Abstand Kristall-Film auf 53 mm erhöht 
(berechnet; direkt gemessen etwa 52 mm). Die helle Linie rechts von Rp ist ein 
nicht durch B/} geschwächter Bragg-Reflex, der dem Kontinuum nahe der 
MoK,„-Linie entstammt; die helle Linie in der Mitte bzw. die Aufhellung im 
linken Teil der Diagramme Abb.3 bis 5 ist durch Streustrahlung verursacht 


vorangegangener Ätzung dürfte das Kristallgitter in der Umgebung 
der Kante relativ stark gestört sein. Ferner ist der Einfluß der par- 
tiellen Reflexion zu berücksichtigen, die sich durch Verstärkung des 
R-Reflexes (rechts neben der dunklen Linie) bemerkbar macht. Eine 
entsprechende Aufhellung im R,-Reflex fehlt allerdings. 

Im oberen Streifen (AT > 0) der länger belichteten Aufnahmen 
von Abb.4 liegen die Reflexe weit rechts, ihre Intensität ist gering, R, 
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ist mehrfach stärker als R. Im unteren Streifen (AT < 0) haben, trotz 
der um 33°/, kürzeren Belichtungszeit, die Intensitäten beträchtlich 
zugenommen. R, ist offensichtlich nur noch wenig stärker als R. Beide 
Reflexe haben sich nach links verbreitert, ihre Maxima sind ebenfalls 
nach links gerückt. Im R-Reflex zeichnet sich die Lage der Kristall- 
kante wieder deutlich als eine schmale dunkle Zone ab, an die sich 
links der R’-Reflex anschließt. 


Abb.6. Intensitätsprofile der R,-Reflexe bei verschiedenen AT-Werten (nach 
den Photometerkurven der Filme 1 und 3;!g, = 8,8 mm). 5 Schwärzung; d Orts- 
koordinate auf dem Film; D Lage des Primärstrahls; J Projektion der Kristall- 
kante E (siehe Abb.1 und 9). Die Ursache der Maxima in der Nähe von D ist 
ungeklärt 

Auf den Aufnahmen mit längerem Strahlweg (Abb.5) ist, bei 
gleichem AT, der R’-Reflex wesentlich intensiver, da nun ein größerer 
Teil des Strahlenfächers die Fläche EA erreicht. Nur ein kleiner Teil 
bleibt noch zur Erzeugung der Reflexe R, und R übrig, also muß deren 
Intensität abnehmen, wenn man |AT| vergrößert; dies ist in Abb.5 
deutlich zu erkennen. 
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Die Diagramme zeigen also alle Erscheinungen, die wir im Bragg- 
Fall als Folge der Strahlwegkrümmung erwarteten. Da alles Quan- 
titative jedoch besser an Hand von Photometerkurven beurteilt 
werden kann, wurden sämtliche Aufnahmen mit einem registrierenden 
Mikrophotometer (nach M. REnNInGer, beschrieben in”, Par.3) als 
Ganzes im Maßstab 10:1 sowie in Ausschnitten (die R, und R bzw. R, 


= d/mm] 


Abb.7. Intensitätsverlauf in den R-Reflexen. I, = 8,8 mm, Filme 1 und 3. Der 

Nullpunkt der Abszisse liegt im Bragg-Reflex Rz; @ ist die Projektion der 

Kristallkante E. Ohne Absorption würde der Reflex bis H (der Projektion von B 
aus Abb.1) reichen (berechnet) 


und P umfaßten) im Maßstab 50:1 photometriert (Fläche des Photo- 
meterspaltes 2x 0,01 mm?). Zur Auswertung wurde aus den Photo- 
meterkurven die Schwärzung gemäß der Beziehung S = log (t/?) 
— (It ermittelt (5 Schwärzung, J Intensität, & Belichtungszeit, i, dem 
Untergrund zugeordneter Ausschlag des Galvanometers, i bei I ge- 
messener Ausschlag). S betrug maximal 0,6. 

Die folgenden Abbildungen geben die wichtigsten der Intensitäts- 
verteilungen wieder. Deutlicher als die Röntgendiagramme selbst 


? D. Josrcher, Beugungsmikroskopie polydisperser Systeme. Z. Natur- 
forsch. 12a (1957) 200-212. 
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lassen sie die mit den gekrümmten Strahlwegen verknüpften Er- 
scheinungen erkennen. 

Abb. 6 zeigt, wie vn AT >0zuAT <0 hin die Basisbreiten sowie 
die Intensitäten der R,-Reflexe zunehmen und die Reflexmaxima nach 
links wandern. Das gleiche gilt für die R-Reflexe in Abb.7. Weiter 
beobachtet man dort, links von der sich deutlich markierenden 
Projektion @ der Kristallkante #, den R'-Reflex bei AT = —0,8° 
und —1,2°C, dessen Intensität und Ausdehnung mit wachsendem 
IAT| zunimmt. Bei längerem Strahlweg schließlich (Abb.8) dominiert 
der R’-Reflex, die Intensitäten von R,und R durchlaufen ein Maximum 
und nehmen bei höherem |AT' wieder ab. 


a  —— 02 


03 


01 


Abb.8. Intensitätsverlauf in den R,- und R-Reflexen bei ag = 11,4 mm, Film 6. 
C Lage des Bragg-Reflexes; G und J Projektionen der Kante E; H Grenze des 
R-Reflexes ohne Absorption; D Lage des Primärstrahls 


Die R- und R’-Reflexe zeigen bei AT < 0 eine gewisse Feinstruktur, 
deren Ursache noch ungewiß ist. Man könnte sie vielleicht durch die 
Annahme einer parallel zu (200) orientierten Schichtstruktur des 
Kristalls erklären, wie sie häufig im Kalkspat gefunden wurde. Unklar 
bleibt, wieso dann die Feinstruktur in den zugehörigen R,-Reflexen 
fehlt. Auch an eine Mitwirkung der partiellen Reflexion der Wellen- 
felder ist zu denken. 


4. Geometrische Auswertung 
Folgende Daten ließen sich schon durch einfache Abstandsmessun- 
gen den Photometerkurven entnehmen: die Länge des Strahlweges im 
Kristall; die Basisbreiten der Reflexe; die Lage der Maxima und des 
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linken Randes der Reflexe; die Ausdehnung des zusätzlichen Re- 
flexes R'. 

Abb.9 zeigt die geometrischen Verhältnisse. Nach Justierung auf 
den MoX,„-Glanzwinkel wird der Kristall K zunächst so eingestellt, daß 
die Primärstrahlung (P,) seine Kante E streift. Dann wird er um v 
verschoben, der Primärstrahl fällt nun (als P,) bei A ein. Der senkrecht 
zu AH eingestellte Film wird vom Bragg-Reflex R, bei C, vom 


Abb.9. Zur Lage der Reflexe auf dem Film. Der Film ist senkrecht zur Eintritts- 
fläche HA justiert. Näheres im Text 

Primärstrahl P, bei D getroffen (die Blenden 5, und B, wurden in 
Abb.6 weggelassen). Da der im Gitter entstehende Strahlenfächer den 
ganzen Winkel HAB erfüllt, kann (bei verschwindender Absorption) 
auf der ganzen Fläche EB Strahlung austreten. Auf dem Film reicht 
dann der R,-Reflex von J bis D. Während also P an R, anschließt, 
liegt R, etwa um v von R entfernt. 


a) Derlinke Rand der ReflexebeiAT = 0 


In den Photometerkurven fallen die linken Flanken der Reflexe R, 
und R steil ab und enden in zwei sich deutlich markierenden Punkten, 


352 &. HILDEBRANDT 


die mit G und J bezeichnet wurden. Sollen sie mit den Punkten @ und J 
in Abb.9. also mit den Projektionen der Kante E, identisch sein, so 
muß die Bedingung 0G = JD erfüllt sein. Dies trifft mit einer Ge- 
nauigkeit von 2°/, zu. Eine Diskrepanz bei den Filmen 3, 5 und 6 (dort 
war 0@ <JD) erklärte sich aus der unterschiedlichen Justierung 
(vel.3.). Nach Korrektur auf MoK,,, stimmten auch hier die Werte 
innerhalb 2°/, überein. Bei AT = 0 tritt also noch unmittelbar rechts 


neben der Kante Z Strahlung aus dem Gitter aus. 


b) Die Länge des Strahlweges im Kristall 


Die Photometerkurven von 14 Aufnahmen der Filme 1 bis 4 lie- 
ferten die Mittelwerte CD = (11,76 + 0,05) mm und GG.) 29,03 
+ 0,05) mm. Setzt man diese Zahlen in die aus Abb. 9 zu entnehmende 


Beziehung 


= AB = AF— EF=(CD—GJ)j2tg = (00 + IDy/2te5 () 


ein, so wird 
I 8832 04) mme 


Für den längeren Strahlweg lieferten 5 Aufnahmen der Filme 5 und 6 
die Werte 0G@ = (1,29 + 0,04)mm und JD = (1,39 + 0,06) mm. 
In (1) eingesetzt ergibt dies 

lo (d1.2 20,4) mm 
in guter Übereinstimmung mit dem eingestellten Wert v» = 1,3 mm, 
aus dem I, — 11,0 mm resultiert. 


c) Die Basisbreiten der Reflexe 
Aus Abb.9 entnimmt man, daß die Reflexe R, und R auf dem Film 
maximal die folgenden Breiten haben können: 


Dee (2) 


GH tel cos (B + 3)[eos (B -5) ; (3) 


Hierin ist ß = 90° — 74,9° — 15,1° der Winkel zwischen dem Film 
und der Austrittsfläche EB (beim Caleit-Spaltungsrhomboeder ist 
x BEA = 14,9°). 

Die für die beiden /,-Werte aus (2) und (3) errechneten Abstände JD 
und GH sind in die Abb. 6 bis 8 eingetragen worden. Für AT = 0 zeigt 
sich, daß die Reflexe im Mittel bei I,, etwa 85°/,, bei !y, nur noch etwa 
740), von JD bzw. GH erfüllen ; hierin drückt sich der mit der Kristall- 
dicke zunehmende Einfluß der Absorption aus. 
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Bei den Aufnahmen mit AT <0 (Filme 2 und 3) blieben die 
Basisbreiten der Reflexe nahezu unverändert, während sie sich bei 
AT > 0 (Film 1) mit wachsendem Temperaturgradienten immer mehr 
verkürzten, und zwar um mehr als 25°), bi AT = + 1,2°C. 


d) Die Lage der Maxima der Reflexe 
Man entnimmt den Photometerkurven, daß die Maxima bei 
AT=0 in 0,3mm Abstand von der Kristallkante auftreten; bei 
AT < 0 nähern sie sich ihr bis auf 0,2 mm, bei AT > 0 liegen sie um 
mehr als 0,4 bzw. 0,5 mm von ihr entfernt. Die Austrittsstelle des 


Strahls maximaler Energie verschiebt sich also in der erwarteten 
Richtung. 


e) Die Breite des Reflexes R’ 


Aus den Abb.7 und 8 entnimmt man folgende Basisbreiten der 
Reflexe R’ auf den Film: 


Tabelle 1 
Strahlweglänge I, [mm] | 8,8 aA 
Ana 0,8 | —12 | -15 | -0,75 | —1,5 
| 
Breite von R’ [mm] | 0342 | 046 | 0,50 | 0,66 | 0,98 


Die Tabelle zeigt deutlich, wie sich der R’-Reflex mit wachsendem 
|AT| verbreitert. Bei AT = —1,5°C und I, = 11,4 mm bedeckt er 
bereits 80°/, der Eintrittsfläche zwischen A und E&. 

Eigentlich sollten auch die Aufnahmen bei AT = —0,4°C den 
R'-Reflex zeigen. Es ist jedoch zu vermuten, daß er infolge der in 
diesem Fall sehr geringen Strahlkrümmung und des hieraus resul- 
tierenden kleinen Winkels zwischen den Strahlen und der Fläche EA 
sehr schwach ist (starke partielle Reflexion). 


f) Die mittlere Strahlweglänge 
Für die späteren Rechnungen (vgl. Anhang) ist es zweckmäßig, 
mit einer mittleren, zwischen I, und /' liegenden Strahlweglänge I zu 
rechnen. Aus Abb.9 entnimmt man 


AB= WI, cos'ßjcos (B — 2) (4) 
also wird 
ern ai 1 E = = os, (5) 
cosl B— 5) 


Man erhält I, = 8,7 mm/,, = 11,3 mm. 


Z. Kristallogr. Bd. 112 23 
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5. Auswertung durch Intensitätsvergleich 
Durch Integration der Photometerkurven Abb.6, 7, 8 lassen sich 
die Gesamtenergien der Reflexe R, und R und daraus die R%/ R-Werte 
als Funktionen von AT ermitteln (Abb.10). Obwohl einzelne Meß- 
punkte bis zu 40°, von den gezeichneten gemittelten Kurvenzügen 


1 
= 70 =08 0) +05 +10 
> JANI°C] 


Abb.10. Energien der Reflexe R,und R sowie Energieverhältnis R,/R in Abhän- 
gigkeit von AT. —— Strahlweg lyı = 8,8 mm; ---- Strahlweg I —= 11,4 mm 


abweichen, ist doch unverkennbar, daß sich der Intensitätsanstieg, 
von AT = + 1,2°C zu kleineren AT-Werten fortschreitend, über 
AT = 0 hinweg in das Gebiet AT < 0 hinein fortsetzt (im Gegensatz 
zum analogen Diagramm des Laue-Falles, vgl.!, Abb.7), allerdings 
mehr und mehr abgeschwächt. Beim längeren Strahlweg (unter- 
brochene Kurven) durchlaufen die Intensitäten der Reflexe bei 
negativen AT-Werten ein Maximum. 

Für R,/R wird ein fast völlig glatter Kurvenzug erhalten. Bei 
AT =0 ist R,/R = 2,5 gegenüber 1,2 im Laue-Fall. Der Unterschied 
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erklärt sich aus der Lage des Strahlenfächers: da dieser einseitig zu R, 
hin verschoben ist, müssen die R,-Komponenten weit überwiegen. Der 
Anstieg von R,/R beträgt bei AT = 0 etwa 1,4 je 1°C Änderung von 
AT (gegenüber 0,8...0,9 im Laue-Fall). 

Beim längeren Strahlweg (Abb. 10 oben, unterbrochene Kurve) fällt 
Ro/ R bei stark negativem AT unter 1: infolge derStrahlkrümmung wur- 
de die Mehrzahl der Poynting-Vektoren nahe der Austrittsfläche der 
Reflexionsrichtung angenähert, so daß der R-Anteil dominiert. 

Die Tatsache, daß zwar einzelne R,- und R-Meßpunkte, jedoch 
nicht die zugehörigen R,/R-Werte aus den Kurvenzügen der Abb. 10 
herausfallen, beweist, daß zwar die Stärke der interferierenden 
Strahlung schwankte, daß aber in jedem Fall der vollständige Strah- 
lenfächer erzeugt wurde. Die Ursache der Abweichungen ist nicht in 
Schwankungen der Primärintensität zu suchen, sie beruht vielmehr auf 
den durch die engen Blenden verursachten Schwierigkeiten bei der 
Justierung, die vor allem zur Folge hatten, daß X, und X, nicht im- 
mer in konstantem Verhältnis an der Erzeugung des Fächers beteiligt 
waren. Kontrollmessungen mit absichtlicher Verstimmung zeigten, 
daß sich die Energien der Reflexe R, und R in gleicher Weise änderten 
wie die des Bragg-Reflexes R,, daß dabei aber der Quotient R,/R 
nur wenig beeinflußt wurde. 

Zusammenfassend läßt sich also sagen, daß die Krümmung der 
Strahlwege im schwach deformierten Gitter im Bragg-Fall viel 
deutlicher erkennbar ist als im Laue-Fall: Die geometrische Aus- 
wertung läßt die Verschiebung der Reflexe, die Veränderlichkeit der 
Reflexbreiten sowie insbesondere den zusätzlichen Reflex R’ und die 
Abhängigkeit seiner Breite von AT erkennen. Die Intensitätsaus- 
wertung ergibt darüber hinaus den Verlauf der Reflexintensitäten in 
der erwarteten Weise, vor allem auch bei verlängertem Strahlweg; 
besonders auffällig ist der Intensitätsanstieg bei AT < 0. Schließlich 
läßt sich die Funktion R,/R = f{AT) gewinnen und eindeutig zur 
Strahlkrümmung in Beziehung setzen. 

Im Anhang wird gezeigt, daß die bei AT = 0 beobachteten Er- 
scheinungen mit der Theorie übereinstimmen. 


6. Anhang: 
Vergleieh der Ergebnisse bei AT=0 mit der Theorie 
a) Die Intensitätsverteilung in den Reflexen R, und R 


Die im Bragg-Fall in den Kristall eindringende Strahlung ist von 
H. WAGNER theoretisch untersucht worden’; seine Gl. (VI, 14) 


23* 
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beschreibt die Verteilung der Energie im Strahlenfächer. Der Anschau- 
lichkeit halber werde diese Gleichung, unter Beschränkung auf den 
symmetrischen Bragg-Fall, noch einmal auf anderem Wege ab- 
geleitet. 

Zur Vereinfachung sei die Strahlenquelle in die Eintrittsfläche 
verlegt (Abb. 11). Einem Winkelelement ö der Primärstrahlung ist dann 
ein gleichgroßes Winkelelement ö des Bragg-Reflexes sowie ein sehr 
viel größeres Winkelelement ö : de/dıyg des Strahlenfächers zugeordnet. 


Abb.i1. Zur Berechnung des Strahlenfächers im symmetrischen Bragg-Fall. 
F Teil des Strahlenfächers; df Querschnitt von F an der Austrittsfläche; %y, ®n 
Intensitäten der Reflexe. Näheres im Text 


Mit den Bezeichnungen 


S" — Energie pro Winkeleinheit im Primärstrahl P; 
S® — Energie pro Winkeleinheit im Bragg-Reflex R,; 
S, = Energie pro Winkeleinheit im Strahlenfächer F (ohne Absorption) 


ergibt sich dann die Energiebilanz zu 


Ss — S?ö + S,ödeldyy, (1) 
woraus 


So = (8° — 8”) dyalde (2) 
folgt. Da im symmetrischen Bragg-Fall 


s? et ee” ‚ga (3) 
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ist [nach (III, 4) in? ist |D®]? = e””|DW)?], wird 
SS, = 841 — e”) dwulde. (2a) 


Unter der gleichen Voraussetzung folgt aus (VI, 11)? für Gitter mit 
Symmetriezentrum | 


(6 Ze 
08 — sine 
dag u») 
De Knr! \03/22 (4) 
2 (sin: — - sine) 
92 
und aus (V, 15a)P?: 
COS Z- sine 
1 m. = 
—@ eh—. (5) 


sin (5 +) 
Mit (4) und (5) wird aus (2a): 
2 d = 
C08278N7E 


Bo, ee! Ra \TS/2055 
sın FE sın Eu 


Dies ist H. Wagners Gl. (VI, 14), angewandt auf den vorliegenden Fall. 
Nun sind die Intensitäten der Reflexe, i, und i,, zu berechnen. 
Bekannt ist zunächst der Quotient 


dE, a 
Sr SC. | 


So —— (6) 


to/?, > & > (7) 


der der Konstruktion des Strahlenfächers zugrunde liegt, also auch an 
der Austrittsfläche gelten muß, und zwar sowohl außen wie innen. Wir 
schreiben die Intensität /, des Fächerelements (6) in der Form 


I; — dEyldf = Sodeldf = Sodejlde = Sojl = |&|. (8) 


Weiter gilt nach (V, 7) und (V, 2) aus°: 


: € d 
|S| = (io + 1.) cos Z/cose . (9) 
Aus (7) und (9) folgt 
ni |S| 2 Se |S| se (10) 
12. e72%, .co8, >= 1 et?” cos 355 


Mit (8), (6) und (V, 15a)5 wird aus (10), wenn noch die Absorption 
berücksichtigt wird (man beachte, daß e nach° negativ definiert war, 
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hier aber der Einfachheit halber positiv gezählt wird): 


2 sin?e 3 % gl i 1 a 
er 3 a ( ) 
sin? — —sın?e 
D) 
: sin (5 =) 
2 D) 
= ec Er 5 ehel, (11b) 
h 2 e 
(sin: D2 sin?e) sın (5 +e) 


wobei c = S°C/| y,, |/21tg . ist. Im vorliegenden Fall ist c eine Kon- 


stante, weil wir 1=1/ setzen können. 


700 


) 02 04 06 08 10 
—» d /mm] 


Abb.12. Berechnete Reflexprofile bei I) = 8,7 mm ————; Meßwerte der 
Filme 1,2,3 bi AT =0.000 0. Die Abszisse d entspricht der Ortskoordinate 
auf dem Film. Int Intensität 


Die Ortskoordinate an der Oberfläche hängt im vorliegenden Fall 
hinreichend genau linear von & ab. Zu berücksichtigen ist jedoch, daß 
die Ortskoordinaten auf dem Film für R, und R verschieden sind; sie 


stehen zueinander im Verhältnis JD/GH = cos (? -5) [cos (B + 5) 
(Abb. 9). 


Die Gln. (11) wurden für die Strahlweglänge h — 8,7 mm für beide 
Polarisationsrichtungen ausgewertet, gemittelt und zusammen mit 
den experimentellen Verteilungen aufgetragen (Abb. 12). Es ergab sich 
brauchbare Übereinstimmung. In Halbwerthöhe waren die ex- 
perimentellen Kurven um etwa 15°/, (d. i. etwa 0,07 mm) breiter als 
die berechneten; zum Teil erklärt sich dies aus der Breite des Primär- 
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strahlbündels von 0,05 mm, zum Teil aus der Divergenz der Strahlen- 
gänge für MoK,„, und MoK,». 

Insoweit die experimentellen und theoretischen Kurven über- 
einstimmen, ist vor allem zweierlei bewiesen: erstens die durch 


> io 7 : 
v. Laves Gleichung Sx --2&, + 8 behauptete Korrelation von In- 
h 


tensitätsverhältnis und Strahlrichtung (denn für zugeordnete Ab- 
szissenwerte der Intensitätskurven von R, und R ist diese Beziehung 
erfüllt); zweitens die Wirkung der richtungsabhängigen Absorption, 
die die Energieverteilung im Strahlenfächer modifiziert. 


b) Gemessene und berechnete Gesamtenergien der Reflexe 
R, und R für beide Strahlwege 

Die Flächen unter den Kurven der Abb.12 ergeben die Energien 
der beiden Reflexe. In gleicher Weise wurden für !, = 11,3 mm die 
Verteilungen berechnet und integriert sowie die entsprechenden 
experimentellen Daten aus den zu den Filmen 5 und 6 gehörenden 
Photometerkurven gewonnen. Die Werte wurden so normiert, daß 
sich (Ry + KR) = (Ro + P)ineor — 100 für 1, = 8,7 mm ergab. Wie 
die Tab.2 zeigt, stimmen die experimentellen Werte bei AT = 0 gut 
mit der Theorie überein. 


Tabelle 2 
nn 
I [mm] | + R 1a R R,/R 

EEE IR OS BSR NEE ARE Ne 7 

100 7055 29,5 2,4 (theor. Werte) 

a 100 72 28 2,6 (exper. Werte) 

z 36 24,5 1555 > (theor. Werte) 

._ ss | 2 ja 8, (exper. Werte) 


c) Der effektive Absorptionskoeffizient 


Tab.2 erlaubt, sich auf einfachste Weise von der Wirkung der 
reduzierten Absorption zu überzeugen. Vergleicht man die Durch- 
lässigkeit zweier verschieden dicker Kristalle für interferierende 
Strahlung, so läßt sich ein „effektiver Absorptionskoeffizient“ Wer 
gewinnen (vgl.®; dort mit u7.un) bezeichnet). In unserem Falle gilt, daß 
beim Übergang von I, zu /, die Intensität von 100 auf 36 abnimmt, 
also wird 

e Hei Gh) — ges 0,26 —_ 100/36 — 28; 


3 G. BorRRMANN, Die Absorption von Röntgenstrahlen im Fall der Inter- 
ferenz. Z. Physik 127 (1950) 297—323. 
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hieraus ergibt sich 4. = 3,9 em-!. Dieser Wert weicht stark vom 
normalen Absorptionskoeffizienten u = 22 cm“! ab. Er ist andrerseits 
aber etwas größer als der minimale Absorptionskoeffizient in = 0,1 u 
— 2,2 em! (dieser Wert wurde im übrigen bei den Rechnungen 
benutzt). Dies muß so sein, weil z,,.. längs der Netzebene gilt, während 
die im vorliegenden Fall am Fächer beteiligten Strahlen sämtlich von 
der Netzebene abweichen und folglich stärker absorbiert werden. 


d) Vergleich der Energienin R,und Rmit R,. 

Als letzte und schärfste Prüfung bietet sich der Vergleich der 
Energie R,+ R mit der des Reflexes R, dar. Das integrale Re- 
flexionsvermögen im Bragg-Fall ist z. B. von H. WAGNER berechnet 
worden; es hat im Maßstab der Größe x (®, Abb.4) den Wert 2,5 (ohne 
Absorption hätte es den bekannten Wert 8/3, vgl.?, S. 142). Da man in 
diesem Fall für beide Schwingungsrichtungen fast dasselbe erhält, 
darf 2,5 als Mittelwert beibehalten werden. 

Dementsprechend ist die den Kristall durchquerende Strahlung 
durch & zu beschreiben. Nach Gl. (2a) gilt für die Energie eines 
Fächerelements bei Berücksichtigung der Absorption: 


dE = Sde Se Te een, (12) 
Mit Hilfe der Gleichungen aus? läßt sich (12) schreiben: 
R+R=/[dE=SK/21 -®+aye—1] 
x—A 


Zul — | daX (15) 
Versi 


mit K = ( |y„|/sin ®. In unserem Fall durfte als Näherung !=1 


. exp 


gesetzt und sin? ” vernachlässigt werden. Das Integral in (13) lieferte 


dann im Bereich 1,0 <x = 2,0 für I, = 8,7 mm den Wert 3,5 - 103 
(über beide Polarisationsrichtungen gemittelt), so daß theoretisch 
(Ro + R)/Rz = 3,5 : 10°/2,5 = 1,4 - 10°? zu erwarten war. 

Die Energien der R,- und R-Reflexe bei AT = 0 und I, = 8,7 mm 
wurden aus den Photometerkurven zu 3,9 und 1,5 bestimmt (will- 
kürliche Einheiten), die Energien zweier in gleicher Anordnung, 
jedoch ohne Blende B,, gewonnener Bragg-Reflexe (34 kV, 3 mA, 20°) 
zu 2,1 10°. Das experimentelle Energieverhältnis war also (R, + R)/Rz 
— 5,4/2,1- 10° — 2,6 - 10-3, 


° W.H. ZACHARTIASEN, Theory of x-Ray diffraction in erystals. New York 1943. 
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Dieser Wert stimmt in der Größenordnung mit dem theoretischen 
überein. Mehr ist kaum zu erwarten. Der wahre Wert des minimalen 
Absorptionskoeffizienten ist wahrscheinlich.kleiner als der zur Rech- 
nung benutzte abgerundete Wert nm = 0,1 u (entsprechend 
A = 0,90). So ließe sich die Übereinstimmung verbessern, doch sind 
sowohl die quantitative Berechnung von w,; als auch genaue ex- 
perimentelle Energievergleiche eine Aufgabe für sich. 

Für l, = 11,3 mm lieferte (13) den Wert 1,3 - 10-3; die Energien der 
durchdringenden Strahlung bei beiden Strahlwegen verhielten sich 
also wie 3,5/1,3 —= 100/37 (früher wurde 100/36 gefunden, vgl. Tab.2). 

Zusammenfassend darf gesagt werden, daß Experiment und 
Theorie genügend gut übereinstimmten, um mit Sicherheit zu be- 
weisen, daß der Kristall ein zu Experimenten mit Wellenfeldern 
geeignetes, weil hinreichend fehlerfreies Raumgitter besaß. — 


Herrn Prof. Dr. M. v. LAuE danke ich für sein großes Interesse an 
dieser Untersuchung, Herrn Prof. Dr. G. BORRMANN für die beiden 
Themen und zahlreiche wichtige Hinweise und Diskussionen, der Stadt 
Berlin und der Deutschen Forschungsgemeinschaft für ERP-Mittel. 
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Auszug 

Die Strukturen der drei isomorphen Verbindungen wurden nach der Methode 
der Ausgleichsrechnung verfeinert. Alle schweren Atome befinden sich in Punkt- 
lagen der Raumgruppe P6,/m; es ist anzunehmen, daß auch die Wasserstoff- 
Lagen dieser Raumgruppe entsprechen. Die Punktsymmetrie der Metallionen 
ist O',,. Diese Ionen haben neun Wassermoleküle zu nächsten Nachbarn; sechs 
davon bilden die Ecken eines trigonalen Prismas und liegen zu dreien ober- und 
unterhalb der Spiegelungsebene, in der sich die übrigen drei Wassermoleküle 
und das Metallion befinden. Die sechs Er—O-Abstände vom Erbiumion zu den 
Prismenecken betragen 2,37 Ä, die Er—O-Abstände in der Spiegelungsebene 
sind 2,52 Ä. Die Symmetrie der nächsten Umgebung der Metallionen ist nahezu 
D,„. Achtzehn Sulfat-Ionen umgeben das Erbiumion in Abständen von 4,61 bis 
4,77 Ä. Die Symmetrie der Umgebung der Metallionen ist nicht abhängig von 
deren Größe und auch nicht davon, ob es sich um eine Seltene Erde gerader 
oder ungerader Ordnungszahl handelt. Die Struktur des Äthylsulfations und die 
möglichen Wasserstoffbindungen werden diskutiert. 


Abstract 

Structures of the three isomorphous compounds have been refined by least- 
squares methods, the praseodymium compound in only two dimensions, the 
others in three dimensions. All heavy atoms are found in the space group P 6,/m, 
and there is reason to believe that hydrogen positions also conform to this space 
group. The point symmetry at the metal ion is, then, O,,. The metal ion has 
nine water molecules as nearest neighbors; six form a trigonal prism above and 
below the mirror plane containing the other three water oxygens and the metal 


* Jontribution No. 694. Work was performed in the Ames Laboratory of 
the U.S. Atomie Energy Commission. 

This paper is based in part on a thesis presented by DonaLD R. FITZwATER 
to Iowa State College in partial fulfillment of the requirements for the Ph. D. 
Degree, June 1958. 
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ion. The six Er—O distances to the prism are 2.37 Ä, and the remaining three 
are 2.52 Ä. If all but nearest oxygen positions are neglected, the symmetry 
about the metal ion is almost D,,. Eighteen sulfate oxygens are next-nearest 
neighbors of the metal ion at distances from 4.61 Ä to 4.77 A in the Er compound. 
The ethyl groups pack together about the origin of the unit cell. There is no 
detectable change in symmetry about the rare-earth ion with size or with odd 
and even numbers of electrons. The structure of the ethyl-sulfate ion and the 
possible hydrogen-bond positions are also discussed. 


Introduetion 


The hydrated rare-earth ethylsulfates, M(C,H,SO,), : 9H,0 are 
of current international interest because of the investigation of 
erystal-field effects on the electronic and magnetic structure of the 
4f-subshell!”5. One of the requirements for the interpretation of this 
work is an accurate knowledge of the local field symmetry about the 
rare-earth ion. In addition, if a calculation of the field parameters is to 
be attempted, accurate positions for the various ions and the orien- 
tations of the water dipoles must be known. Of interest is the possible 
change in symmetry at the rare-earth ion with changes in size and 
electronic configuration of that ion. 

The structures of the rare-earth ethylsulfates have been studied 
by KETELAAR® who determined the lattice constants of many of these 
compounds, assigned a most probable space group, P6,/m, found 
rare earth and sulfur positions, and suggested with surprising accuracy 
the type of coordination polyhedron about the rare-earth ion. 

The present structure determination was untertaken in order to 
provide a more accurate knowledge of the structure of these ethyl- 
sulfates. 

Experimental 


The ethylsulfate compounds used in this investigation were pre- 
pared by B. ©. GERSTEIN, R. V. Corvın and J. R. MULLALY. 
Preliminary x-ray diffraction photographs of the erbium compound 
using the Weissenberg and precession cameras verified the assignment 
by KETELAAR® of the space groups P6,/m or P6,. The structure was 
subsequently refined on the basis of P6,/m. The excellent final results 
further confirm this symmetry. 
The lattice constants of the isomorphous Er and Y compounds 
were determined by a back-reflection Weissenberg technique: 
a c 
Er 13.915 + 0.001 = Ä 
Y 13.924 + 0.001 7.057 + 0.002 Ä. 


364 D.R. FıirzwATter and R. E. RUNDLE 


[57 


The results are in excellent agreement with the results of KETELAAR®, 
if KEteLaar’s results are given in Ä, so that c for the Er compound, 
and the constants for the Pr compound were taken from KETELAAR’S 
work. 

The intensity data were taken from small erystals 0.1mm in 
diameter and 0.5 mm in length, coated with canada balsam to prevent 
decomposition in the air. A Weissenberg camera with multiple film 
packs was used to obtain visually estimated intensity data by compari- 
son with sets of standard spots. Different sets were used for the 
various layers of data in order to compensate for the change in spot 
shape. About 1300 observed reflections were measured for the Er 
compound using MoK« radiation. There were only 600 reflections in 
the corresponding three dimensional data for the Y compound since 
CuK, radiation was used (Y fluoresces in Mo radiation). About 
160 hk-0 refleetions were collected for the Pr compound using Mo 
radiation. 

The reflection intensities were corrected for Lorentz and polari- 
zation effects by means of the Incor program written by ZALKIN and 
Jonzs”? for the IBM 650 M.D.D.P.M. This program also computes 
sin?0/32 and selects the atomie form factors from tables. Tables of 
atomic form factors were obtained for carbon and oxygen from the 
work of Beranviıs et al.®, for sulfur from VIERVOLL and ÖGrım?, and 
for the metal ions from Tmomas and UmepA!%. No corrections for 
absorption or extincetion were made. 


Structure determination 

Since there are only two molecules per unit cell, the metal ions can 
be shown from simple considerations to be in 3 3 4 (or its equivalent). 
A trial structure was obtained directly by computing the centro- 
symmetric Fourier projection on to (00.1) using signs for the F(hk-0) 
as given by the erbium contribution. The atoms were remarkably 
well resolved and rough x and y parameters for all atoms except the 
carbons were obtained. There were indications of carbon positions, but 
the interpretation of them was ambigous. 

If the space group is P6,/m, six water molecules per cell, half the 
sulfate oxygens, the sulfur and all carbon atoms must lie in mirror 
planes at z= + 1/4. Ignoring hydrogen atoms, there are only two 
z parameters, one for a twelve-fold set of water molecules, and one 
for a twelve-fold set of sulfate oxygens, both of which can be estimated 
from known M—O and S—O distances as soon as the relation between 
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sulfur-ion and metal-ion levels is known. Packing considerations allow 
only two structures with approximate parameters as given in Table 1. 
(The structures differ only by a change of z by 0.500 for some of the 
atomic positions.) 


Table 1. Rough parameters from electron density projection onto (00-1) 


P 6,/m ir Coordinates 

Set = x Y & 24 
2c |-Er 0.333 0.666 0.250 = 
6h Ss 0.319 0.371 0.250 0.750 
Ge NO (5O,) 0.247 | 0.418 0.250 0.750 
6h O (SO,) 0.224 0.242 0.250 0.750 

12i Oo (SO,) 0.381 0.390 0.069 .56 
6h O(H,0) | 60.337 0.490 | 0.750 0.25 

12i 00) | 0215 | 0550 | 0.562 0. 


The two possible structures were refined by using a few cycles of 
least-squares refinement of the sulfur position with hk-1 data. These 
refinements, and all subsequent least-squares refinements, were carried 
out by using a modification, L. S. IIM, of the Senko and Templeton 
L. S. II program!! for the IBM 650 M.D.D.P.M. This modification 
increases the flexibility of the structure factor and derivative section. 
The results clearly indicated that the sulfur z parameter must be 
0.750. The refinement ofthe hk-0 data was then continued. Values of 
R, = 0.1198 and of R, = 0.0193 were obtained, where 


= (Ro — [Fl ae 
nr SIR, and RR. BINAE 


The signs of the F(hk-0) obtained above were used to recalculate the 
electron-density projection. From this projeetion and from packing 
considerations, approximate carbon parameters could be assigned. 
Set 8 (Table 2) was given the parameters x = 0.136, y — 0.031 and 

— 0.750. Set 9 was given the parameters x — 0,287, y = 0.181 and 
— 0.750. The inclusion of these parameters led to a further refinement 
of the model by two-dimensional least squares. Values of R, = 0.0834 
and R, = 0.0097 were obtained. The resulting parameters with their 
standard deviations, o, are given in Table 2. (The set numbers in 
Table 2 are for identification purposes only.) B is the isotropie tem- 
perature factor. 
A least-squares refinement using all of the data, about 1600 re- 
fleetions including unobserved intensities, was then carried out. The 
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temperature factors and parameters from the two-dimensional 
refinement ceycles were used for the first three-dimensional cycle of 
refinement. Approximate scale factors for each layer were obtained by 
taking a small number of reflections from each layer and refining 
crude guesses while holding all other parameters fixed. This was & 
very fast operation and it saves possibly several complete eycles with 
the bulk of the data. These scale factors were then used for the first 


Table 2. Results of two-dimensional least squares refinement of 


Er(C,H,S0,); : 9H,O 


EEE 


| Set : | | | 
Atom | A B(A?) | % Y (2) 0% Oy 
ee A EEE RT ae 2 RER VB FRERER ET SENE TE TE u 
Er Il Si 0.3333 0.6666 | 0.2500 - == 
S 2 2.34 0.3205 0.3725 0.7500 0.0008 0.0008 
VISOn > 2.83 0.2489 0.4211 0.7500 0.0022 0.0022 
Oel 2.55 0.2259 0.2357 | 0.7500 | 0.0022 | 0.0021 
O (SO,) 5 3.68 0.3828 0.3960 0.569 0.0013 0.0013 
O (H,O) 6 3.29 0.3494 0.4927 0.2500 0.0024 0.0025 
OÖ (H,O) 7 nen |, A 0.5463 0.562 0.0011 0.0011 
€ (CH,) 8 3.09 0.1767 0.0524 0.7500 0.0034 | 0.0034 
© (CH,) 9 3.12 0.2744 0.1671 0.7500 0.0034 0.0034 
Table 3. Parameters for Er(C,H,SO,); : 9H,0 
Set 
Atom | 2 BıÄ2) 48 Yy 2 or Oy (0 
Er 1 1272 40:33331 0.600041 K0. 20005 — 
S 2 2.02 0.3191 | 0.3720 | 0.7500 | 0.0003 | 0.0003 — 
(0) 3 2.83 0.2489 | 0.4216 | 0.7500 | 0.0012 | 0.0012 
(0) 4 2.80 0.2289 | 0.2425 | 0.7500 | 0.0012 | 0.0012 —- 
(0) 5 3.43 | 0.3826 | 0.3948 | 0.5780 | 0.0009 | 0.0009 | 0.0019 
(6) 6 2.67 0.3509 | 0.4947 | 0.2500 | 0.0011 | 0.0011 — 
(6) IR, DEN 0.2138 | 0.5458 | 0.4868 | 0.0008 | 0.0008 | 0.0017 
C 8. 3043.95 0.1772 | 0.0523 | 0.7500 | 0.0020 | 0.0020 — 
C E19 E40 0.2727 | 0.1693 | 0.7500 | 0.0020 | 0.0020 — 
Table 4. Scale factors and R, values for Er(C,H,SO,); : 9H;0 
um. 
Scale Scale 
Tayaıı) factor 2 Layer, (l) factor R, 
0 9.746 0.0109 5 10.394 0.0303 
1 8.255 0.0238 6 11.876 0.0395 
2 9.146 0.0122 7 13.564 0.0321 
3 8.048 0.0197 3 13.92 0.0391 
4 9.143 0.0168 AI — 0.0203 
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three-dimensional cycle. Each three-dimensional cycle required 
approximately nine hours time on the IBM 650 M.D.D.P.M. Five such 
cycles were computed using constant weighing factors. The results 
are shown in Tables3 and 4. The final value of R, = 0.1016 was 
obtained for all of the data. 

The signs of F(hk-0) obtained from the above structure were used 
to recaleulate the electron-density projection onto the (00-1) plane. 
The values of F(01-0), F(02-0), F(11-0), F(12-0) and F(21-0) 
could not be recorded on the intensity films since they occeured at too 
small refleetion angles. Since these reflections are very insensitive to 
the parameters, the values of F, were used. The F(00-0) term was 


©“s g 
N 
Fig.1. The projeetion of the electron density of erbium ethylsulfate onto the 
(00:1) plane. The value of F (00:0) was omitted in this caleulation and an 


arbitrary scaling factor was used. The contours about the erbium atom are four 
times the value of the other contours 


omitted, and the electron-density projection was computed with an 
arbitrary scaling factor. The resulting projection is shown in Fig.1. 
Good resolution is obtained, and even the carbon peaks are clearly 
defined. The arrangement of the molecules in the unit cell is shown in 
Fig.2. 

The refinement of the yttrium compound was first carried out using 
the hk-0 data, starting with the parameters obtained above. Four 
cycles, using constant weights, were computed, resulting in values of 
R, = 0.0913 and R, = 0.0125. The electron-density projeetion, using 
the signs obtained in the two-dimensional refinement, was computed. 
The results were essentially the same as those for the erbium com- 
pound. A least-squares refinement using all of the data was then 
carried out. Five eycles using constant weights were followed by two 
cycles using variable weights. The variable weights used were directly 
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proportional to Fy for I, < 16 Tin and inversely proportional to 
F,? for I, > 16 In. The results are given in Tables 5 and 6. 

The use of variable weighing factors had little effect on the R 
values but had a moderate effect on scale and temperature factors. 
Fortunately, it appears that the weighing factors have little effect on 
the positional parameters, amounting at most to 0.03 Ä in any 
distance. 


Fig.2. Packing diagram of erbium ethylsulfate. The solid eircles represent atoms 
in the plane Z = 1/4 


The refinement of the hk-0 data from the praseodymium com- 
pound by least squares, using constant weights, gave a final value of 
R, = 0.0951 and R, = 0.0157. The two z parameters were not refined. 
The z parameters for set 5, chosen so as to give a consistent Ss—O 
distance, is 0.5770. The z parameter of set 7 was estimated to be 
0.4947 from the increase in size of the rare-earth ion. The results of the 
refinement are given in Table 7. 

The shifts in the parameters are small enough to indicate that there 
is no significant difference between the praseodymium and erbium 
compounds except for the size of the rare-earth ion. 


Table 5. Parameters for Y(C,H,SO,) 
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variable (lower values) weighing factors 
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3‘ 9H,O for constant (upper values) and 


Atom e B(Ä>) Br Y 2 07 Oy 0; 
y | 2.47 0.3333 | 0.6666 | 0.2500| — == 
2.65 0.3333 | 0.6666 | 0.2500 
S n 2.58 0.3187 | 0.3715 | 0.7500 | 0.0003 | 0.0003 — 
z 2.34 0.3195 | 0.3715 | 0.7500 | 0.0005 | 0.0005 = 
6 e 3.85 0.2485 | 0.4205 | 0.7500 | 0.0009 | 0.0009 — 
4.29 0.2482 | 0.4183 | 0.7500 | 0.0013 | 0.0013 — 
o i 3.97 0.2298 | 0.2443 | 0.7500 | 0.0009 | 0.0009 u 
4.47 0.2305 | 0.2446 | 0.7500 | 0.0014 | 0.0014 — 
o 2 3.95 0.3837 | 0.3947 | 0.5763 | 0.0006 | 0.0006 | 0.0014 
4.28 0.3833 | 0.3940 | 0.5759 | 0.0008 | 0.0009 | 0.0015 
o s 3.01 0.3525 | 0.4936 | 0.2500 | 0.0008 | 0.0008 = 
sat 0.3524 | 0.4920 | 0.2500 | 0.0011 | 0.0013 = 
o n Salz 0.2122 | 0.5452 | 0.4854 | 0.0005 | 0.0005 | 0.0014 
3.26 0.2129 | 0.5462 | 0.4873 | 0.0008 | 0.0008 | 0.0021 
% a 5.76 0.1793 | 0.0515 | 0.7500 | 0.0017 | 0.0017 — 
6.71 0.1815 | 0.0526 | 0.7500 | 0.0023 | 0.0023 _ 
R B 4.63 0.2751 | 0.1650 | 0.7500 | 0.0015 | 0.0015 — 
5.74 0.2755 | 0.1655 | 0.7500 | 0.0025 | 0.0025 — 


Table 6. Scale factors and R values for Y(C,H,SO,) 


3: 9H,O for refinement with 


constant (upper values) and variable (lower values) weighing factors 


Layer | 0 1 2 3 4 Au 
Scale 2.024 2.143 2.325 1.338 1.661 ER 
factor 1.997 2.175 2.295 1.751 2.153 >. 
0.0048 | 0.0041 | 0.0048 | 0.0076 | 0.0119 | 0.00607 
R; 0.0052 | 0.0035 | 0.0048 | 0.0055 | 0.0092 | 0.00537 
0.0089 | 0.0082 | 0.0099 | 0.0097 | 0.0245 | 0.0102 
R; u Ä ra a ie 0.0117 
AL B a: > 25 0.0808 
Rı = > 2. = = 0.0881 


A table of the observed and calculated structure factors has been 
deposited as document number 5924 with the ADI Auxiliary Pub- 
lications Project, Photo Duplication Service, Library of Congress 
Washington 25. D. C.*. 


* A copy may be secured by citing the document number 5924 and by 
remitting $2.50 for photo prints or $1.75 for 35 microfilm. Advance payment is 
required. Make checks or money orders payable to: Chief, Photo Duplieation 
Service, Library of Congress Washington, D.C., USA. 
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Table 7. Parameters of Pr(C,H,SO,); * 9H,O 


Atom En B(A>) ® y 0% 0, 
BEE ER Da ein... 
Pr 1 1.03 0.3333 | 0.6666 = > 
s 2 1.81 0.3178 | 0.3710 | 0.0008 | 0.0008 
o 3 2.79 0.2476 | 0.4207 | 0.0024 | 0.0024 
o 4 2.92 0.2292 | 0.2422 | 0.0025 | 0.0025 
o 5 3.67 0.3819 | 0.3958 | 0.0014 | 0.0014 
o 6 3.03 0.3570 | 0.4908 | 0.0026 | 0.0025 
o 7 2.90 0.2081 | 0.5418 | 0.0012 | 0.0013 
C 8 3.60 0.1786 | 0.0566 | 0.0041 | 0.0040 
C 9 4.13 0.2763 | 0.1748 | 0.0044 | 0.0044 


Diseussion of structures 


The structures of the erbium, yttrium and praseodymium ethyl- 
sulfates are essentially identical within experimental error, the sole 
difference being one of ionie size. The general features of this structure 
are shown in Fig. 2. 

The point symmetry at the rare earth ion is O,, and, as noted 
below, there is no reason to believe that this is lowered by hydrogen 
positions. Six water oxygens are placed above and below the rare- 
earth ion at the six corners of a triangular prism. Three further water 
oxygens are placed out from the three vertical faces of the prism in 
the same plane as the rare earth ion, but at a somewhat greater 
distance (Table 8). These distances were calculated by the use of the 
distance program? for the IBM 650 M.D.D.P.M. 

The symmetry of these nine water molecules about the metal ion 
could be D,,, but there is a distortion such that a rotation of the three 


Table 8. Distances from the rare-earth ion in Ä 


Re, Set en Distance Distance Distance 
no. y from Er from Y from Pr 
O(H,;O) 6 3 2.52 2.55 2.65 
O(H,0) ri 6 RER DT DATE 
O0(-S0O,) 3 6 4.63 4.64 4.65 
0(—-80,) 5 6 4.77 ah AUT 
6 4.61 4.60 4.66* 
S 2 3 Halle Dale 5.18 
6 5.33 5.34 5.36 
O(C,H,.—O—) 4 3 5.56 5.57 5.61 


* The calculation of these distances requires y parameters which have been 
estimated from the structure of the ethylsulfate ion and from the increase in the 
radius of the rare-earth ion. 
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water oxygens in the mirror plane (with respect to the prism oxygens 
of 4°23', 5°5’ and 6°25’ for the erbium, yttrium and praseodymium 
compounds, respectively) would be required to restore the D,, sym- 
metry. Next-nearest sulfur oxygens deviate widely from this ap- 
proximate higher symmetry. The possible positions of the hydrogen 
atoms are discussed below. 

Eighteen ethylsulfate oxygens are arranged about the rare earth 
ion as next-nearest neighbors as shown in Fig.2 and at distances 
given in Table 8. The ethyl groups are packed closely about origin of 
the unit cell, leading to infinite cylinders of hydrocarbon material 
about the 6,-axis. 

Chains, O—S—O—CH,—CH,, lie in the mirror planes atz = + 1/4. 
A staggered hydrogen arrangement is expected about the C—C bond, 
and this leads naturally to placing one methyl hydrogen in the mirror 
plane, while the other hydrogens of the ethyl group are naturally 
related by the crystallographic mirror plane. There is, then, every 
reason to believe that the hydrogen atoms of the ethyl group conform 
to the space group P6,/m. 

The structure of the ethylsulfate ion in KSO,C,H, has been studied 
by Jarvıs!® using three-dimensional Fourier techniques. "These 
results were further refined by TRUTER!*. The distances within the 
ethylsulfate group as found in the rare-earth compounds are compared 
in Table 9 with the same distances in the potassium compound as 
given by TRUTER!*. Considering the comparatively large atomic 
numbers of Er and Y, the agreement with the potassium ethylsulfate 
results is remarkable. The spread in the equivalent S—O distances is 


Table 9. Ethylsulfate ion distances in Ä 


From To Distances 
set set Er 7 | DR K 
2-8 3-0 1.45 1.45 1.46 1.456 
2-8 5-O 1.44 1.46 1.45 1.471 
2-8 50 1.44 1.46 1.45 1.472 
2-5 4-O 1.60 1.57 1.60 1.604 
4-0 9-C 1.44 1.52 1.40 1.455 
9-C 8-C 1.50 1.47 1.54 — 
4-0 5-0 2.45 2.45 2.47 1.514 
4-0 5-0 2.45 2.45 2.47 _ 
4-O 5-0 RN 2. 2.39 — 
3-0 5-O 2.40 2.42 2.41 — 

3-0 5-O 2.40 2.42 2.41 — 
5-0 5-O 2.43 2.45 2.44 — 
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only 0.01 Ä for the heavy metal compounds. The O—C—-C distances 
are in good agreement except for the 4-O to 9-C distance. The dis- 
crepancy in this one distance is about the sum of the standard de- 
viations in the 4-O and 9-C positions. It should be noted, however, 
that with this one exception the bond lengths are self consistent with 
an accuracy much better than would be required by the standard 
deviations. 

The positions of the hydrogen atoms of the water molecules can 
only be deduced from a knowledge of interatomie distances and angles 
within the crystal, and the assumption that they are involved in 
hydrogen bonding in accordance with rather well established princi- 
ples!5. Moderately strong hydrogen bonding is suggested by the fact 
that the broad O—H stretching band is centered near 2900 cut. 
If there were hydrogen bonding between the water molecules (sets 6 
and 7) it would place the corresponding protons comparatively close 
to the metal ion, and would orient the water dipole in opposition to the 
strong electric field between the metal ion and the sulfate oxygens. 
Hydrogen bonding between the waters and the sulfate oxygens would 
place the protons much celoser to the negative oxygens, and would 
align the water dipoles with the electrie field. This second possibility 
would seem to be more reasonable provided the oxygen positions 
produce the proper oxygen-to-oxygen distances, and the resulting 
angles are reasonable. It can be seen in Table 10 that the required 
sulfate oxygen positions are present. The angle, 107 °39’, formed by 
the two set-5 oxygens with set-6 water oxygen is quite reasonable. 
The hydrogen-bond distance of 2.85 Ä is also reasonable. Hydrogen 
bonding in this manner may also explain the loss of D,, symmetry of 
the water polyhedron and the longer water-to-metal ion distance for 
the set-6 oxygens. The hydrogen bonds are slightly long. This would 
indicate that the set-6 oxygens are balancing between the metal-ion 
attraction and the hydrogen-bond contraction. This would tend to 
rotate the 6 set with respect to the 7 set. This rotation would also tend 
to align the water dipole even more in the direction of the field. It is 
this rotation that is responsible for destroying the D,, symmetry of the 
oxygen polyhedron about the metal ion. 

The set-7 water oxygens can form hydrogen bonds to the set-3 and 
set-5 sulfate oxygens. The bonds are of unequal length, 2.74 Ä and 
2.85 Ä, and the H-O—H angle is 94°37’. The resulting water dipole 
is then closely aligned with the electric field. This hydrogen-bond 
structure should, consequently, give the lowest energy to the crystal. 
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Table 10. Oxygen — oxygen distances 


From Number . 
D 
To Set Er istance 
oxygen yon 22 distances Er 37 Br 
6 Sulfate 5 2 2.85 2.83 I 
oxygen 
Water 7 2 2.88 2.91 | 3.07 
oxygen 
| Water 7 2 2.68 2.68 2.76 
oxygen 
7 Sulfate 3 1 2.74 2.76 2.76 
oxygen 
| Sulfate 5 a 2.85 2.81 2.83 
| oxygen 
Water 6 1 2.38 2.91 3.07 
oxygen 
| Water 6 1 2.68 2.68 2.76 
| oxygen | 
Water 7 2 2.89 23.92 3.04 
oxygen 


* Underlined atoms are thought to be hydrogen bonded. 
** These values for Pr distances are obtained from estimated parameters. 


It should be noted that any reasonable placement of the hydrogen 
bonds must violate D,, symmetry and produce O,, symmetry about the 
metal ion. 
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Abstract 


In the course of continued structure investigations on trans-dichloro-di- 
ethylene-diamine-cobalt-III-chloride two-dimensional Patterson and Fourier 
syntheses lead to the determination of all the atomic co-ordinates. The 
appearance of the cobalt complex ion is that of a slightly deformed octahedron 
in the centre of which lies the cobalt atom. The four nitrogen atoms lie 
together with the cobalt atom in a single plane. The carbon atoms of the 
ethylenediamine bridge lie outside this plane. The two chlorine atoms con- 
tained in the complex lie at the summits of the octahedron. 


Auszug 


Bei der Weiterführung der Strukturuntersuchung des trans-Dichlorodiäthy- 
lendiaminkobalt-III-chlorids konnten aus zweidimensionalen Patterson- und 
Fourier-Synthesen in zwei Projektionsrichtungen sämtliche Atomkoordinaten 
bestimmt werden. Das Kobaltkomplexion stellt ein leicht deformiertes Oktaeder 
dar, in dessen Mitte das Kobalt als Zentralatom sitzt. Die vier Stiekstoffatome 
liegen mit dem Kobaltatom in einer Ebene, aus der die Kohlenstoffatome der 
Äthylendiaminbrücke herausgedreht sind. An den Spitzen des Oktaeders 
befinden sich die beiden im Komplex enthaltenen Chloratome. 


Das Dichlorodiäthylendiaminkobalt-III-chlorid tritt in drei Iso- 
meren auf, bei denen es sich um eine cis-Form, die sich in optische 
Antipoden spalten läßt, und eine trans-Form handelt (Abb.1). Es 
erscheint von Interesse, ob in der cis- und trans-Form dieser Ver- 
bindung die Abstände der Liganden vom Zentralatom verschieden 
sind oder nicht. | 


* Auszug aus der Dissertation, Freie Univ. Berlin, 1959. 
ı K. A. BECKER, G. Grosse und K. PLIETH, Röntgenstrukturuntersuchung 
des 1[CoCl;en;]Cl. Naturwiss. 42 (1955) 254. 
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Die bisherige Strukturuntersuchung! des trans-Dichlorodiäthylen- 
diaminkobalt-ILI-chlorids lieferte aus Drehkristall- und Weißenberg- 
aufnahmen in der monoklinen Raumgruppe C},—P2,/a die Elementar- 
translationen a, = 9,49 Ä;a, = 8,96 Ä; a, = 6,26 A und a, — 109,27°. 
Die röntgenographische Dichte beträgt o,; = 1,88 g/em?. Das Kobalt- 
atom und das ionogene Chlor besetzen spezielle zweizählige Punktlagen. 


N 


® 
>| 
(D 
® 


eis 
(blau-)violett 


Abb.1. Die drei Isomeren des Dichlorodiäthylendiaminkobalt-ILI-chlorids 


Die Untersuchungen waren lediglich mit visuell geschätzten 
Intensitäten ohne Berücksichtigung der Absorption durchgeführt 
worden, so daß zunächst das Hauptaugenmerk auf eine genaue 
Intens'tätsmessung gelegt werden mußte. Um die sich anbietenden, 
leicht justierbaren Achsen [001] und [110] wurden deshalb integrierte 
Weißenbergaufnahmen angefertigt und diese mit einem Mikrophoto- 
meter nach Renninger photometriert. Die Achse [110] wurde außerdem 
wegen des günstigen Kristallquerschnitts für die Berücksichtigung der 
Absorption gewählt. Anschließend wurden die Absorptionsfaktoren 
für beide Projektionsrichtungen nach dem Verfahren von HowELs? 
bestimmt, wobei die Berechnung der Absorptionskorrektur für die 
Richtung [001] durch einen fünfeckigen Kristallquerschnitt wesentlich 
erschwert wurde. Nach Korrektur der gemessenen Intensitäten mit 
dem Absorptions- sowie Polarisations- und Lorentz-Faktor und 
Division durch das Quadrat des jeweiligen mittleren Atomformfaktors 
rechneten wir in den beiden Projektionsrichtungen je eine Patterson- 
synthese. 


® R. G. HoweErts, A graphical method of estimating absorption factors for 
single erystals. Acta Crystallogr. 3 (1950) 366-369. 
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In der Pattersonverteilung für die Projektionsrichtung [001] 
(Abb.2) läßt sich das hohe in der Mitte befindliche Maximum sofort 
einem Co—Co-Abstand zuordnen, während die auf der Mitte der 
Achsen befindlichen Maxima für Abstände zwischem dem Kobaltatom 
und ionogenen Chlor in Frage kommen. Das Kobaltatom lest man 
zweckmäßig in den Zellennullpunkt mit der speziellen zweizähligen 
Punktlage 000, 440, während für das ionogene Chlor die beiden 


—— 4,:SiN 
Abb.2. Pattersonprojektion in Richtung [001] 


speziellen zweizähligen Punktlagen 303, 033 und 300, 050 in 
Betracht kommen. Welche von den beiden letzteren zutrifft, läßt sich 
mit dieser Pattersonprojektion noch nicht entscheiden, da hieraus über 
den z2-Parameter keine Aussage gemacht werden kann. Es gelingt 
jedoch mit Hilfe der Pattersonprojektion in Richtung [110], die in der 
Abb.3 wiedergegeben ist. Würde das Chloratom in 3 0 3 liegen, dann 
müßte das Maximum in der Zellenmitte auftreten, dies ist aber nicht 
der Fall. Es erscheint vielmehr in 4 der projizierten x-Achse, was der 
speziellen Punktlage 400 entspricht. Weiterhin läßt sich in dem 
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gleichen Bild das rechte untere isolierte Maximum einem im Komplex 
sebundenen Chloratom zuordnen, was mit der Pattersonverteilung in 
der anderen Projektionsrichtung in guter Übereinstimmung steht. 

Aus den Pattersonbildern lassen sich weitere Atomlagen mit 
hinreichender Genauigkeit nicht bestimmen, so daß eine direkte 
Methode in Form einer Fouriersynthese angewendet werden muß. 
Bekanntlich ist hierzu die Kenntnis der Phasenwinkel erforderlich, 


— in 


Abb.3. Pattersonprojektion in Richtung [110]. (a* = Projektion der a,-Achse); 
(ü3* = Projektion der a,-Achse) 


deren Bestimmung sich im vorliegenden Falle auf Grund der holoe- 
drischen Struktur auf eine Vorzeichenbestimmung reduziert. Da die 
in ihren Lagen bekannten Atome Kobalt und Chlor die schwersten im 
Molekülverband sind, werden sie auch in den meisten Fällen den aus- 
schlaggebenden Anteil zur Streuung des eingestrahlten Röntgenlichtes 
liefern und damit das Vorzeichen bestimmen. Es lassen sich somit eine 
Reihe Fourierkoeffizienten aussortieren, deren Vorzeichen als sicher 
angesehen werden können. 


Strukturanalyse des Dichlorodiäthylendiaminkobalt-III-chlorids 379 


Nach einer genügend genauen Bestimmung der Lage des im 
Kobaltkomplexion befindlichen Chloratoms wurde für jede Pro- 
jektionsrichtung versucht, durch eine Differenzsynthese die Maxima 
der Stickstoff- und Kohlenstoffatome zu separieren. Zu diesem Zweck 
mußten die Intensitäten absolutiert und die Streuanteile vom Kobalt- 
und Chloratom bzw. Chlorion von den aussortierten Fourierkoeffi- 
zienten abgezogen werden. Die beiden gerechneten Synthesen waren 


a,:SIN &; 


Abb.4. Erste Fourierprojektion in Richtung [001] 


jedoch wenig geeignet, die Stickstoff- und Kohlenstoffatome zu 
fixieren. Neben einer schlechten Auflösung zeigten sie eine Anzahl 
Geister, die teilweise eine Höhe der zu erwartenden Stickstoff- und 
Kohlenstoffmaxima erreichten. Es zeigte sich, daß die Absolutierung 
nicht mit der genügenden Genauigkeit durchgeführt werden konnte, so 
daß sich bei der Differenzbildung der gesamte Fehler auf den ver- 
bleibenden für die Stickstoff- und Kohlenstoffatome verantwortlichen 
Streuanteil überträgt. Dasselbe gilt außerdem für den vorhandenen 
Meßfehler der experimentell bestimmten Strukturamplituden. 
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Wir rechneten daher mit den oben ausgewählten Reflexen unter 
Berücksichtigung der Streuanteile sämtlicher Atome in jeder Pro- 
jektionsrichtung eine Fouriersynthese. Die Abb.4 und 5 zeigen das 
Ergebnis dieser Rechnung. 

Um die Analyse der Fourierbilder zu erleichtern, verwendet man 
am besten ein Molekülmodell, das sich hinsichtlich seiner Abstände 
und Winkel zwischen den Atomen an die in der Literatur bereits 


os 


Abb.5. Erste Fourierprojektion in Richtung [110]. (Achsenbezeichnung siehe 
Abb. 3) 


bekannten Werte anlehnt®,*. Das Fourierbild in Projektionsriehtung 
[001] liefert eine recht gute Auflösung und deutet neben den Stick- 
stoffatomen auch die Lage der beiden Kohlenstoffatome der Äthylen- 
diaminbrücke an. Das Maximum mit den Koordinaten X — 0,3, 
Y - 0,4 kann nun einem Stickstoffatom N, zugeordnet werden. Der 
Abstand dieses Stickstoffatoms vom Kobaltatom wurde unter der 
Voraussetzung, daß er senkrecht zur Co—Cl-Achse steht, solange 
variiert, bis eine für beide Projektionsrichtungen zufriedenstellende 


3 LANDOLT-BÖRNSTEIN, Physikalisch-chemische Tabellen, Band 1 (1951). 

* A. NAKAHARA, Y. Sarıro and H.KwuroyA, The crystal structure of 
trans-dichloro-diethylenediamine-cobalt.(III).chloride hydrochloride dihydrate, 
[Coen;01,]C1- HC1- 2H,0. Bull. chem. Soc. Jap. 25 (1952) 331. 


Atomlagen 


Abb.6. Zweite Fourierprojektion in Richtung [001] mit eingezeichneten 
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Abb.7. Zweite Fourierprojektion in Richtung [110] mit eingezeichneten Atom 
lagen. (Achsenbezeichnung siehe Abb. 3) 
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Lage gefunden worden war. Das zweite Stickstoffatom N, läßt sich 
auf analoge Weise nicht bestimmen, da das zugehörige Maximum 
durch Überlagerung mit dem des im Komplex gebundenen Chlor- 
atoms verfälscht wird. 

Nimmt man zunächst ein regelmäßiges Oktaeder für das Kobalt- 
komplexion an, dann ist der Abstand vom Kobaltatom zum Stickstoff- 
atom 1 genau so groß wie der zum Stickstoffatom 2. Die Lage des 
N,-Atoms läßt sich dann in der Weise auffinden, indem man das 
N,-Atom durch Drehen um die Kobalt-Chlor-Achse um 90° in das 
Stickstoffatom 2 überführt. Durch eine anschließende geringfügige 
Änderung des Co—N,-Abstandes im Komplex wurde schließlich auch 
für das N,-Atom die günstigste Anordnung gefunden, die sich in 


Tabelle 1. Tabelle 2. 

Projektion in Richtung [001] Projektion in Richtung [110] 
(all rs N M, ee Adbar Elebell Frer BaEUG  EE ana | köver 
020 70 + 79 00 66 + 69 o01 70 + 84 001 73 + 85 
0on0 16 1 410 51 - 45 002 17 10 002 16 = 18 
060 47 + 58 420 56 + 62 005 "1 + 6N 005 50 + 64 
080 58 + 61 430 36 2, ou 56 + 70 ooN 56 + 67 

„40 [7 + 41 005 22 +15 005 22 +15 

110 66 * 79 450 35 + 40 00% ) #3 
120 29 - 19 60 36 + 44 a) 69 + 70 

130 38 - 36 470 20 +15 11/4 6 + 6 IR 53 + 5 

140 30 +25 180 20 + 35 1.18 16 Sl ao: 40 17 

150 14 a; 2103 7 + v3 27 + 21 

160 24 + 21 510 10 5) 1 25 + 14 ir 43 + 16 

170 31 + 410 520 56 -.148 N! 21 all 1106; 5 en 

190 17 +9 5350 25 + 22 

540 10 “13 32 72 + 60 220 37 + 43 

200 62 + 74 550 5 ER 222 48 + 55 221 50 + 60 

210 35 - 37 560 23 + 35 DRDI 28 152 222 60 + 69 

220 41 + ul ao 32 + 28 225 ul + 15 

230 21 = 12 600 8 es 225 22 + 28 22% 40 + 35 

240 39 + 36 620 ‚0 + 46 225 29 + 37 

250 23 +27 610 55 + 61 aus 4 = 2286 16 + 235 
260 47 + 58 66 18 + 18 Sa? 18 “22 

278 7 -5 31323 23 20 330 15 + 10 

280 36 + 43 72.0 14 + 3 3531 30 + 35 

290 11 - 20 25 34 + 39 441 9 +12 Su 15 + 21 

750 25 + 21 442 19 + 30 Em 8 wa 

510 16 + 23 760 10 ei 443 30 + 36 5555, 25 + 16 

>20 56 -5h Yu 13 + 18 336 5 ENT, 

3,30 De + 11 800 9 en 

340 9 BR 810 10 +53 550 13 23 440 11 337, 

350 18 +15 820 25 + 35 551 er ud 70 +73 

360 17 + 18 850 10 Hd 553 7 2 44D 37 +43 

370 16 +19 840 37 + 52 "43 14 + 16 

660 18 + 14 [er ul + hl 

98270 7 Sl 661 26 + 29 445 46 + 48 

SEAT, 18 + it 

554 22 + 10 

955, 19 + 18 

661 15 +16 

662 29 + 32 

665 26 + 29 

66% 20 +15 
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beiden Projektionsrichtungen mit den gefundenen Maxima optimal 
koordinieren läßt. 

Die nächste Aufgabe bestand darin, zwischen den Stickstoff- 
atomen den Äthylendiaminring über die beiden Kohlenstoffatome zu 
schließen. Die Fixierung der Kohlenstoffatome ist nicht ohne weiteres 
möglich, weil die Fourierprojektion in Richtung [110] bezüglich dieser 
Atome schlecht auflöst, da hier zwei Komplexionen in der Elementar- 
zelle übereinander liegen, und jedes Ion eine andere räumliche Orien- 
tierung besitzt. Es kann hier nur mit der Fourierprojektion in Richtung 
[001] operiert werden, während sich die zweite Fourierprojektion 
lediglich zum Vergleich und zur Kontrolle heranziehen läßt, ob eine 
angenommene Anordnung mit ihr vereinbar ist oder nicht. 

Nachdem für sämtliche Atome eine geeignete Lage gefunden war, 
konnte mit den vorliegenden Koordinaten die Berechnung der voll- 
ständigen Strukturamplituden durchgeführt werden. Hierbei stellte 
sich heraus, daß keiner der bereits verwendeten Fourierkoeffizienten 
sein Vorzeichen änderte. Anschließend wurde nun mit sämtlichen zur 
Verfügung stehenden Fourierkoeffizienten in jeder Projektions- 
richtung eine Fouriersynthese gerechnet. Die Abb.6 und 7 zeigen die 
neuen Fourierverteilungen. 

Bei einem Vergleich mit den vorangegangenen Synthesen erkennt 
man, daß sich die Maxima in ihrer Form durch die jetzt größere 


Tabelle 3 

| X Yy z 
Co 0) 0 0 
Cl, 0,500 0 0 
Cl, 0,060 0,136 == 0,254 
N, 0,195 — 0,104 0,083 
Ns 0,091 0,156 0,236 
(& 0,280 — 0,042 0,307 
GC, 0,252 0,126 0,318 


Tabelle 4 
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Anzahl der Fourierkoeffizienten etwas verändern und außerdem bisher 
auftretende Geister verschwinden. Die Atomlagen wurden auf Grund 
der beiden letzten Synthesen verbessert und mit den neuen Ko- 
ordinaten die Strukturamplituden in beiden Projektionen berechnet. 
Eine Gegenüberstellung der experimentellen und berechneten 
Strukturamplituden findet sich in den Tab.1 und 2. Die Zuverlässig- 
keitsindizes 5 | oma) Pool 
hl | 


2 RR Pi rennazal 
besitzen folgende Werte hi 


Room =10,20, Ram 21% 


Die den Abb.6 und 7 entsprechenden Atomparameter sind in 
Tab.3 und die sich daraus errechnenden Atomabstände und Winkel in 
Tab.4 wiedergegeben. Abb. 8 zeigt aus der Perspektive die Zuordnung 
zwischen dem Kobaltkomplexion und den Achsen der Elementarzelle. 


7 


Abb.8. Orientierung des Kobaltkomplexions in der monoklinen Elementarzelle 


Inwieweit sich die Bindungsabstände in der trans-Verbindung des 
[CoCl,en,]Cl von: denen der cis-Verbindung unterscheiden oder ob sie 
identisch sind, läßt sich noch nicht beantworten, da die Struktur- 
aufklärung der cis-Verbindung, die am hiesigen Institut in einer an- 
deren Untersuchung durchgeführt wird, noch nicht zum Abschluß 
gebracht werden konnte. 

Unser besonderer Dank gilt Herrn Prof. Dr. Dr. h.c. Dr. h.c. 
I. N. StrANsKI, der uns die Anfertigung dieser Arbeit in seiner 
Abteilung ermöglicht hat. Ferner bedanken wir uns beim Senator für 
Wirtschaft und Kredit für die Bereitstellung von erheblichen Sach- 
mitteln zur Durchführung röntgenographischer Arbeiten. 
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Auszug 
Die Kristallstruktur des 1,2-Diphenyltetrafluoräthans C,H, : CF, : CF, C,H, 
wurde mittels einer dreidimensionalen Fourier-Synthese und mehrfacher Para- 
meter-Verfeinerungen unter Berücksichtigung anisotroper Wärmebewegung 
bestimmt. Die Länge der zentralen C-C-Bindung ist 1,539 + 0,015 Ä, der 
mittlere C-F-Abstand 1,374 Ä. Bei Zimmertemperatur vollziehen die Moleküle 
eine Drehschwingung mit einer Amplitude von 7° um die Richtung des Träg- 
heitsminimums. Die Kristalle sind isostrukturell mit Dibenzyl; sie gehören der 
Raumgruppe P2/a an. Jedes Molekül wird in einer pseudo-rhombischen, raum- 
zentrierten Anordnung von zwölf anderen umgeben, mit denen es durch van der 
Waals-Kräfte verbunden ist. 
Abstract 
The crystal structure has been determined by three-dimensional x-ray 
analysis, with allowance for anisotropie thermal motion. The central CC bond 
is 1.539 — 0.015 Ä and the mean C—-F length is 1.374 Ä, At room temperature 
there is a molecular angular oscillation of 7° r.m.s. amplitude about the axis of 
minimum inertia. The crystal is isostructural with dibenzyl, space group 
P2,/a, and each molecule makes van der Waals’ contacts with 12 others in a 
pseudo-orthorhombie body-centered array. 


Introduetion 
The crystal structure analysis of 1,2-diphenyltetrafluoroethane 
(DPTFE), C,H, : CF, : CF, : C,H,, was commenced at a time when it 


* Present address: Department ofChemistry, University of Pittsburgh, U.S.A. 
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was believed that the central C-C bond in dibenzyl', C.H,2CH, 
- CH, : C,H,, had the abnormally short lensth of 1.48 Ä and that the 
analogous CC bond joining the two isoprene units in geranylamine 
hydrochloride? was 1.44 Ä. These anomalies were thought to be caused 
by chain-hyperconjugation and it seemed likely that the substitution 
of the most electronegative element, fluorine, at the aliphatic centres 
in dibenzyl might give further insight into the actual cause of the 
effect. However, before the crystal structure analysis of DPTFE was 
complete the dibenzyl data had been used for developing tests for the 
significance of structural parameters determined by x-ray analysis? 
and the central bond revised to 1.510 Ä, e.s.d. 0.015 Ä, was found to 
be only just significantly less than the expected 1.544 Ä. (Later a 
refinement? of geranylamine hydrochloride revised the corresponding 
CC length to 1.54 A.) 

Accordingly, the original reason for the study of DPTFE was 
removed and the analysis would have been left at a moderately refined 
stage had not this molecule shown a persistent diserepancy of about 
0.05 Ä between the two C-F bonds, which was eliminated only after 
allowance for substantial anisotropie thermal vibration of the atoms. 
The final value found here for the central C-C bond in DPTFE is 
1.539 Ä, which is certainly not significantly different from normal nor 
from the dibenzyl value. One of the most interesting features of the 
analysis is the discovery of a molecular angular oscillation of about 7° 
r.m.s. amplitude about the axis of minimum inertia. 


Experimental 


A specimen of DPTFE was kindly supplied by Prof. J. ©. TATLOW, 
University of Birmingham, England. The material recrystallised from 
ethanol, yielded well formed colourless erystals, m.p. 120°C. These 
were of acicular habit and belonged to the monoclinic system, class 2/m 
(Fig.1), with y as the needle axis. Although it seems to be a general 
rule that erystals without strong intermolecular forces tend to be 


ı G.A. Jurrrey, The structure of polyisoprenes. VI. An investigation of 
the molecular structure of dibenzyl by X-ray analysis. Proc. Roy. Soc. [London] 
A 188 (1947) 222—236. 

2 &. A. JEFFREY, The structure of the polyisoprenes. I. The erystal structure 
of geranylamine hydrochloride. Proc. Roy. Soc. [London] A 183 (1945) 3838 —404. 

3 D. W. J. CRUICKSHANK, The accuracy of electron-density maps in X-ray 
analysis with special reference to dibenzyl. Acta Crystallogr. 2 (1949) 65—82. 

4D.W. J. CRUICKSHANK and G. A. JEFFREY, A refinement of the crystal 
structure analysis of geranylamine hydrochloride. Acta erystallogr. 7 (1954) 646. 
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somewhat soft, erystals of DPTFE are remarkably hard. This allowed 
erystals to be cut across the needle axis without fear of plastic de- 
formation to a size for which absorption errors would be small. Dif- 
ferent erystal specimens were used for each axial mounting. 

The most rational unit cell is pseudo-orthorhombic with a ß angle 
elose to 90°, but a transformation of axes gives a unit cell similiar to 
and having the same space group as dibenzyl. The inference that 
DPTFE and dibenzyl might be isostructural was subsequently proved 


mer 


107 


Fig.1. Normal view of the crystal 
correct. The application of the STRAUMANIS and Irvıys3 technique to 


the reflections (14.0.0), (008), (13.4.0) and (12.0.6) gave the following 
cell dimensions, with the results for dibenzyl shown alongside: 


MEER Dibenzyl 
a= 15.08 Ä REN 
b= 5.776 612 
c= 7.705 7.70 
ß = 120°16’ 116°. 


The space group is P2,/a, which was unambiguously determined. The 
measured density of DPTFE was 1.43 g : cm, while that caleulated 
for two molecules in the unit cell is 1.47 g cm”, so that the molecule 
is centrosymmetric. 

The intensities of 543 independent (hkl) x-ray reflections were 
estimated visually from multiple film exposures taken on an oscillation 
camera with CuX« radiation; the results from different axes were 
correlated through common reflections. The observed structure 
factors were placed on an approximately absolute scale by a method 
due to BooTH® and confirmed subsequently by absolute intensity 
measurements on a double-crystal goniometer with dibenzyl as the 
reference. At an advanced stage of the refinement it was noticed that 


5 M. STRAUMANIS and A. Ievıns, Die Drehkristallmethode als Präzisionsver- 
fahren und deren Vergleich mit der Pulvermethode. Z. Physik 109 (1938) 
728—743. 

6 A.D. BootH, An expression for following the process of refinement in 
x-ray structure analysis using Fourier series. Phil. Mag. 36 (1945) 609. 


25* 


388 D. W. J. ORVICKSHANK, G. A. JEFFREY and $. C. NYBURG 


a number of the larger F_,, of low index were showing consistently 
large discrepancies with the F,.... It was found on re-examining the 
intensity tables that for nineteen low index reflections with Pol) 
the values derived from the y-axis photographs were rather larger than 
from the x-axis photographs, and that these in turn were considerably 
larger than those from the z-axis photographs. Since the erystals were 
cut in such a way as to bring about not only negligible but also uniform 
absorption, it seems that there is a markedly anisotropic extinetion 
effect which shows up on the z-axis photographs. As a consequence 
fourty-four of the largest F',,, values were revised by taking intensities 
from the y-axis photographs where possible. Eleven of the changes 
actually involved decreasing the F,,, values as the exposure factors 
for the films had to be re-estimated from the low intensity planes. 


Strueture analysis 


Trial atomic co-ordinates for the (h0l) projection were proposed by 
analogy with those found for dibenzyl after making some allowance for 
the slightly different cell dimensions. With the structure-factor signs 
thus determined, a reasonable (A0l) electron-density projection was 
obtained. Some difficulty was found in assigning % co-ordinates to 
atoms close to the molecular centre because of extensive overlapping 
in the other two projections. However, the fluorine atoms evidently 
lay close to the plane x = 0, and by the use of three-dimensional data 
on and around this plane all the co-ordinates of the atoms of the CF, 
group were fairly accurately fixed. Revised phases used in three- 
dimensional lines and sections, computed by punched-card machines”? 
led to co-ordinates for all the carbon and fluorine atoms. Two further 
sets of structure-factor calculations and three-dimensional Fourier 
syntheses® then gave more accurate parameters. 

A cycle of structure-factor calculations? and observed and cal- 
culated differential syntheses!?, also computed by punched-card 


?E.G.Cox, L!’Gross and G.A. Jerrrey, A Hollerith punched-card 
method for the evaluation of electron density in crystal structure analysis. 
Proc. Leeds Phil. Lit. Soc. 5 (1947) 1—13. 

® D.M. S. GREENHALGH, Some new punched-card methods of Fourier syn- 
thesis. Proc. Leeds Phil. Lit. Soc. 5 (1950) 301—8307. 

° Mary R. TRUTER, The use of a “506” Hollerith (Bull) multiplying punch 
for erystallographie calculations. Proc. Leeds Phil. Lit. Soc. 6 (1954) 140—153. 

10H. G.Cox, L. Gross and G. A. JEerrrkey, A Hollerith technique for 
computing three-dimensional differential Fourier syntheses in X-ray cerystal- 
structure analysis. Acta Crystallogr. 2 (1949) 351-355. 
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machines, led to a satisfactory discrepancy factor R of 18.6°/,. Un- 
fortunately the two C-F distances, 1.338 and 1.373 Ä, were un- 
reasonably discrepant. When a little later the FERRANTI Mark I 
electronic computer at Manchester University became available for 
erystallographis calculations!!, similar calculations with empirical f 
curves (and with the hydrogen atoms included in the structure 
factors) were repeated, but, though R dropped a little to 16.9°/,, the 
©—F bonds became even more diserepant at 1.332 and 1.380 Ä. 

The possibility that these discrepant bond lensths were due to 
solid-solution formation with analogous chlorinated diphenylethanes 
as impurities (DPTFE is prepared from 1,2-diphenyltetrachloroethane) 
was ruled out by a careful check on the chlorine content of the erystals, 
which proved too small to be detected analytically. 

Further refinement then followed alongthe pattern already described 
for anthracene!? and benzene!?. First the empirical f curves for 
fluorine were replaced by those of MoWEEny!* and individual isotropic 
temperature factors were introduced. After three cycles of differential 
refinement, during which a small number of reflections which had been 
misindexed on the oscillation photographs were corrected and some 
of the larger F_,. adjusted for extinetion in the manner already 
described, R fell to 13.1°/, but the C—F bonds were still 1.338 and 
1.382 Ä. During this refinement the scale of the F,,, was multiplied 
by 1.07 and the isotropie temperature factors B were found to be 
largest for the fluorine atoms, 5.1, and to vary from 3.5 for the inner 
carbon atoms to 4.9 for the outer carbon atoms. These variations, 
coupled with a markedly anisotropie character of the second deriva- 
tives of the fluorine peaks in the observed electron density, suggested 
considerable anisotropie thermal motion caused by angular oscillations 
about the molecular centre. It was also noticed that the finite series 
corrections were rather large, averaging 0.014 Ä in any co-ordinate 
direction, and particularly so for the aliphatic ©, atom for which the 


1ı F,R. Aumep and D. W. J. ÜRUICKSHANK, Crystallographie caleulations 
on the Manchester University electronie digital computer (Mark II). Acta 
Crystallogr. 6 (1953) 765—769. 

12 D. W. J. CRUICKSHANK, A detailed refinement of the erystal and mole- 
cular structure of anthracene. Acta Crystallogr. 9 (1956) 915—923, 10 (1957) 470. 

13 EB. G. Cox, D. W. J. ORVICKSHANK and J. A. S. SmirH, The crystal struc- 
ture of benzene at —3°C. Proc. Roy. Soc. [London] A 247 (1958) 1—21. 

14 R. MOWEENY, X-ray scattering by aggregates of bonded atoms. I. Analy- 
tical approximations in single-atom scattering. Acta Crystallogr. 4 (1951) 
513—519. 
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correction in the z direction was 0.031 Ä. As much more concordant 
C-F bonds, 1.376 and 1.369 A, could be obtained by omitting the 
finite series correction for C,, it was evident that a proper consideration 
of the anisotropie vibrational motion was likely to yield better C—-F 
bonds than in the isotropic model. 

The determination!5 of the anisotropie motion was carried out in 
the same manner as for anthracene. In the first anisotropie eycle & 
dropped abruptly to 9.3°/, and the C—F bonds satisfactorily improved 
to 1.351 and 1,373 Ä, a discrepancy of 0.022 Ä which was not outside 
the estimated limits of the experimental errors. Further refinement of 
the anisotropie motion was carried out with those high order reflections 
for which sind > 0.65 in order to minimize any possible effects of 
bonded electrons on the peak shapes. For the high-order structure 
factors caleulated in the first anisotropie eycle the discrepancy factor R 
was 11.6°/,. By the third and last anisotropie cyele this had fallen to 
9.80/,, though the overall R had risen a little from 9.3 to 9.8°/,"6. The 
CF bonds were altered little by these last two cycles. During the 
refinement the scale of the F_,, was adjusted simultaneously with the 
vibration parameters with the object of making the mean ratio of the 
observed and calculated peak heights equal to the mean ratio of the 
observed and calculated peak curvatures. By the third cycle the 
anisotropic refinement was effectively complete with the mean peak 
height ratio at 1.005 and the mean curvature ratio at 1.002, and a 
maximum discrepancy for any individual curvature ratio of 2.0°/,. The 
scale factor for the F_,, used in the last cycle was 1.111 times the 
approximate absolute scale determined originally. 


Description of the anisotropie vibrational motion 


The values of the anisotropic parameters b,, which occur in the 


vibrational exponent 
exp — (bysh? + bz5k? + deal? + bjohlk + bzgl + bishl), 
used in the third anisotropie cycle are shown in Table 1 (see Fig. 2 


for the designations of the atoms). The b,, for each atom were then 
transformed to symmetrie tensors U such that 


j 


5 D.W. J. CRUICKSHANK, The determination of the anisotropic thermal 
motion of atoms in erystals. Acta Crystallogr. 9 (1956) 747—753. 
16 A list of F„,,, and F'...., can be obtained on application to the first author. 
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is the value!® of the mean square oscillation in Ä? in the direction 
1 = (l,, l,, l,). For convenience these tensors were referred, not to the 
erystallographic axes, but to the principal axes of inertia of the 
molecule. The values of the six independent U,, for each fluorine and 
carbon atom are shown in Table 2 in the columns headed ‘Obs.’ The 


Fig.2. Atomie numbering system, bond lengths and angles. For angles in central 
region see Fig. 3 


F 


105°40' 


C 


Fig.3. Bond angles in central region of molecule 


approximate direction cosines of the principal axes with respect to 
orthogonal axes giving new co-ordinates « = zsinß, Y=y,7= 
z2+ xcos are: 

Axisi1: 0.99, 0.14, 0.02; 

AX7S923-0.13.32.0.87.5,0.48; 

Axis3: 0.05, —0.48, 0.88, 


Axis 1 is the axis of minimum inertia (I = 693x 10-g. cm?) and 
passes from the centre of symmetry approximately through the centre 
of the benzene ring: axis2 (I — 3350) is very roughly parallel to 
F,F,, 0,C, or C,C,; axis 3 is the axis of maximum inertia (7 = 3530) 
and passes close to the mid-point of F}F,. 
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Table 1. b,, used in third anüsotropie eycle 


(values x 10%) 


bj1 ba baa bis ba; bis 
Zinn a pille ei dhrsssne br er er zen a Dip Aa Fra T EP E 

F, 62 521 208 2.88 — 128 117 
B, 67 394 | 2 36 246 120 
© 59, |. #290 I 22162 33 — 51 92 
Ö, 49 310 175 10 47 86 
e 58 291 213 26 6 105 
& 64 408 241 7 — 153 110 
(62 50 468 240 — 56 up 122 
& 53 359 292 70 54 123 
C, 47 344 196 13 in 90 


Table 2. Observed and calculated U,, referred to principal axes of inertia 
(Values in 10-2 Ä2) 


U, U. Us; U, Us; Us 

Obs.Cale.| Obs.|Cale.| Obs. Cale.| Obs. | Cale. | Obs. | Cale. | Obs. | Cale. 
F, 115.1 18.0:107.1016.2006:2 704 0.1 DR IT 0.1 02 
%,178.9 1541 18.511708) 454,80, 0:1 1 0.2 NS 1.6 |—0.4. |—0.2 
C, 1.5.2 1.4.8 | 3.7. 5.0404:68 83216772. 051 0.071.011 =0:.5 11.0103 
©, 1174227) 74:87 75.32 1,5.02154.0503392 2.0.2 0.0 =0.2 0.5 0.4 |=0.3 
@, 1752121. 5.021 4.6. 15.20 78222 0.3.1.20:3 0.3 0.1 0.5 0.5 0.1 
Cr 05210 75:02 06.3 1156:.2 06.80 07.12. 178 0.5 1.0 1.4 oe 0 
Q, ale | TE rk | KR —0.2 0.0 |—1.5 |—0.9 0.7 |—0.4 
Ge 124:99155: 021 E 55701. 0:42 6:60 60.272 25 0.6 0.3 0.0 |—0.3 10.3 
C, |4.1|5.0)5.2|5.2|51|6.2| 0.4 0.4 0.6 0.5 0.3 0.2 


The individual atomie anisotropice U,, may be analysed in terms of 
the rigid-body vibrations of the molecule!”. These vibrations can be 
expressed in terms of the symmetric tensors T, giving the translational 
vibrations of the mass centre, and w, giving the angular oscillations 
about axes through the centre. The T and w tensors for DPTFE, 
determined by least squares from the nine U tensors, are shown in 
Table 3. In these calculations the fluorine contributions were weighted 
twice the carbon contributions, and advantage was taken of the fact 
that, by working with the data referred to the principal axes of inertia, 
the least-squares equation of order 12 reduced approximately to one 


1? D. W. J. CRUICKSHANK, The analysis of the anisotropic thermal motion 
of molecules in erystals. Acta Crystallogr. 9 (1956) 754—756. 
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equation of order 6 and three equations of order 2. Ther.m.s. amplitudes 
of translation oscillation in the direetions of the principal axes, 
obtained from the square roots of the diagonal elements of T, are 
0.22, 0.21 and 0.19 Ä respectively. The corresponding r.m.s. amplitudes 
of angular oscillation obtained from w are 6.9, 1.6 and 1.8°. 
Conversely, given the T and w tensors, the U tensors for each 
atom may be calculated and are shown in Table 2 in the columns 
headed ‘Cale.’. The r.m.s. difference between the observed and cal- 
culated U, is 0.0055 Ä2. This corresponds to an e.s.d. for the observed 


Table 3. Values of T,, and w,,; 
(Values of T,,in 10-2 Ä? and of o,, in deg.?) 


T=/48 00-03 w = (47.2 — 0.4 — 3.3 
4.5 — 0.5 25 0.6 


3.6 3.4 


U,; of 0.0062 Ä2 on allowing for the fact that 12 parameters have 
been determined from 54 observations. The resulting e.s.d.’s of the 
diagonal elements of T are 0.19, 0.30 and 0.29x 10? Ä2 and of w are 
4.8, 0.3 and 0.9 deg?. (These estimates of error take no account of any 
possible systematic errors in the FF, dependent on sin d, which 
would affect T more seriously than o.) 

Within experimental error the principal axes of T and & coincide 
with the axes of inertia. The diagonal values of T are rather similar to 
those for naphthalene '8, where the greatest amplitude of translational 
vibration is also along the long axis of the molecule. 

The apparent substantial 6.9° r.m.s. amplitude of the rigid-body 
angular oseillation about the axis of minimum inertia is noteworthy, 
and seems to be the explanation of the marked anisotropy of the 
fluorine atomiec vibrations, since these atoms lie rather further (1.7 Ä) 
from this axis than do any of the carbon atoms (1.2 Ä maximum). An 
alternative possibility would be that the fluorine anisotropie motion 
arises from bending vibrations of the C—F bonds. On investigation, 
the bending appears unlikely to be important because the maximum 
vibrations of the fluorine atoms are more nearly at right angles to the 
line to the centre of the molecule than to the C—F bonds and because 
it suggests that each fluorine atom should have large vibrations in two 
directions rather than in only one as found. 


18 D. W. J. CRUICKSHANK, A detailed refinement of the erystal and mole- 
cular structure of naphthalene. Acta Crystallogr. 10 (1957) 504—508. 
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The amplitudes of angular oscillation about the molecular axes 
imply !® mean frequeneies of about 35, 65 and 55 cm”! for the respective 
optic branches of the lattice vibrations, which should be detectable in 
the Raman spectrum of the crystal. 


Moleeular dimensions and packing 


The final fluorine and carbon-atom fractional co-ordinates obtained 
from the differential syntheses with all the reflections in the third 
anisotropic cycle are given in Table 4. The assumed hydrogen co- 
ordinates used in the anisotropie eycles and which correspond to 
C-H distances of approximately 1.00 Ä are given in Table 5. A 


Table 4. Final fractional co-ordinates 


% Y 2 
F, 0.0165 — 0.0704 — 0.2042 
F, — 0.0048 0.2692 — 0.1091 
C 0.0329 0.0510 — 0.0406 
Ö, 0.1474 0.0700 0.1122 
Q, 0.1829 0.2629 0.2375 
q, 0.2871 0.2727 0.3782 
C, 0.3523 0.0937 0.3931 
C, 0.3157 — 0.0944 0.2665 
C, 0.2120 et 0.1263 


Table 5. Assumed hydrogen fractional co-ordinates 
m. — — — — — — 


& Y 2 
H, 0.1364 0.3905 0.2274 
H, 0.3148 0.4101 0.4679 
1äl; 0.4273 0.1006 0.4940 
H, 0.3624 — 0.2290 0.2775 
1a, 0.1854 — 0.2486 0.0371 


general diagram of the molecule is shown in Fig. 2, and the bond lengths 
and angles involving fluorine and carbon atoms are given in the second 
columns of Tables 6 and 7. 'The overall shape of the molecule is 
roughly that expected from the dibenzyl analysis. The seven carbon 
atoms of one half of the molecule lie in the plane 


0.1633 x’ + 0.4633 y’ — 0.8694 z’ — 0.706 = 0, 


1° D. W. J. CRUICKSHANK, The variation of vibration amplitudes with tem- 
perature in some molecular erystals. Acta Crystallogr. 9 (1956) 1005-1009. 
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specified with respect to the orthogonal axes defined above, with a 
maximum deviation of 0.015 Ä. This ring plane makes an angle of 
85°19’ with the plane 


0.1438 x’ — 0.9175 y’ — 0.3711 = 0 


through the central carbon atoms (,’C,’C,C,. In the dibenzyl erystal! 
the angle between these planes is 71.6°. The smaller departure from 90° 
in DPTFE is probably to be attributed to the need for F, and F, to 
maintain appropriately longer distances from H, and H, respectively. 


Table 6. DPTFE bond lengths 


Without rota- With rotational 
tional correction correction 
Ä Ä 
C,—C, 1.532 1.539 
G,—F, #352 1.362 
C,—F3 1.374 1.385 
O,—C, 12527 12527 
C,—0, 1.393 1.396 
Q,—C, 1.389 1.390 
Q,—C, 1.390 1.391 
q,—C, AT 1.378 
G,—C, 1.386 1.386 
G.—0, 1.398 1.402 


Table 7. DPTFE bond angles 
le ————————— — 


Without rota- With rotational 
tional correcetion correction 
BEE EEE EEE NE | _ 

C,—C,—F} 109° 14’ 109° 19° 
C,—0,—F; 106° 19 1067257 
C,—0,—C; 52 ie all 
F, —C,—F, 105° 45’ 105° 40’ 
F} —C,—6;, ala 2 
F, —C,—C, 10824353 108° 34° 
Q, —0,—C;, 118° 50° 1180553 
C, —0,—C, 118° 36° 118° 40° 
C,—0,—0; 1222305 12225227 
GC, —0,—C, all RE ll SR 
C, —0,—C, 12022395 1207 
C,—0,—C; 12025552 al? 
C, —0,—C, a 1203 
C, —0,—0; 118° 22° 118° 247 
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For study of the detailed bond lengths and angles it is necessary to 
make slight co-ordinate corrections to allow for the angular oscillations 
causing the atomie peaks to appear too close to the centre of the 
molecule?. With the angular oscillations determined in the last 
section, the increases in the radial distances were found to range from 
0.013 Ä for F, to 0.002 Ä for C,. The corresponding co-ordinates in Ä 
are given in Table 8, and the bond lengths and angles derived from 
these are given in the third columns of Tables 6 and 7 and are also 
shown in Figures 2 and 3. The main effect of the rotational corrections 
is to increase the C—F bond lengths by about 0.010 Ä. 


Table 8. DPTFE co-ordinates after rotational corrections 


% Yy 2 
Ä Ä Ä 
F, 0.250 — 0.409 = 1.584 
R, 00 1.566 0 
& 0.498 0.296 — 0.314 
Ö, 2.226 0.405 0.865 
Ö, 2.764 1.522 1.834 
& 4.336 1.576 2.919 
Ö, 5.319 0.542 3.032 
6, 4.768 — 0.546 2.056 
6, 3.204 — 0.646 0.975 


The e.s.d.’s of the co-ordinates, calculated? using |F,,. — Frate.| a8 
an estimate of o (F), are approximately 0.0035 Ä for the fluorine atoms 
and 0.0052 Ä for the carbon atoms. As pointed out by SPARKS?! this 
method sometimes allows insufficiently for the effects of accidentally 
absent reflections on the proper peak curvatures, and the above 
estimates should perhaps be increased by 50°/, to allow both for this 
and for any error in the rotational corrections. On this basis the 
e.8.d.’s of the C-F and C—C bonds are about 0.009 and 0.011 Ä 
respectively, except for C,’— C, where it is about 0.015 Ä since this 
is across the centre of symmetry. The e.s.d.’s of all the angles are 
about 40’. 

The final value of the central C,’—C, bond is 1.539 Ä which is not 
significantly different from the standard tetrahedral single bond of 


®° D. W. J. CRUICKSHANK, Errors in bond lengths due to rotational oscilla- 
tions of molecules. Acta Crystallogr. 9 (1956) 757—758. 


®!R. A. SPARKS, Ph. D. Thesis, University of California, Los Angeles. 
August, 1958. 
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1.544 Ä, or the reported value of 1.510 Ä in dibenzyl® (which might 
well increase in an anisotropic refinement), or the analogous bond of 
1.533 Ä in ß suceinie acid 22. There is thus no evidence of any important 
effect of the substitution of fluorine atoms on the length of the central 
carbon bond of such systems. The C,—C, length of 1.527 Ä is com- 
patible with either a standard of 1.544 Ä or the slightly shorter length 
which misht be expected when one of the carbon atoms is trigonally 
hybridised®. The C—C lensths in the benzene ring are equal within 
experimental error and have a mean of 1.390 Ä, which is not signi- 
ficantly different from the x-ray value!3 of 1.392 Ä, or even from the 
spectroscopic?* and electron diffraction25 values of 1.397 Ä in benzene 
itself. 

The C-F bonds of 1.362 and 1.385 Ä are fortunately just not 
significantly different. Their mean of 1.374 Ä is intermediate between 
the values of 1.358 and 1.385 Ä reported* in CH,;F, and CH3;F re- 
spectively, and is definitely longer than the values? of 1.323 and 
1.332 Ä in CF, and CHF,. The F,C,F, angle of 105°40’ (see Fig.3) is 
distinetly less than tetrahedral and the C,’C,C, angle of 115°11’ is 
distinetly greater than tetrahedral. These departures are in the same 
sense as the FCF and HCH angles of 108.3° and 111.9° in CH;F,; 
the CCC angle is also comparable with the CCC angle of 114.3 + 3° in®® 
CH,0C1,CH,. However part of the present distortions may well be due 
to intermoleeular forces. One interesting feature of the structure is 
that, despite the slight twist of the central carbon and the benzene 
ring planes from orthogonality, the distances of F, from C/, G,, GC, 
and H, (2.37, 2.38, 2.78 and 2.50 Ä) are very little different from the 
distances of F, from C}’, C,, C, and H, (2.34, 2.37, 2.75 and 2.49 Ä). 
If the twist is due to intermolecular forces, its effects seem to be 


22 J, S. BRoADLEY, D. W. J. CRUICKSHANK, J. D. MORRISON, J. MONTEATH 
RoßErtson and H. M. M. SmmArer. Three-dimensional refinement of the 
structure of ß-suceinie acid. Proc. Roy. Soc. [London] A 251 (1959) 441—457. 

23 0, A. Couuson, Factors affeeting the bond lengths in conjugated and 
aromatie molecules. J. Physic. Chem. 56 (1952) 311—316. 

24 A, LANGsETH and B. P. SrtoicHerr, High resolution Raman speetroscopy 
of gases. VI. Rotational speetrum of symmetric benzene-d,. Canad. J. Physies 
34 (1956) 350—353. 

25 A. ALMENNINGEN, O. BASTIANSEN and L. FERNHOLT, Electron diffraetion 


studies on benzene vapour. Det Kgl. Norske Videnskabers Selskabs Skrifter 


(1958) Nr 3. 
26 Tables of Interatomie distances and configurations in molecules and ions. 


The Chemical Society, London, 1958. 
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compensated by an irregularity of the CCF angles which leaves un- 
altered the more important intramolecular distances between non- 
bonded atoms. 

The packing of the molecules in the erystal can best be described by 
substituting for the molecules the ellipsoids which approximately 


Fig.4. Packing of molecules on pseudo-orthorhombie cell. The z axis is almost 
exactly perpendicularly upwards from the plane of the diagram, subtending 
89° 53’ with (101). The co-ordinates refer to molecular centres and the designa- 
tions ‘up’ and ‘down’ to the sense of slight tilt in the major axes of the ellipsoids 


Fig.5. Central portion of Fig.4 showing closest intermolecular contacts (in Ä). 
Only the minimum number of atoms have been given identifying letters 
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define their extreme dimensions and whose axes correspond to the 
prineipal axes of inertia. The packing of the ellipsoids is then best 
related, not to the unit cell referred to in earlier sections, but to the 
pseudo-orthorhombic cell in which the y and z axes remain unchanged 
and the third axis is taken as [101]. Fig. 4 shows how the molecules are 
packed in the pseudo-orthorhombie cell and it can be seen that this 
packing is approximately body-centered. (It is not of course genuinely 
body-centered because of the a glide relation between molecules.) This 
body-centering is actually rather open so that each molecule is sur- 
rounded by twelve other within 3.0 Ä. Thus the molecule at the 
origin is in contact with the four shown in Fig.4 together with the 
four generated by the e translations lying immediately above them 
and the four molecules (not shown) centered on (1,0, 1), (1,0, 1), 
(0, 1, 0) and (0, 1, 0) which are parallel to the central molecule. 

The intermolecular contacts are also best described on this basis. 
Fig.5 is simply an enlarged version of the central portion of Fig.4 in 


Table 9. Intermolecular contacts 
The co-ordinates (x, y, z) listed in Table 8 are the (unprimed) atoms of half 
the molecule centered at the origin. Atoms of the other half of the molecule are 
located at (—x, —y, —) and are primed. For the other molecule in the unit cell 
the atoms at (4 + x, 4 — y,z) are unprimed and those at (4 — x, 3+ 9, —) 
are primed. The designations for molecules related to these by pure translations 
are the same. Thus the last entry for the set of contacts from (—3, 3, —1) means 
the distance between atom H, located at (x, —y, 2) relative to (—#, 3, —1) and 
atom H’, located at (—x, —y, —2) relative to the origin. 
The list omits additonal contacts generated by centres of symmetry 


BromX(0%1,0) 7H, 2% 2.9 A From (1, 0, 1)* Eh EN 
HIEHM2IN HOHES 

IE 0 
From (A, 47 1) E51, HR 30% 


I, ee N 

Re ee a N Gar‘ 
ET. 0A UNBSH EA 

En, 203 Hr H.223. 084 

From (,—4,0) FL H, 2.9Ä From (—4, 4, —1) EN 
Bote 3.0% EN 

CIE ııN H27.0,722.0A 

Hell 

Heer 300 


* Marked on Fig.5 as from molecule centered on (3, 3, 0) to molecule cen- 
tered on (—4, 4, —1). 
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which the central molecule is more heavily outlined and in which parts 
of obtruding molecules at (0, 1,0) and (0, 1, 0) are included. On this 
diagram the shortest intermolecular contacts are indieated. The key to 
these contacts all of which involve at least one hydrogen atom is 
given in Table 9. The lengths are derived from assumed C—H bond 
lengths of 1.00 Ä aud are thus only quoted to 0.1 Ä. There are no 
grounds for suspecting that considerations other than van der Waals 
contact radii are involved in the molecular packing. 


Acknowledgements 


We are most grateful to Professor E. G. Cox for his help and 
encouragement, to Messrs. D.M. S. GREENHALGH and L. Gross for 
assistance with punched-card calculations, to Miss Diana E. PILLING 
for assistance with electronic caleulations, to the Manchester University 
Computing Machine Laboratory for making their FERRANTI 
Mark I electronic computer available, to Dr. Mary R. TRUTER for 
punched-card caleulations and for the use of her bond length and 
intermolecular contact programme on the Leeds University FERRAN- 
TI Pegasus computer, to the Department of Scientific and Industrial 
Research for financial assistance for the computing and to the Board 
of the British Rubber Producer’s Research Association for financial 
assistance to one of us (S.C.N.). 


Zeitschrift für Kristallographie, Bd. 112, S. 401—-408 (1959) 


The crystal structure of trimethylsulfonium iodide 


By D.E. ZuccARo and J. D. MCCULLOUGH 


Department of Chemistry, University of California at Los Angeles, 
Los Angeles, California 


With 2 figures 


(Received July 6, 1959) 


Auszug 


Trimethylsulfoniumjodid kristallisiert monoklin mit zwei Formeleinheiten 
(CH,),SJ in der Zelle. Die Raumgruppe ist wahrscheinlich P2,/m; aber eine 
dieser Symmetrie sehr ähnliche Struktur in der Raumgruppe P2, konnte nicht 
ausgeschlossen werden. 

Das Trimethylsulfonium-Ion hat nahezu die Symmetrie 3m, den Abstand 
C-S = 1,83 Ä und den Winkel C-S-C = 103°. Die Struktur kann als mono- 
klin deformierter Steinsalz-Typ bezeichnet werden. 


Abstraet 


Trimethylsulfonium iodide erystallizes in the monoclinie system with two 
formula units of (CH,),SI in the unit cell. The space group is probably P2,/m 
but a structure approaching closely to this symmetry in the space group P2, is 
not exeluded. 

The trimethylsulfonium ion approximates closely to 3m symmetry with 
C-S = 1.33 Ä and the angle C-8S-C = 103°. Packing distances are normal 
and the structure may be described as a monoclinie distortion of that of NaCl. 


Introduetion Table 1. Lattice parameters for trimethyl- 
Trimethylsulfonium iodide sulfonium dodide 
was reported by MussanuG! to MussGNnUG Present work 
erystallize in the space group a (A) 5.96 5.944 + 0.010 
P2,/m with Z = 2 and with the b (A) 8.00 8.003 + 0.010 
lattice constants givenin Table1. ce (&) 8.95 8.922 + 0.010 
The absence of a detectable py- P 12055179 .120532 73207 
: d(obs.) g/cm? 1.922 == 

roelectric effect wasnoted butno | ee 1.958 


atomic positions were reported. 


ı F, Mussacnug, Trimethylammoniumjodid und Trimethylsulfoniumjodid. 
Naturwissensch. 29 (1941) 256. 
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The present study of trimethylsulfonium iodide was undertaken 
in order to determine the atomie positions and, from these, the 
structure of the trimethylsulfonium ion. Although the presence of 
the heavy iodide ion would be expected to cause high uncertainties in 
the carbon positions, the favorable space group and the presence of 
only two molecules in the unit cell made the investigation attractive. 


Crystallographic and intensity data 

Trimethylsulfonium iodide was prepared by combination of 
approximately stoichiometrie amounts of methyl sulfide and methyl 
iodide in ether solution. Crystals for use in the x-ray study were grown 
by slow evaporation of aqueous solutions of the salt. The selected 
erystals were in the common habit of needles along the b axis. The 
crystal used for the Weissenberg photographs about the b axis was 
0.10x0.15 mm in cross section while that used for the Buerger 
precession camera photographs was 0.14x 0.22 mm in cross section. 
MoK, radiation was used for all of the intensity data. The multiple- 
film technique was used in preparing the Weissenberg photographs 
while a series of timed exposures was used for the precession-camera 
data. The maximum difference in correetion due to absorption of 
radiation in the specimen was computed to be 12°/,. Since this would 
cause no more than about 6°/, difference in the corresponding |F| 
values, no correction for absorption was applied in converting es- 
timated intensities to |F| values. The other usual corrections were 
applied, however. Lattice parameters based on MoK, = 0.7107 Ä are 
oiven in Table 1 where they are compared with those reported by 
Musscnuc. The only systematie absences noted were those for 0%k0 
with % odd. Thus the space group appears to be either P2,/m or P2\. 


Determination and refinement of the structure 


By use of the 73 |F?| values for the observed h0l reflections, a 
Patterson summation on (010) was computed. This indicated iodine 
positions near x —= 0.115, 2 — 0.740 and sulfur positions near x — 0.31, 
2 — 0.33. With these positions as a partial trial structure, a Fourier 
summation on (010) was prepared. In addition to the iodine and sulfur 
maxima where expected, two maxima which could be attributed to 
carbon atoms appeared. These were consistent with a pyramidal 
(CH,),S* ion located in the mirror plane of P2,/m. Four eycles of 
two-dimensional least-squares refinement were carried out on SWAC 
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using the routines of SPARKS, PROSEN, KRUSE and TRUEBLOOD?. 
The x and z parameters resulting from this refinement are listed as 
Set 1 in Table 2. The y parameters for C, and (, in this set were 
computed to give the trimethylsulfonium ion the symmetry 3m. 


Table 2. Positional parameters in trimethylsulfonium iodide 


Atom | Set 1 | Set 2 | o (2) Set 3 
Tan | 0.115 0.1144 0.0004 | 0.1144 
u 0.250 0.2500 = | 0.2500 
2 0.740 | 0.7409 0.0008 0.7409 
Ss = OSSOSW) It SoSe lin.0:0021008 |» 50,305 
y | 0.250 0.252 0.003 (0.250) 
z | 01327 0.332 0.001 | 0.332 
Eee, | 0.953 | 0.926 0.007 0.926 
Y 0.250 0.243 0.009 (0.250) 
z 0.131 0.143 0.007 | 0.143 
Ch 0.429 0.430 0.019 | (0.430) 
Y (0.433) 0.419 0.010 | (0.429) 
z 0.277 0.263 | 0.017 (0.265) 
a 0.429 0.419 | 0.022 (0.430) 
Yy (0.067) 0.060 0.014 (0.071) 
z 0.277 0.280 0.018 (0.265) 


Sets 1 and 3 are based on P2,/m. 

Set 2 is based on P2.. 

Values in paranthesis were computed to give the trimethylsulfonium ion 
the symmetry 3m, which it was found to have in Set 2. 


Further refinement was carried out by use of three-dimensional 
least-squares cycles based on the approximately 350 independent |F| 
values for observed reflections listed in Table 4. Although incomplete, 
these data represent approximately two thirds of the observable data 
within range of Mo radiation at room temperature. Due to the rela- 
tively high temperature factors, nearly all of the observable re- 
flections are within range of the Buerger precession camera. 

The starting positional parameters were those given in Set 1. 
Although anisotropie vibrational parameters were applied to each 
atom as described by TRUEBLOOD®, it was clear that those computed 


2R. A. Sparks, R. J. Prosen, F. H. Kruse and K. N. TRUEBLOOD, Crys- 
tallographie calculations on the high-speed digital computer SWAC. Acta 
Crystallogr. 9 (1956) 350—358. 

3K.N. TRUEBLOOD, Symmetry transformations of general anisotropic tem- 
perature factors. Acta Orystallogr. 9 (1956) 359—361. 
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for carbon had little, if any, structural significance. These were 
accordingly returned to values corresponding to an isotropie B of 
5.00 (Ä)? after each cycle. The vibrational parameters for iodine and 
sulfur were permitted to shift as indicated in the refinement. With 
existing SWAC routines, it was considered more expedient to refine the 
structure in the space group P2, rather than in P2,/|m. This procedure 
was preferable anyway since it was more general. After seven cycles of 
three-dimensional refinement, the positional parameters indicated as 
Set 2 in Table 2 and the vibrational parameters in Table 3 resulted. 


Table 3. Vibrational parameters in trimethylsulfonium iodide (A)? 
| 


Atom | Bu Zu Ba | Bas. | Isotropie 
I 2.9 2.8 3.9 0.8 | 4.0 0.6 3.20 
S 3.6 3.4 3.9 8.0 5.2 1.6 3.75 
6 (Not refined) 5.00 


T'he value of R based on the positional parameters in Set 2 is 6.90), 
when the anisotropie vibrational parameters are used and 8.4°/, when 
the isotropice vibrational parameters are used. The structure factors 
computed on the basis of the parameters in Set 2 with anisotropic 
vibrational parameters for I and S and an isotropie parameter of 
B = 5.00 (Ä)? for carbon are compared with the observed structure 
factors in Table 4. Although the computed structure factors are based 
on the polar space group P2,, less than 15°/, of the values of |cos «| for 
observed reflections differed by more than 1°/, from 1.000. As would be 
expected, the maximum deviations from unity are found in the weak 
reflections with higher values of the index &. 


Discussion of the strueture 

The parameters in Set 2 are based on the space group P2, and 
deviate slightly from the symmetry of the space group P2,/m. How- 
ever, a structure can be based on P2,/m which has positional para- 
meters within the standard deviations of those in Set 2. Positional 
parameters for such a structure which give the trimethylsulfonium 
ion the symmetry 3m are listed as Set 3in Table 2. A projeetion of this 
structure on (010) is shown in Fig. 1 while Fig.2 shows a projection of 
the structure on a plane perpendicular to c. 

The bond distances, bond angles and packing distances correspond- 
ing to the positional parameters in Sets 2 and 3 are given in Tables 5, 
6 and 7 respectively. Olearly the accuracy of the present work is not 
great enough to rule out the space group P2,/m; in fact it appears 
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Table 4. Comparison of observed and calculated structure factors for trimethyl- 
sulfonium iodide 


=” 
” 
- 
) 


F hkı [Fo | F, hkı [F,| E hkı [F,| ir 
002 114.0 -114.0 502 16.8 15.5 318 25.3 - 20.1 062 48.2 47.9 
003 29.6 29.1 50 5.9% - 6.2 Sms: 22.0 20.8 007,2 2.98 - 2.1 
004 49.5 50.6 500 23.8 .- 26.4 4153 13.5 12,5 082 BE er 
005 21.6 - 21.0 501 15.6 16.7 N 14.8 11.6 092 2.9% 1.6 
006 21.9, 2522 503 28.1 50,3 ar1 25.002257 0 10 2 14.6 16,8 
007 10.4 9.0 505 28.9 - 29.9 410 16.4 25. 023 21650 22.2162 
008 13.4 13.0 50% 20.1 - 22343 „ıT 45.2 47.8 08333 67.6 63.6 
108 13.2 13.0 505 31.8 32.4 KB 9.9 8.5 043 19.1 13.7 
3,0: 7 10.7 - 7.8 506 14.1 15.0 413 58.7 - 61.6 053 40,5 - 39.8 
106 19.20 2.2145 507 18.6 - 20.9 kaiıı 407% 5.5 063 ae ep: 
105 20.6 20.7 601 13.3 13.5 415 47.7 48.7 073 26.9 2787 
104 25.7 25.5 6073 57 9.6 416 15.4 - 13.2 083 7.9 9.3 
103 32.4 - 347 605 19.1 - 21.0 417 24.9 - 25.7 093 18.5 = 17.5 
102 29.5 - 30.1 son 19.6, Be li n.3.8. 11.6 9.5 024 40.2 - 39.2 
201 38.1 38.8 605 29.9 30.8 419 15.2 13,3 034 2.5* - 3.8 
100 53.7 5555 608 5.4* 6.0 Su 16,5 - 14.7 (ee 55.5 34.9 
EEE 24.3 = 2742 607 30.1 = 32.0 510 11.2 11,6 054 2.9* 3.4 
102 70.0 - 69.5 oma 56.5 63.5 511 21.4 20.1 064 DI.K = 07.3 
105 36.7 37.0 o12 2.9* 3.5 DL We} 13.0 -12 074 3.3* 3:9 
104 50.6 n2.2 ) 58.7 - 65.0 513 29.7 - 29.8 084 13.6 15.3 
105 45.9 - 45.8 oiä 4,2% 2.4 514 14.1 14.0 094 2,98 207, 
108 19.9 - 20.5 015 48.3 49.9 515 2.9 35.0 0104 7.9 - 10.2 
206 1,6 = 457 016 5.18% - 8.5 516 19.8 - 20.6 0825 14.9 16.0 
205 19.9 20.2 087 25.1 - 25.2 57. 235.9 - 27.1 9,35 47.5 - 47.3 
204 17.5 18.9 au 7 16.3. 213.0 518 2343 24.9 045 12.4 - 14.8 
205 49.1 - 48.8 116 5.9* 4,0 519 16.3 1247 055 33.1 29:9 
202 17.1 - 16.9 ET 31.7 33.2 5110 20.8 - 18.6 065 11.1 9.7 
2 01 82.9 85.4 1 14,4 - 12.7 610 17.8 16.8 08729) 2Iu8 0 = 2105 
200 7.8 5.0 | 58.2 - 64.3 611 6.7* 5.6 085 2.9% - 5.6 
201 %.1 - 95.4 Wale 34.7 38.3 612 24.9 - 25.6 02021555 16.6 
202 5.7 7.8 oslee 68.3 81.8 613 6.2* - 0.9 026 18.2 18.4 
20% 74.8 66.8 do 69.4 - 74.6 6ıı 23.5 25.9 036 9.2 10,4 
20% 10.0 = 10.4 LT, 71.4 - 59.8 615 6.0* - 3,2 046 14.2 -41hh 
205 49.0... — 45.4 1.38, 88.9 94.5 616 18.6 - 19.3 056 ee er MR 
208 4.3* 5.3 11, 5 36.8 33.0 617 6.1* 2.4 066 13.0 14.3 
207 34.9 Zu,h 11% 54,3 - 55.7 618 15.8 15.1 027 3.36 .=.06,3 
208 ne 115 DI 120.7, 619 6.5* 1.8 037 23.5 24.5 
209 21,3 — 21.8 2 16 25.1 25.5 6sıl 14.0 -137 047 3.3* 5.8 
3.03 16.90 —- 18.7 216 18.5 16.9 73 16.8 - 13.3 057 16.0 - 19.9 
>02 12.4 12.3 215 6.0* 3.8 73 7.0* 4.6 067 2.9 - 5.3 
301 36.8 37.5 214 26.0 - 26.3 71% 19.4 18.7 rt 11.7 12.4 
300 19.5 - 19.5 23 u Te 715 6.8* - 10.3 028 BE er 
3.0.1 57.6 - 56.5 2102 31.8 34.5 716 18.9 - 18.0 038 8.0 -10,5 
5.0.2 36.8 37.0 24T 18.3 15.2 Ze, 19.0 15.5 048 8.6 8.7 
303 52.5 51.6 2170 48.9 - 52.4 zars! 14.8 el 058 6.2 8.9 
>04 55.6 - 53.8 211 ee 719 16.0 - 141 .068 6.80 02016.3 
305 28.0 - 28.0 212 75.4 83.1 020 97.3  -111.6 029 2.9* 1.9 
306 uh,h 46.3 EF 7.8 6.9 040 81.7 85.7 039 7.5 - 88 
307 12.0 10.0 214 80.5 - 81.7 060 62.7 -59.1 049 2.41% - 0.8 
308 20.6  =23.7 215 237, 11.0 080 3241. 32.8 120 76.7 - 71.2 
404 15.8 - 14.2 216 49.3 48.7 0100 19,2 - 19.6 1,300 59.2 51.9 
405 5.98 - 7.8 217 18.1 = 16.2 o21 8.6 9.9 140 50.8 46.3 
402 26.8 27.3 218 20.4 - 19.8 031 72.5 - 64.7 150 47.1 - 46.2 
401 Het 5.0 31 & 26.1 - 25.1 041 8.7 - 9% 160 25.3  - 27.8 
400 35.4 - 36.1 3203 16.5 15.1 a5 35.3 36.2 4.7.0 29.3 29.2 
401 1 ER ER 2; 3772 54.3 36.5 061 5.9 7.1 180 20.2 20.5 
402 38.5 37.7 FR 29,5 - 31.3 071 24.0 - 26.6 190 15.1 -17.2 
4053 22.1 9.3 310 36.8 - 37.5 o81 2.98 - 4,3 1100 9.9 - 11.1 
„0 41.3 - 41.7 3; 141: 44,7 45.0 091 16.4 17.1 1110 9.0 9.8 
405 11.6 - 9.8 34302, 38,0 36.1 o101 2.5* 2.7 220 12520 02,9 
4106 46.7 46.5 385; 39.3 - 39.6 o11 6.20.=55945 2,30 55.9 56.3 
407 4.7* 35 za 40.3 - 38.6 022 84.9 76.6 240 2.2* 3.7 
408 Se 315 27.8 26.9 032 2.1* 5.2 250 3h1. 12.3652 
409 5,4% 5.0 DR6) 34.7 3u.1 ou2 64,8 - 64.7 260 2.08 ch 
Bon. 19.8 BT, 24.8 - 23.3 052 2u5% 3.8 270 22. 24,0 
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Table 4 (Oontinued) 


hkıl IES Fl hkl Ba Er hkl I3.| Er hkl ID3EI r3 
280 2.00 —. 7056 Sl 32,0 36.6 45% 3.2 4.6 1 10.2 12,5 121 
290 We Es! 141 28.8 - 29.5 „6 25.0 22.5 11.3 12.0 10.0 
34240 18,5 16.7 151 39,4 56.1 u7u 3.2 = Wi BaPIR 11.0 10.1 
303.0 24.9 29 I LEEER 15.9 18.4 48h 12,7 - 15.8 23% 77.3 76.2 
340 13.3. 2 =1722 all RT 25.72 21.8 49h 2,2* 248 24h 10.0 - 8.9 
34510 24,6 27.0 U GERT a 525 32.2 = 50,3 25% 47.8 - 49.4 
360 10,5 12.7 AN T 9.6 - 12.8 555 26.7 - 28.2 26% 2.8* 5.6 
370 16,5 16.9 1101 6.4 7.7 545 25,1 25.0 274 31.9 5u.h 
>80 Ye EU ale ST 7.9 7.8 555 24.4 25,2 284 Dr 
390 8.2. = 1050 2022 16.7 -13.5 565 18.0 - 19h 29% SI. Di 
3100 2,2 2,8 2373 86.1 - 79.1 575 15,3. 2435 >26 45.4 0 - 46.7 
420 33.3 32.5 2423 14.1 11.4 585 14 13.2 356 25.4 - 25.6 
430 18.3 17.5 24512. 51.2 48,9 62% Eee sr) 346 53.4 36.5 
440 27.00 20705 2N8.B Te 635% 15.9 17.8 356 21.9 22,5 
450 on Zerars Per 35.2 - 34.3 646 3.5* 3.9 365 23.3 - 23.6 
460 21.3 20.5 2N8ı2 Eh 5.8 656 41.12-45.53 376 13.7 -1%7 
470 6.3 122 292 22.4 21.4 665 32% 0529 386 15.5 17.5 
480 11.5 - 12,9 2 103 DIOR u 5 676 8.5 10.0 396 7.5 8.7 
490 5.1 me Seh 3125. 62.9 - 58.0 78:7 10,0 12,5 428 29.7 32.1 
520 29.8 27.3 35.3 35.0 31: el 13.0 -1&.7 438 a 
530 2.5 -12.6 545 46.8 43.7 N] s.. 10,7 448 Ba an 
540 Dr 355 2u.h = 25.3 ] 10.8 11.9 458 6.2 6.5 
550 10.4 8.5 365 37.7 = 3845 19:2 84.0 77.4 468 20.4 21.0 
560 15.3 15.5 375 15.1 16.4 AD. 66.1 - 63.5 478 2.8” - 5.4 
570 B.SLB here 585 19.6 20.6 ie 2 55.7 = 5550 488 13.0.2952 
620 2.2* 4.7 395 9.53 - 10.6 152 54. 50.8 5 210 87 2 
630 ision Suse 5 10 5 Kor en 1623 30.5 32.5 5370 13.8 16.0 
640 2.2 5.3 12h 34.9 34.1 a1 33.1 = 0 5 410 6,8 ve} 
650 9,6 14.2 43h 3 0 182 De 5510 uch. 2155 
148: F. 46.3 41.6 u 28.6 - 28.9 19% 16.9 1:9) 
* Not observed. Value of EA given is estimated minimum observable value, 


Table 5. Bond distances in trimethylsulfonium von 


Bond | Set2(A) | o(Ä) Set 3 (A) 


gg, | 1.84 | 0.06 1.83 
Sg 1.80 | 0.12 1.83 
S-0, | 1.85 | 0.12 1.83 


Table 6. Bond angles in trimethylsulfonium ion 
Bonded atoms | Set 2 (deg.) | o (deg.) Set 3 (deg.) 


des&o) | 104 | 7 103 
Des | 100 | 7 103 
Ges, | 104 | 9 103 


probable that this is the correct space group. However it is of interest 
to note that although the atoms in the trimethylsulfonium ion 
migrated slightly away from P2,/m symmetry during the refinement, 
the three S—-C distances and the three ©—S—C bond angles did not 
drift as far apart as they could have, had the shifts in the positions of 
the four atoms been random, but of the same magnitude. In fact, the 
mean deviation (0.02 Ä) of the three independent S—C distances from 


- 
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their average value of 1.83 Ä is Table 7. Packing distances in trimethyl- 


considerably lessthan the stand- suljonium, sodide 
ard deviations of these bond Atoms | Set2(Ä) Set 3 (A) 
lensths given in Table 5. A simi- IR | 3.91 3.80 
. . . . wi 2 | = z 
lar ulaust exists with respect iu Xe, | 3.81 3.80 
to the three independent E—S—C I—-(, 3.94 4.07 
bond angles. Itthusappearsthat ar | u el 
the standard deviations derived ne: a dla Er 
er 129 | 4.09 
from the least-squaresrefinement Te) aa 4.17 
N de | 
may, in the present case, be so- mr | 4.17 
k | 
mewhat high. 122G | dad) 4.32 


Fig.1 Fig. 2 
Fig.1. Projection of the structure of trimethylsulfonium iodide on (010). In 
order of deereasing size, the eircles represent 17, CH, and S 
Fig. 2. Projeetion of the structure of trimethylsulfonium iodide on (001). In order 
of decreasing size, the eircles represent I, CH, and S 


Although the inaccuracies in the determination of the carbon 
positions leave much to be desired, it is apparent that the trimethyl- 
sulfonium ion has the expected 3m symmetry with reasonable bond 
distances and angles. The individual observed S—C bond distances 
of 1.80, 1.84 and 1.85 Ä are well within their standard deviations of | 
the sum of the covalent radii, 1.81 Ä, and the observed 0 —-S—C bond 
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angles are consistent with values in related structures. The packing 
contacts between ions appear to be entirely those of I- with CH, 
groups. The radius sum for these units is 4.2 Ä but this value is 
flexible and the slightly shorter observed contacts (down to 3.80 Ä) 
in the present case are not unreasonable, especially in view of the 
effects of electrostatic attractive forces between ions. 

It is of interest to compare the erystal structure of trimethyl- 
sulfonium iodide with that of potassium chlorate reported by ZA- 
CHARIASEN. The latter is monoclinie, P2,/m with Z = 2 and lattice 
constants a = 4.647, b = 5.585, c = 7.085 and $ = 109°33’. The two 
structures are clearly quite similar but the orientation of the ClO,- 
ion with respect to rotation about the b axis appears to be different 
from that of the (CH,),S+* ion. The structure of trimethylsulfonium 
iodide may also be compared with that of NaCl. If a new a axis is 
chosen so as to give a B-centered monoclinie cell with « = 9.76 Ä, 
b= 8.00 A, c = 8.92 Ä and ß = 101°, the new cell contains 4 formula 
units of (CH,),SI in a structure approximately that of NaCl. 
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Auszug 

Silica K (Keatit) ist tetragonal und gehört zur Raumgruppe P4,2, (P432,) 
mita = 7,46 Ä,c = 8,61 Ä und 12 SiO, in der Elementarzelle. Die Intensitäten 
der hk0- und Ahl-Interferenzen wurden gemessen und daraus wurde mittels 
Patterson- und Fourier-Synthesen die Struktur bestimmt. Sie enthält vierfache 
Spiralen aus SiO,-Tetraedern; die Spiralen'sind durch weitere Tetraeder derart 
verbunden, daß jedem dieser Tetraeder ein Sauerstoffion aus jeder der vier 
Spiralen angehört. 


Abstraet 
Keatite (silica K) is tetragonal, space group P4,2, (or P4,2,), a = 7.46 Ä, 
c = 8.61 A, and Z = 12 SiO, per unit cell. Intensity measurements were made 
of the hk0 and hhl intensities and the structure was solved from Patterson and 
Fourier syntheses. The structure contains four-fold spirals of SiO, tetrahedra 
which share corners. These spirals are linked together by additional tetrahedra, 
each of which shares its corners with tetrahedra in four different spirals. 


Introduction 

While investigating the recrystallization of silica under hydro- 
thermal conditions, Krar! discovered a new crystalline phase of 
silica. The new silica was obtained under rather wide ranges of tem- 
perature (380—585°C) and pressure (5,000—18,000 lb/in?). Although 
several different bases (Li,CO;, Na,CO,;, LiOH, NaOH, KOH, Na,W0,) 
were used for the preparation of keatite, the concentration was eritical 
because eristobalite or quartz was obtained if the base concentration 
were too high or too low, respectively?. For example NaOH concen- 
trations of .0012—.0015 moles/l gave good yields of keatite with some 


ı P.P. Krar, A new erystalline silica. Science 120 (1954) 328330. 
2 P.P. Krar, The transformation of silieie acid to quartz and the synthesis 
of a new erystalline silica. Thesis, Rutgers, The State University, May, 1956. 
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quartz contamination?. The density of keatite (2.50 g/cm?) is inter- 
mediate to that of cristobalite (2.32 g/cm?) and quartz (2.66 g/cm?)!. 

Most of the batches of keatite which Krar obtained consisted of 
cerystals which were too small for ordinary single-erystal work. How- 
ever, in a few cases specimens as large as .05 mm in maximum di- 
mension were obtained, and two of these have been used for a structure 
determination. 

Unit eell and space group 

That keatite is indeed tetragonal was ascertained by indexing a 
rotation photograph about [001]. The unit-cell dimensions obtained 
from this photograph (internal KCl standard) are a = 7.464 Ä and 
c = 8.620 Ä. Krart? calculated the unit-cell dimensions from powder 
diffractometer data, with quartz as an internal standard, and obtained 
the values a = 7.456 Ä, and c = 8.604 Ä. These are undoubtedly the 
more reliable, particularly for the c axis. Keart! estimated the density 
to be 2.50 g/cm? from the refractive indices on the basis of an assumed 
linear relation between density and refractive index for the various 
forms of silica. We have confirmed this value by direct measurement 
by the flotation method. The calculated density based on 12 SiO, per 
unit cell (and a = 7.456 Ä, c = 8.604 Ä) is 2.502 g/cm?. 

If the observed systematie absences (001 for l#4n, and h00 for 
h#2n) are caused by screw axes, the space group is uniquely deter- 
mined to be one of the enantiomorphs P4,2, and P4,2.. 


Strueture determination 

The crystals which were used for this investigation were square 
plates of approximatedimensions.05 x .05x .015mm. The intensities of 
the hk0 reflections were measured by the visual multiple-film method 
from a set of Weissenberg photographs; CuX« radiation was used. 
Unfortunately the quality of these photographs was rather poor—most 
of the intensities were low compared to background and several 
reflections consisted of two or three separate spots. This was presum- 
ably caused by disoriented or warped regions within the crystal, or 
perhaps the plate was an aggregate of small crystals having slightly 
different orientations. Only 14 of the 28 reflections for which sin 0<.85 
were visible. The non-zero layer lines were worse and were not used. 

Another erystal which was mounted about [110] gave Weissenberg 
photographs which were completely unsuitable. Consequently the 
hhl intensities were measured from a set of nine 14-degree oscillation 
photographs. Many reflections still appeared as small groups of spots 
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and the intensity measurements are less reliable than in most structure 
determinations. Nevertheless, the final agreement betwen observed 
and calculated structure factors was good. 

Because of the space group, it seemed reasonable to assume that 
the structure was based on four-fold spirals of corner-linked SiO, 
tetrahedra. These spirals can be constructed by placing 8 Si atoms and 
all 24 O atoms in the general S(b) positions of space group P432,. The 
remaining 4 Si atom must then lie 2-fold axes in the special positions 
4(a), and these link the spirals together. Approximate atomie positions 
were obtained by analyzing the Patterson projections on (001) and 
(110) and by assuming Si—O bond distances to be 1.60 A. 


Table 1. Coordinates of atoms in keatite 


Atom Position Coordinates 
x Y 2 
Si, 8 (b) 0.326 0.120 0.248 
Si, 4 (a) 0.410 
O, s(b) 0.445 0.132 0.400 
OÖ, 8 (b) OS 05123 0.296 
OÖ, s(b) 0.344 0.297 0.143 


The structure was refined by Fourier projection on (001) and (110). 
The final atomic coordinates are given in Table 1; Fourier projections 
are shown in Figures 1 and 2. The oxygen parameters were determined 
from projections for which the Fourier coefficients were FF. The 
atomic coordinates were calculated by a least-squares peak-fitting 
method. In the cases where two atoms were close together on a 


Table 2. Oalculated and observed structure factors for keatite 


hkı rr |r.]| hki = [Fo| hkı Es Ir, | "hkı 2% |Fo| 
200 AR 2 856 730 OB << 7.5, 27220) 14.1 9.7 440 27.9 26.7 
400 -108,6 102.3 440 35.8 31.9 ana No 5 Bad uud 5,8 <9.1 
600 0.2 < 17.6 540 Di 2307. 229 - 36.4 29.8 442 - 4,17 10.9 
110 5.2 8.2 640 Del < 18.1 27223 Pas 0 443 Ede, < 9.5 
210 9,0 92 740 2 165 eur DOES Kuh 22.6 20.2 
310 222 los‘ 550 46.6 36.8 235 1.5 2 8.6 445 - 4.2 -<9.7 
410 - 22.9 18.0 650 - 2545 27.8 226 <= 55. 58.6 446 SSH <9.1 
510 - 25.0 24.6 00% 47.5 50.0 am 6.1 cl 550 31.0 31.0 
610 44.9 36.8 008 40.2 38.4 2:28 2.5 < 9.5 byrbyen! 4463 12.3 
71.0 - 16.6 22.1 110 5.2 7.0 229 So 3 5.5.2 12.7 4447 
220 15.7 15.1 et! 30.2 35.0 2210 -15.0 12.6 3005) 2.6 < 9.5 
>20 11.5 415.41 3.442 57.8 56.0 37540 6.6 703 SuDEy 18.6 24.8 
420 1.9 <1A.4 RT} 21.6 24.4 3.35 = 7:5 52505 - 3.6 <8,.0 
520 4.7 <16.5 SERBIEN 18.5 19.4 332 =25158 23.1 660 4.7 5.2 
620 - 15.1 < 18,0 15 Se 3,353 - 19,0 22.8 661 3.6 <7.9 
720 - 32,2 31.1 116 12.1 13.8 3378 - 37.2 37.6 662 545 < 7.3 
595.0) 8.5 <13.8 27. 127. 12,1 3315 - 12.4 12.5 665 7.8 8.1 
430 11.0 <15.6 ImnSs - 3.4 = EB 3536 - 12.2 10.6 664 Sl <idd. 
530 - 4b 173 119 4,0 < 8.6 337 - 15.8 15.4 

650 20.7 23.7 NEE) 0 < 7.2 5578 - 7.8 10.1 
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projection, an iterative procedure was used in which the atomie 
coordinates of one atom were determined after the eleetron density 
due to the other atom had been removed. This procedure was satis- 
factory except for determining very small separations. The parameter 
y— x for O, could not be determined with reasonable accuracy from 
either projection because of overlapping. This parameter was therefore 


ni 


Fig.1 Fig. 2 


Fig.1. Fourier projection of keatite on (001). Crosses mark atom centers 
corresponding to final parameters 


Fig.2. Fourier projection of keatite on (110). Crosses mark atom centers 
corresponding to final parameters 


assigned a value (.006) such that the Si,—O, and Si,—O, bond dis- 
tances were equal. All other coordinates were determined from the 
experimental data. 

For the final structure, and including only observed reflections, the 
discrepancy factors R are 12.9 and 9.8°/, for the hk0 and hhl structure 
factors, respectively. Observed and calculated structure factors are 
listed in Table 2. The isotropice temperature coefficients B for the hkO 
and hhl structure factors are 1.47 and 3.22, respectively. 
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A projection of the keatite structure on (001) is shown in Fig.3. 
The four-fold spirals are centered about the lines x = 0, y — 1/2, and 


x—=1/2, y= 0. The addition- 
al silicon atoms which link 
these spirals together lie on 
diagonal two-fold axes and 
are close to the centers and 
corners ofthe projected unit 
cell. Each of these atoms is 
bonded to four oxygen atoms 
in four different spirals. 

The distances in the Si, 
and Si, tetrahedra are listed 
in Table 3. Although the 
variations from regularity 
are small, they aresomewhat 
greater than those found by 
ZoLtar and BUERGER? in 
an accurate determination 
of the structure of coesite, 


Table 3. Interatomic distances in the tetrahedra of keatite 


b 


Fig.3. Projection of the keatite structure on 
(001). Small eireles are silicon atoms; large 


cireles are oxygen atoms 


Si, tetrahedron | (04 (© os 
Si, 1.58 1259 1.61 1.61 
0, 2.63 2.61 2.64 
Ä 2,62 2.63 

O2 | 2.51 

ee — 

Si, tetrahedron [07% os [04 
Sis 1.61 1.61 1857 1.37 

0, 2.65 2.54 2.67 

(0% 2.67 2.54 

O; 2,51 


another new form of silica. It is likely that these variations are due at 
least partly to experimental errors. The bond angles about the oxygen 


atoms are: 


x 8i,-0,—8ij = 155°49' 
+ $i—0,-8i} = 149°22’ 
SL Si, —0;— Si, —— 15517 


3 T, Zovrar and M. J. BUERGER, The crystal structure of coesite, the dense, 


high-pressure form of silica. Z. Kristallogr. 111 


(1959) 129—141. 
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Auszug 


Zur Deutung der Patterson-Funktionen von Kristallstrukturen mit Molekül- 
gitter sollte die Gestalt der Moleküle oder ihrer Teile, wenn sie bekannt ist, 
immer herangezogen werden. Unter den Patterson-Maxima komplizierter Struk- 
turen, besonders in der Nähe des Zentralmaximums, gibt es immer welche, denen 
sowohl innermolekulare als auch intermolekulare Abstände entsprechen. Solche 
Maxima sind zuerst zu analysieren. Vor kurzem fanden die Verf., daß es für die 
Auswertung wichtig ist, auf die Schärfe der Maxima zu achten: diffuse Maxima 
weisen auf unvollkommene Koinzidenz der Abstandsvektoren hin. 


Abstraet 


In order to interpret the Patterson functions of complex erystal structures, 
full use should be made of the shape of the molecule, or of portions of it (if 
known). Usually there are multiple peaks both due to vectors within the mole- 
cule and also due to vectors between atoms of different molecules, and these 
should be the first peaks to be looked for. We have recently found that such 
peaks are sometimes sharp and sometime diffuse (due to imperfecet coinceidence 
of vectors) and it is of great value in the interpretation to realise this. 


The Patterson synthesis in crystal structure determination is the 
three-dimensional quantity 2% F?(hkl) cos 2n (hx + ky + lz). It can 


hkı 
always be derived from the observed intensities of x-ray reflection 


from single erystals, and modern developments of computing techniques 
provide enormously improved methods of doing this. In the case of 
structures with small unit cells, or a marked layer arrangement of 
atoms, or some other simplifying feature, it is unnecessary to carry 
through the three-dimensional derivation, and two-dimensional 
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“projeetions” are sufficient. For the more complex structures which 
are now of most interest, however, the three-dimensional summation 
is usually desirable, and can be recommended as a routine. It wasshown 
by PATTERSoN (1935) that the summation corresponds to the sum of 
all the interatomic vectors in the structure. These are exceedingly 
numerous in a complex structure with a large unit cell and it has often 
been regarded as impossible to disentangle them. It is of interest and 
importance, however, to push the process of analysis to its limits. The 
methods to be described will assist in this. They were devised and used 


O5 


Fig.1. The atoms in one half of a tartrate molecule (right) and their vectors 
(crosses) shown superposed in the Patterson summation (left) 


in work in this laboratory on the following structures: strychnine 
hydrogen bromide, tartaric acid, glucose, sodium thiosulphate penta- 
hydrate, rhamnose monohydrate, diealeium phosphate, monocaleium 
phosphate monohydrate, 2—13 benzfluoranthene, sodium pyro- 
phosphate decahydrate, and acenaphthene. In all these structures 
complete determinations were made using the procedures to be 
described. 


1. Consideration of the veetors within the molecule 


If the crystal contains a known group of atoms, the sum of the 
vectors between all the atoms of the group can be deduced as a three- 
dimensional figure. Suitable groupings are a benzene ring, a sugar 
ring, a pyrophosphate group, or even half of a tartrate molecule. This 
latter small group is shown in Fig.1 as an example: it consists of the 
carbon atoms (), and C, and oxygen atoms O,, O, and O,. From previous 
knowledge of the structure of Rochelle salt all these atoms were 


416 C. A. Bervers and H. W. EHRLICH 


thought to lie in one plane. They would therefore give rise to vectors 
of length 1.4—1.5 Ä parallel to 0,0, (and O,C;), C3Cz, C30, and (,0,. 
Longer vectors would consist of 0,0;, C30,, 0,0,00,0570,6:. 0,0: 
This system of vectors is shown by the crosses in the left-hand portion 
of Fig. 1, and the orientation of the group has been chosen to give the 
best possible fit to the Patterson function, which is shown as contour 
lines. The (C,0, and 0,0, vectors, being coincident, give the strongest 
1.5 Ä vector, and this is made to fit on the strongest Patterson peak at 
this distance from the origin. The whole group is then rotated about 
this vector until the other vectors show a fit in the three-dimensional 


(b) 


Fig.2. (a) A puckered six-membered ring molecule as in many sugars. (b) The 
arrangement of coincident vectors from such a ring 


Patterson summation. This happens to occur in the plane perpen- 
dicular to the y axis, and the position is quite unequivocal. Thus we 
have a reliable derivation of the orientation of the half-group within 
the cell-a piece of extremely valuable information for the building 
up of the remainder of the structure. The use of vectors of 1.5 Ä or 
less is especially valuable because there can be no such short vectors 
between atoms of different molecules, and thus the vectors within the 
molecule must be able to account for the Patterson peaks near the 
origin. In the case of a structure as simple as that of tartaric acid 
every vector (even the light C—C one) shows up, and therefore the 
derivation of the rest of the structure is very straight-forward from 
the Patterson summation. In the case of the more complex structures 
the individual vectors between carbons and oxygens are lost in the 
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general welter of peaks. There are, however, many cases where there 
are several coincident vectors within the molecule, and then we find 
that the “short vector’’ method works for much more complex struc- 
tures. For example in the sugars a common molecular structure is a 
puckered six-membered ring with addenda, as represented in Fig.2a 


Fig.3. The c-axis Patterson projeetion in the erystal of glucose 


(in a given sugar only some of these addenda will be present). Now 
this arrangement possesses a number of coineident interatomiec vectors 
of length 2.5 Ä, e.g. atoms 7—2, 1—3, 2—9, 12—5, 6—4, 5—-10, all give 
coineident vectors of this length. Similarly there are six vectors 
coineident with 12-1, and with 11-6, ete. six sets in all. There are 
also six sets of four coincident vectors of length about 1.5 Ä, for 
example between atoms 7—1, 2—3, 6—5, and 4—10. These vectors are 
all represented in Fig.2b, and in practice it is well worth while to make 
an accurate three-dimensional model of the vector system. It is then 
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usually very simple to get from the Patterson summation near the 
origin a good approximation to the orientation of the sugar ring in the 
unit cell. In the case of glucose, for example, (Fig.3) with space group 

2,221, the c axis Patterson projeetion shows a prominent ring of 
peaks, twelve in number, at 2.5 Ä from the origin. These are clearly 
the six peaks predicted above, plus six others derived from the sym- 
metrically related molecule. The 1.5 Ä peaks are not fully displayed in 
the projection, doubtless because of series-termination effects around 


Fig.4. The section of the three-dimensional Patterson summation by the (502) 
plane in sucrose 


the heavy origin peak. In the case of erystals of sucrose also there is a 
pronounced ring of twelve peaks in the three-dimensional Patterson 
summation (Fig.4), but in this case the plane of the ring is not simply 
related to the axes, but is practically coincident with the (502) plane. 
In Fig.4 the origin peak is omitted. The 1.5 Ä vectors also show 
clearly in this case and permit the deduction of fairly accurate angles 
of orientation for the six-membered sugar ring. 

Consideration of the vectors within the molecule is of value, of 
course, only in deciding the orientation of the molecule. They are 
quite independent of the position of the molecule in the cell. In 
estimating the degree of “fit” of the vectors on to the Patterson map, 
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the value of models cannot be over-emphasised. It is most helpful to 
have a model both of the molecule itself, and of the interatomie 
vectors. Suitable models can be made from 3/4’ diameter plastic 
spheres, drilled in a suitable jig, and joined, in the case of the molecular 
models, by 3/32’ steel rod. In the case of the vector models one 3/4’ 
ball will serve for the centre, but the rods representing the vectors will 
usually be so numerous that very thin rods will be necessary, say 
1/32'’. A scale of 1”” = 1 Ä is very convenient. Projection of the vector 
models on to Patterson projections can be done by a light shadow 
technique. 


2. The use of Patterson-Harker peaks 

It was first pointed out by HARKER (1936) that the Patterson 
function may be used to derive atomic coordinates by utilizing the 
properties of axes or planes of symmetry. The most familiar symmetry 
element available for this purpose is the two-fold screw axis 2,, which 
oceurs in the common space groups P2, and P2,2,2,. Suppose that in 
the former space group we have atoms A and B occupying the sites: 

Aaya), Amıstya) Bean, B(a3+Y%2%). 
The interatomic vectors from these atoms are as follows: 

AA’ (2x, 3 24), AB (u —-% Yı-Y 1 — 2%), 

AB (+ 3 + <-% At 2%) 


2), AB +3 - Yt%A+t 2) 
AB (1 — 2% Y-t Y%Aı— 2%). 


BB’ (2x, 


[Sn 


There are also the six peaks with the same but negative coordinates. 
Now the AA’ and BB’ peaks are necessarily at a level y = #, so that 
an evaluation of the three-dimensional Patterson summation at 

— 4 might be expected to show peaks corresponding to (2x, 22,) 
(2x, 22,), in other words to give a diagram of the crystal projection on 
double scale. If this method were satisfactory in practice it would, of 
course, provide a most valuable procedure for structure determination. 
In simple structures it is undoubtedly successful. In complex struc- 
tures it is also most useful, but provided some further consideration is 
given. One difficulty is that there will be overlapping of the double 
scale pictures from adjacent unit cells, since the repeat distances of 
the cell are naturally not doubled. There is a further frequent com- 
plication, however, since as will be seen from the vectors given above 


27* 
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if y, and %, differ by 3, then the AB and A’B’ peaks will coincide at 
(2, 3 Yı—Y.). This peak will be twice the weight of the AA’ and 
BB’ peaks if A and B are of equal weight. Furthermore if by chance 
the atoms A and B have the same value of y, i.e. Yı = Y» there will be 
peaks of the type (+ % At 2,) exactly at a y level of 3. These 
peaks will also be double weight compared with the AA’ and BB’ 
peaks which are being looked for. Such peaks oceuring at y= 3 by 
the chance existance of y differences of 0 or $ in the atomic coordinates 
can readily obscure the single weight peaks. In any complex structure 
there are certain to be some 
such coincidences, and in a 
carbon chain structure where 
neighbouring atoms are 1.5 A 
from each other the chances 
of the y coordinates being 
almost the same are very 
great. In the case of tartaric 
acid, as we have seen, one 
half of the molecule lies in a 
plane perpendicular to the y 
axis and this causes no fewer 
than five atoms to have the 
same y values. There are thus 
as many as 5 times 4 double- 
weight peaks occurring at the 


_ 


Fig.5. The section of the three-dimensio- 
nal Patterson summation of tartarie acid 
at y = 4, showing the fit of the vectors of 
type (2x 2z) and of the double-weight vec- y= % level. It should be noted 

tors oftype (&ı + %& 2ı + %) that these chance peaks lie 


mid-way between the (2x 22) 
peaks of the atoms responsible. Thus if the orientation in space of a 
group of atoms is known it is a simple matter to prepare a double-scale 
plot of them, and to insert the double weight peaks mid-way between 
all atoms at the same level. This composite plot is then moved over 
the section of the Patterson function at y = 4} and a search made for 
the best fit. In Fig.5 the peaks of the type (2x 22) are shown as single 
crosses joined by dotted lines to give the outline of the double-scale 
molecule. Between each pair of atoms is a double cross to indicate the 
double weight peaks of the type (%+%s 2&+2,). The crosses are 
drawn larger for the heavier peaks. Also in Fig. 5 is shown the Patterson 
section at y = 4, and the group of peaks has been placed in the po- 
sition which gives the best all round fit. In examing this fit it is 
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important to remember that all peaks have to be multiplied up by 
the centres of symmetry. It will be seen that the agreement is quite 
good and completely convincing when all peaks are taken into account, 
but if the double weight peaks are neglected and only the Patterson- 
Harker peaks considered then the fit is extremely poor. 


3. Use of eentrosymmetrical or approximately centrosymmetrical groups 

When the orientation of a molecule is known (by the methods of 
Section 1 for example), the Patterson synthesis can be of great help 
in determining the positions of the molecules in the cell. In the space 
group Pl, of course, there is only one molecule per cell, and its position 
is of no consequence, since movement of the molecule in the cell is 
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Fig.6. An arrangement of two pentagons related to one another by a centre of 
symmetry, and (below) the vectors from atoms at the corners of one pentagon 
to atoms at the corners of the other 


merely an arbitrary change of origin. Should there be two molecules in 
the cell, either unrelated molecules in a space group such as Pl, or 
molecules in a space group with some symmetry element which are 
related by this symmetry element (for example a centre of symmetry), 
then a set of intermolecular vectors can be deduced. This set will 
depend upon (a) the centre to centre distance between the molecules, 
and (b) the orientation and shape of the molecule. If (b) is known 
then (a) can be deduced by a procedure which is merely an extension 
of the methods outlined in the previous Section. Take, for instance, a 
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structure containing a plane pentagonal arrangement of atoms (Fig.6a) 
in a space group containing a centre of symmetry. The vectors from 
one pentagonal set to the other related by the centre of symmetry are 
shown in Fig.6b. This eluster of peaks is grouped around the point A 
which is at a distance from the origin equal to twice the vector from 
one of the molecule-centres to the centre of symmetry. Thus by 
preparing either a projection or a three dimensional model of the 
vectors of Fig.6b and moving these about over or through the Patterson 
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Fig.7. The Patterson projection of pyrazole. The diffuse peak is indicated by 
the two arrows 


summation until a fit is obtained, we can determine the position of the 
molecule with respect to the centre of symmetry. An important result 
that we have recently realised is that for a pentagonal arrangement of 
atoms at 1.5 Ä apart, the vectors forming the small pentagon around 
the point A will usually be unresolved, and one diffuse peak will 
result. An example of this is shown in Fig. 7, which shows the Patterson 
projection of pyrazole. On the other hand, should the original ring of 
atoms have a centre of symmetry (a benzene ring for example) then 
the small group of vectors around A will coincide with each other and 
a sharp peak will result. This also obtains to a good approximation 
in the 6-membered pyranose rings of many sugars, although here one 
member of the ring is an oxygen atom. This use of the Patterson 
summation as representing centro-symmetry was first pointed out by 
Patterson himself (1949). 
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We have also found that diffuse peaks also occur as a result of 
vectors arising from one centrosymmetrical group to another one 
which has a slightly different orientation (i.e. these groups are not 
connected by a symmetry operation). A recognition of these can be of 
great help in the interpretation of the Patterson synthesis. In the case 
of 2:13 benzfluoranthene (Fig.8a) for example this principle can be 
readily used. Vectors between the rings A—B, B—C, C—D will give 
rise to sharp peaks, since these pairs of rings are almost parallel to 
one another. Those from the rings A—C, B—D, and A—D will be 
diffuse, the A—D peak being most diffuse of all since the rings A and D 
are the least parallel to one another. The Patterson projection is shown 
in Fig.8b and the relative sharp- 
ness and diffuseness of the diffe- 
rent peaks is clearly shown. It 
is clear that the relative orien- 
tation of the molecule can be 
determined immediately by 
studying in this way the peaks 
near the origin, bearing in mind 


Fig.8. (a) The molecule of 2: 13 benzfluoranthene; (b) The Patterson projecetion 
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the sharpness and diffuseness of the peaks. Once the orientation of the 
molecule itself is found by these methods, the intermolecular vectors 
can be plotted and a fit sought to give the position in the unit cell. 
The relative diffuseness in this case also is of great value in the correct 
identification of the various peaks. 


4. The veetor-eoineidence method 


The last method to be mentioned has been previously described by 
J. H. ROoBERTSoN and C. A. BEEvERS (1950). Suppose we have found 
a set of oceupied sites which might be the absolute positions of a set of 
symmetrically related atoms (e.g. heavy atoms), or the relative 
positions of a group of atoms determined by the method of Section 1. 
If another position in the cell (either an absolute or a relative one in 
the respective cases) is occupied by an atom, there will be a vector 
from each of the known sites to this position. Thus a plot of the 
Patterson summation placed with its origin at each of the known 
sites should give a very high value. Such a totalling provides a ready 
means of summarising the regions of crystal space which will give 
good average peaks with all the known positions of atoms. The sum, 
which is best done in three dimensions, may be called the vector- 
coincidence function. It has a great advantage over the single Patterson 
function in that it possesses a lower symmetry, namely that of the 
original group of sites. The vector-coineidence function is closely 
related to the Fourier function calculated with the phase of the 
known atoms. 

Three examples will illustrate the value of the method and show 
further detail. In the study of strychnine hydrogen bromide the 
heavy bromine atoms were first located from the Br—Br peaks on the 
Patterson projections. Then the three-dimensional Patterson function 
was calculated, and the vector-coincidence function derived by adding 
together four Patterson functions with origins placed on the four 
bromine positions in the space group P2,2,2,. The resulting three- 
dimensional function was of great value in placing the remaining 
27 lighter atoms. 

The second example of rubidium benzyl penicillin has been de- 
scribed by J.H. ROBERTSoN (1951). In this the rubidium positions 
were used as origins and the resulting three-dimensional map agreed 


very well with the atomie positions deduced by the original in- 
vestigators. 
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A third example provided by work of Miss P. TayLor (1952) is 
that of sodium thiosulphate pentahydrate, or hypo. In this case the 
space group is P2,/c, and the cell contains four units of Na,S,0, : 5H,0. 
The eight sulphur atoms were first found from Patterson projections. 
Then the three-dimensional Patterson function was computed and 
showed fairly discrete peaks. Fig.9 shows one section of the vector- 
coincidence function obtained by copying out the Patterson function 
eight times with its origin on each of the sulphur positions. Each 


(0) 


1 
en, 2 
+ fs er ni I: 
+ “7 55 
# + udn 
+ # + + 
* + 
+ et: + 
+ = +# 
+ + + 
+ 
ir ++ ni + 
x “= + + 
# 
+ wir = 
A, *# 
+ + #* 
*» * c_ 
+ 
R ri + + er 
+ wir # + ++ 
+ + 
Br ea 
S 0 + +# # + + 
4+#+ # 
x 
k S*Na, ar ” 
++ + +'*+ 
ar #4 ” ++ 
A * S<H,0 
+ + ++ = 
+ 
7 
0 1 2A 
ee a re Er 


Fig.9. A section of the three-dimensional vector coincidence function obtained 
by the use of the sulphur coordinates in Na,S,0, : 5H,0 


Patterson peak is represented by a cross. In the vector-coincidence 
function there were found to be ten regions in the unique portion of 
the cell where eight crosses were almost superposed. "These regions 
gave the positions of the two sodium atoms, the three oxygen atoms, 
and the five water molecules. The whole work provides a particularly 
elegant and general procedure for the determination of a structure of 
this complexity. 

These methods have also been used in the work on the caleium 
phosphates done in this laboratory. 
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Auszug 


Neutroneninterferenzen an ZrZn, wurden oberhalb und unterhalb des 
Curie-Punktes von 35°K gemessen. Die Ausgleichsrechnung auf Grund von 
Einkristall-Intensitäten ergab den Temperaturfaktor By; = 0,475 Ä? bei 298°K 
und 0,325 Ä? bei 5°K. Der Temperaturfaktor des Zinkatoms ist nicht kugel- 
symmetrisch: er beträgt parallel [111] 0,695 Ä? bei 298°K und 0,562 Ä2bei5°K, 
senkrecht [111] 0,540 Ä? bei 298°K und 0,243 Ä? bei 5°K. Die Streuamplitude 
ist für Zn (0,609 + 0,010) - 10-12cm und für Zr (0,719 + 0,019) - 10”'? cm. 
Beim Überschreiten des Curie-Punktes ändern sich die Strukturamplituden nur 
unbedeutend. Einige mögliche magnetische Modelle werden diskutiert. 


Abstraet 


The neutron diffraction pattern of ZrZn, has been measured above and below 
the Curie temperature of 35°K. A least-squares analysis of the single-erystal 
intensities resulted in the temperature factor By, = 0.475 at 298°K and 
0.325 Ä? at 5°K. The temperature factor of the zine atom is not spherically 
symmetric: along the [111] it is 0.695 at 298°K and 0.562 Ä2 at 5°K, while 
normal to [111] it is 0.540 at 298°K and 0.243 Ä? at 5°K. The neutron-scattering 
length of Zn was determined as 0.609 + 0.010 x10-12cm and that of Zr as 
0.719 + 0.019 x 10-1? cm. The changes observed in the structure-factor ampli- 
tudes on crossing the Curie point are small and of low significance. A discussion 
is given of some possible magnetic models. 


Introduetion 
In the course of an investigation of a series of compounds with 
compositions AB,, MArtHIAs and BOZoRTH! discovered that the Laves 
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ı B.T. Marturas and R. M. BozorTH, Ferromagnetism of a zirconium-zinc 
compound. Physic. Rev. 109 (1958) 604-605. Later measurement on a better 
preparation gave a moment of 0.17 Bohr magnetons. 
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phase? compound ZrZn, becomes ferromagnetie below 35 °K and has 
a saturation moment at 0°K of 0.13 Bohr magnetons per formula 
weight. Above the Curie point, the Curie constant per mole was found 
to be about 0.22. 

The presence of any magnetic moment in ZrZn, is unexpected, 
since neither constituent atom is strongly paramagnetie. It is of 
considerable interest to determine the origin of this ferromagnetism, 
and hence a study of ZrZn, was undertaken by the method of neutron 
diffraetion. This technique can, in general, determine the atomic site 
and orientation of ordered magnetic moments in the crystalline state. 
The angular superposition of nuclear and magnetic scattering am- 
plitudes greatly increases the difficulty of this method in the case of 
ferromagnetics of small moment. 


Crystal data 

Zirconum dizine, ZrZn,, .E.W. = 221.98; _m.p. = 1180°0% 
D,=17.29g em. Cubie, with a = 7.3958 + 0.0003 Ä®. Eight for- 
mula weights per unit cell. (Rkl) present only when h+k k-+1, 
I+h= 2n, (Okl) only when k, 1 = 2n and k + 1 = 4n. Space group, 
Fd3m-—-0}. Structure type* 015 (MgCu,), with Zr in 8a at 0, 0,0; 4, 4, 4 
and Zn in 16d at 335; 322, 233; 3,53 (+ face-centering 
condition). Absorption coefficient for neutrons (A = 1.052 A) is 
0.025 cm. 


Speeimen preparation 

A powder sample was prepared by E. CoRENZwIT of these Labora- 
tories, following the method of Cmiorrı?. High-purity Zr chips, 
machined from erystal-bar zirconium with a tungsten carbide bur, were 
thorougshly mixed with 99.99°/, pure Zn chips, prepared in the same 
way, in the atomic ratio of 1:2. The mixture was pressed into pellet 
form, and heated in a well filled, sealed quartz tube to about 880 °C 
for 5 days. The resulting black pellets on cooling were broken up in an 
iron press and subsequently ground to about 200 mesh with an 
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automatic pestle and mortar. Any iron introduced in these processes 
was removed magnetically. 

A spectroscopie analysis by M. Sravın of Brookhaven National 
Laboratory indicated the only metallic impurities to be Ni, Be, Si and 
Hf, in approximately 0.001°/, amounts. 

Single crystals were grown by Dr. J. W. NırLsen and E. DEAR- 
BORN. Zr and Zn chips, from solid bars of these elements, were mixed 
in the ratio of 1:2 with a slight excess of Zn. They were placed in a 
tantalum bomb, which was then welded closed after being flushed out 
with argon. The temperature was raised to 1265°C and then cooled 
over a 2 day period to 1180°C, after which the temperature was 
lowered more rapidly. X-ray Laue photography showed the ingot thus 
produced contained a number of single crystals; one was cut out of the 
matrix and shaped into a prism with [110] as axis, by Dr. E. A. Woon. 


Neutron diffraetion powder investigation 

The powder pattern of ZrZn, was measured in Dr. R. NArHans’ 
neutron diffractometer at Brookhaven National Laboratory, using 
about 100 g material. The experimental arrangements are described 
later. Both room temperature and liquid helium temperature patterns 
of ZrZn, were recorded with the aluminum-encapsulated sample 
mounted in Dr. NATHANs’ eryostat. There sulting measured structure 
factors, at the two temperatures, are collected in Table 1. 


Table 1. ZrZn, measured and calculated “powder” structure factors 


111 er) < 1.48 1.21 
220 509 5.52 — 4.96 
11) 8.30 8.30 — 8.28 
222 9.07 9.04 9.44 
004 4.27 4.30 4.48 
al << 2.23 2.10 — 1.21 


There are six nuclear powder lines with 20 < 40°, beyond which 
angular range any magnetic line would probably be too weak to 
measure, due to the shape of the magnetic form factor. The cor- 
responding values of F,,. are also given in Table 1, based upon the 
neutron coherent-scattering amplitudes® of by, — 0.62 and b,, = 

50. G. Suurt and E.O. Worran, Applications of neutron diffraction to 


solid state problems. Solid State Physics, Ed. by F. Seitz and D. Turnbull, 
Academic Press Inc., N. Y. 2 (1956) 138—217. 
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0.59% 10-12 cm, and upon zero thermal amplitudes of vibration for 
these atoms. The two sets of measured data have been placed on the 
scale of the caleulated values. The standard deviation in the amplitudes 
of F „.., 18 about 5°/,. It can be seen that there are no significant changes 
in the amplitudes of the structure factors of these nuclear lines, nor 
do any additional lines appear below the Curie temperature. However, 
there are two weak lines at 29 = 21.4° and 25.2° which are also 
present at room temperature, and are regarded as an additional 
unidentified phase. The low signal/noise ratio in these powder patterns 
(maximum value, for 311, is 11.7/1), together with the inherent lack 
of resolution in neutron powder patterns, led to a single-erystal study. 


Single-erystal neutron-diffraetion investigation I 


Maximum zero-level diffraction information can be obtained, for a 
single erystal of the cubie system, by rotation about the [110] axis. The 
crystal, kindly prepared by Dr. Woop, was 5.1 mm in length, with the 
(002) face 3.1mm, and the (110) face 1.95 mm wide. Thirty two 
different reflections were measured at room temperature on SCAND 
(see experimental section), five others being t00 weak to record. These 
intensities, corrected by the Lorentz factor 1/sin 20, but neglecting the 
very small absorption factor and any extinetion corrections (no 
evidence for extinction was observed), and placed on a final absolute 
scale, are given in Table 2 under F,„eas- 


Table 2. ZrZn, measured and calculated “single-er ystal”’ structure factors at 298°K 


Erz Fneas Feale wie Fneas Feale win F leas Foale Bar Fneas Feale 


220 5.87 - 5.54 113 8.60 - 8,51 115 8.46 8,22 228 5.02 - 4.84 
440 15.34 14,02 333 8.00 8.25 335 8.22 - 7.84 4h 8 12.72 11.95 
660 5.22 - 4,96 553 8.05 - 7.57 555 7.02 7.43 668 4,62 - 41.32 
111 0.96 0.81 775 6,90 6.89 226 8.78 8,48 41.49 < 0.90 0.51 
331 0.95 - 0.75 004 3.88 3.75 666 7.54 7.13 32329 < 0.90 - 0.35 
551 0.79 0.66 224 6.04 5.32 117 1.05 - 0,57 DT) <1.1 0.51 
771 1.05 - 0,49 hl 5.42 3.32 557 <1.06 - 0.35 2 210 6.83 7.12 
222 8.91 9.26 664 4.98 4,54 777 <1.08 0,51 ea Ds 6.18 - 6.45 
662 7.49 7.78 884 2.19 2.32 008 1247 12.94 3.3211 5.82 6.35 

0012 2.350 2.51 


The only other line observed, apart from those of Table 2, is the 
“forbidden’’ 200. This was later shown to be a multiple reflection, for 
rotating the crystal in the (200) plane, while in the reflecting position, 
produced a very marked modulation in the 200 intensity as compared 
with the steady 400 intensity under similar conditions. 

After completion of the room-temperature measurements, these 
were repeated with the crystal maintained close to the temperature of 
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liquid helium, at about 5°K. The measured structure factors at 5°K 
are given in Table 3. 

No additional lines, as compared with the room-temperature 
measurements, appeared at 5°K. The absence of extra reflections 
below the Curie temperature eliminates several possible magnetie 


Table 3. ZrZn, measured and calculated “single-erystal’’ structure factors at 5°K 


hhl F F 
meas calc us Faeas F ale zz "neas “ale Fneas Feale 


220 5.90 - 5.59 333 8.72 8.52 555 8.23 8,10 448 12.84 13.09 
440 13.49 14.45 553 8.25 - 7.98 775 6.15 - 7.18 668 4,74 - 4,85 
660 5.78 - 5.35 775 6.68 7.78 226 9.40 8.92 119 1.34 0.75 
111 1.05 0.82 004 3.97 3.84 666 acht 8.06 3.39 <1.32 - 0,47 
331 1.06 - 0.79 224 5.92 5.39 117 1.25 - 0,67 559 <1.40 1.03 
551 0.88 0,87 yuh 3.72 3.63 337 0.98 0.91 22710 8.50 8.05 
771 1,26 - 0.79 664 5.39 4.65 DET < 1452 - 0.48 4144 8.16 - 7.16 
222 8.94 9.39 884 2.49 3.07 777 <1.44 1.11 3311 8.01 7.34 
662 7.78 8.48 2115 8.60 8.45 008 13.74 13.75 0012 3.30 3.05 
113 8.60 - 8.58 335 8.75 - 8.10 228 5.91 - 5,08 


models. For a purely ferromasnetic crystal, the magnetic reflections 
will coincide with the nuclear reflections, so that corresponding lines 
on either side of the Curie point must be examined for differences in 
intensity. In order to make such an examination, in the case of small 
differences, the thermal-vibration parameters of the zirconium and 
zinc atoms at 298°K and at 5°K must first be determined. 


Analysis of the single-erystal diffraction data 

There are no undetermined positional coordinates in the present 
structure: the only unknown parameters are the amplitudes of 
thermal vibration of the zirconium and zine atoms, and the scale 
factor. The site symmetry of positions Sa and 16d in space group 
Fd3m requires the thermal vibration of the zirconium atom to be 
spherically symmetric, with a single Debye-Waller temperature 
factor B,,. The zinc-atom vibrations are fully described by the two 
axes of a spheroid: the axis of rotation lying along the [111], B(111),,, 
and the other one, B (),,‚normal to this axis. These thermal para- 
meters are related to the usual b,,; coeffieients by B(111),, = 4a?(b;, 
+ 25,) and B(L)zn = 4a%(b,, — bis). Further, the published coherent 
neutron scattering amplitudes by, and b,, may be regarded as ap- 
proximate only, so that together with the scale factor k of the 
measured structure factors, there are in all six unknowns to be de- 
termined. 

The method of least squares was used to obtain the best fit between 
observed and caleulated structure factors, since 37 structure factors 
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measured at room temperature and 39 at 5°K are available, with 
only six variables. The weights applied to each F'„.., are similar to 
those of WoRsHAM, Levy and PETERSON® with their 2B term omitted, 
giving yw = (4E|F?)'*. Unobserved terms are entered at one-half 
maximum value with weights of unity. The resulting total range in 
yw was from 2 to 1. The two-dimensional least squares program used 
was written by Dr. W.C. Hanıtron for the IBM 704 computer. In 
addition to the positional parameters and the scale factor, this program 
can also refine the anisotropie temperature factors for each atom, of 
the form exp [—(buh? + ba5k? + bj2hk)]. Also, all the coefficients in the 
normal equation set are used in the solution. In the program modifi- 
cation written by Dr. Hamıtrox for the present study, the equations 
of condition were based on the following structure factor expression: 
es 
F(hhl) — 8bz, cos  (2h + 1) exp - By: | 
A+1 1 

En | cos > >) exp - on { (2b — he Bltil)z, 

+2 (+ Ban} 
+ cos 2 5) exp - 5 (Ch + D* Bllli)z 

+2 (hD? B(Lm}] 

3h-1 1 
+ 2 cos 2 (>) exp - BUN 
+ (6° + 22) Ba }]}- 


The actual caleulations were performed on the IBM 704 computer by 
Miss D. C. Leacvs. It may be noted that indeterminacy results if all 
six parameters are simultaneously varied. 
In the course of refinement, the same procedure was followed with 
both the 298°K and 5°K data. The values of By, B(111),, and 
B()z, were initially arbitrarily placed equal to 0.1 Ä2, and the liter- 
ature values? of the coherent scattering amplitudes for Zr and Zn 
of 0.62 and 0.59x 10-12 cm respectively were assumed correct. The 
structure factors thus calculated allowed an initial determination of 
the scale factor. In the first four least-squares cycles, the scale factor k 
(where KkFpeas = Fear); Bar B(lll)zn and B(L)zu were permitted to 
vary. This was followed by a set of four iterations in which k was kept 


6 J.E. WorsHAam, H.A.Levy and S$S.W.Prrerson, The positions of 


hydrogen atoms in urea by neutron diffraction. Acta COrystallogr. 10 (1957) 
319—323. 
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constant and the remaining five parameters were varied. The final 
values thus obtained were then used again in a new set of four iter- 
ations similar to the first set, followed by another two cycles similar 
to the second set. In each case, an iteration set was always continued 
until the magnitude of any parameter change was less than the stand- 
ard deviation in that parameter. 

The room temperature data had an initial weighted R factor 
(Ru = Zyw AF|Z YwF „eas) Of 0.151 and a final R,, of 0.063: the 
eorresponding unweighted R values are 0.167 and 0.055. The data 
measured at the temperature of liquid helium started with R,, = 0.136 
and fell to 0.078: the unweighted R correspondingly fell from 0.113 
to 0.074. 


The final parameters obtained from this least squares analysis are 
given in Table 4. 


Table 4. Final ZrZn, temperature factors and scattering lengths 


At 298°K At 5°K 

Byr | 0.475 + 0.092 Ä2 0.325 + 0.109 Ä2 

B (All)zn 0.695 + 0.146 0.562 + 0.155 

B(1)zu 0.540 + 0.079 0.243 + 0.089 

byr 0.717 + 0.019 x 10-12 cm 0.721 + 0.024 x 10-12 cm 
byn 0.606 + 0.012 0.613 + 0.015 


Atomie displacements 
The r.m.s. atomic displacements of the zirconium and zine atoms 
are readily derived from the thermal vibration parameters in Table 4, 
using the well-known relation, 4° = B/8n?. The results thus obtained 
are given in Table 5. 


Table 5. R.m.s. amplitudes, (a2), of thermal and zero-point energy displacement 


At 298°K At 5°K 
Zr (total) 0.078 + 0.034 Ä 0.064 + 0.037 Ä 
Zn (along [111]) 0.094 + 0.043 0.085 + 0.044 
Zoo. (4 to [111]) 0.083 + 0.032 0.056 + 0.033 
Zn (total) 0.150 + 0.043 0.115 + 0.044 


Table 4 shows the expected decrease in temperature factor with 
decrease in absolute temperature to be significantly observable, espe- 
cially in the case of B(),.. Table 5 indicates rather small values for 
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the amplitudes of thermal vibration, even at room temperature. The 
decrease in these amplitudes on cooling to 5°K is small. It may be 
assumed that the amplitudes of vibration at 5°K are caused pre- 
dominantly by the zero-point energy. In this case, it is possible to 
evaluate the true amplitudes of thermal vibration at 298°K as 
0.044 + 0.037 Ä for Zr and 0.095 + 0.044 Ä total for Zn. 


Neutron seattering length 
The values obtained from the above analysis for the neutron 
scattering length of zine (Table 4), of 0.606 + 0.012 and 0.613 + 0.015 
x 10-1? cm give an average lensth of 0.609 + 0.010x 10"? cm. The 
length given by Sturz and Woran in their 1956 compilation? is 
0.59, (no uncertainty listed). The present value agrees well with that 
obtained from HucHzs and ScHhwarrz’s’ value of on = 4.3 & 0.3 
barns, namely by, = 0.585 + 0.020x 10-12 cm. The close agreement 
indicates that any systematie error present in the scale factor, which 
necessarily would be included in the derived scattering lengths, must 
be small. The least-squares analysis gives a standard deviation in the 

scale factor of 1.80), at 298°K and 2.1°/, at 5°K. 
The neutron scattering length of zirconium given in Table 4, of 
0.717x10-12cm at 298°K and 0.721x10-12cm at 5°K, average 
0.719 + 0.019 %x 10-12 cm, is very significantly greater than SuurzL and 


A+1\2 
FAR 01263 SIE 0.3 


barns given by HucHes and SCHWARTZ, corrected for the value of 
incoh Of 0.15 + 0.07 barns determined by PALEvsKY?, results in a 
scattering length for zirconium of 0.692 + 0.017, in very good agree- 
ment with our present diffraction result. The standard deviations for 
these two quite differently derived scattering lengths are very nearly 
the same, and the scattering lengths themselves differ by only 1.5 
standard deviations, which is not significant. The average length 
therefore is superior to either. The neutron scattering length of 
zirconium should hence be revised upward to 0.705 + 0.012x 10=12cm. 


WoırAn’s figure of 0.62. The cross section on 


[07 


Discussion 


The principal object of the present study was an attempt to de- 
termine the origin of the ferromagnetism ascribed to zirconium 


” DonaLD J. HUGHES and ROBERT B. SCHWARTZ, Neutron cross sections, 
Brookhaven National Laboratory Report BNL 325, Second Edition (Superinten- 
dent of Documents, U.S. Government Printing Office, Washington 25, D.C.), 1958. 

° H. Parevsky, Private communication (1959). 
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dizinc. We may consider three princeipal models, all accessible at least 
in principle to investigation by neutron diffraction. First, there is the 
ferromagnetic case in which there are parallel elementary moments on 
the Sa sites (Zr) alone. In this case, the magnetic scattering could 
oceur only from planes for which 2 +1 = 2n + 1 or 4n. Secondly, 
there could be parallel moments on the 16d sites (Zn) alone, which 
again gives a ferromagnetic array. Here, the condition limiting 
reflection is A,l= 2n + 1 or 4n + 2 or 4n. Thirdly, there could be 
moments both at the Sa and the 16d sites. These two magnetization 
vectors could make any angle one with the other. The limiting con- 
dition for magnetic reflection now would be identical with the con- 
dition for nuclear refleetion from this erystal. In each of these cases, 
the magnetie scattering is additive with the nuclear scattering, 
resulting in a combined structure factor 


De 2 272 
F = FE nuclear .. q F magnetic ? 


where q9? = sin?« and « is the angle between the scattering and mag- 
netization vectors. There are other combinations of magnetie spin 
ensembles possible. Thus one of the two magnetic sublattices in the 
third model above could be antiferromagnetic, which would then give 
rise to refleetions forbidden by the nuclear limiting conditions. 
Models of this type may be rejected, since no forbidden lines were 
observed. 

A detailed examination of the changes in the amplitudes of the 
F,,.., above and below the Curie point, as listed in Tables 2 and 3, 
should allow a eritical appraisal of the three models here considered. 
We may assume the shape of the applicable magnetic form factor, 
which in the present study is unknown, to be similar to previously 
determined magnetic form factors®. Hence, reflections of small 
(sin 0)/A would be predicted to have the largest absolute magnetic 
contributions. In comparing the amplitudes of F(hhl) above and 
below the Curie point, we may assume the same percentage change in 
F,„.., eaused by the change in the thermal vibrations as we find in the 
corresponding F,,, at the two temperatures. Correcting the oe rn 
Table 2 in this way, the derived values are given in Table 6 together 
with the original F,,.., at 5°K from Table 3, for six reflections with 
(sin 0)/2 < 0.3, at which limit the form factor, f, is about one-quarter 
its maximum value. 


»&%. E. Bacon, Neutron diffraetion. Oxford University Press (1955). 


28* 


436 S. C. ABRAHAMS 


The only refleetion in Table 6 which increases appreciably is 111. 
The standard deviation in this F,, at 298°K is about 0.06, and at 
5°K it is about 0.05, so the difference of 0.08 is hardly significant. 
Nevertheless, we may compute the spin magnetic moment that would 


Table 6. Comparison of six low-angle F gas at 298° K 


(Corrected to 5°K thermal vwibrations) and at 5°K 


hhl P(298°K, corr) F(5°K) 
ill 0.97 1205 
220 5.92 | 5.90 
(11133 3.65 8.60 
222 9.04 8.94 
004 3.99 3.97 
331 1.03 1.06 


produce such a difference. It may be recalled here that the measured 
saturation moment is 0.17 Bohr magnetons!. We assume quenched 
orbital momentum, so that u = 28 Bohr magnetons, where u is the 
magnetic moment and 8 is the spin quantum number. We further take 


D= 053128 1X 10 em 


where p» is the magnetic scattering amplitude and f is the form factor. 
For the first model considered, the difference in F(111) above and 
below the Curie point gives u = 0.35 + 0.18 P: for the second model, 
u = 0.25 + 0.13 ß (where ß is the Bohr magneton). It may be observed 
that F(220), F(113), F(222) and F(004) do not increase in magnitude. 
If however, we assume u = 0.35ß with the spins all on the Sa sites, 
the expected change in F(220) would then be 0.04, which is within the 
limits of error in the F ,., at each temperature. Similar small changes 
in F(hhl) would be produced in the remaining refleetions by this 
moment at the Sa sites. In the case of 331, the small increase recorded 
in F'„.as at the low temperature is about that predicted by this moment. 

In summary, the neutron intensities diffracted by a single erystal of 
ZrZm, at 298°K and at 5°K are consistent with the formation of a 
magnetic moment of about 0.2— 0.38 at the lower temperature, 
which could be located either on the 8a (Zr) or on the 16d (Zn) sites. A 
ferrimagnetic array is also feasible, provided the vector sum or 
difference of the moments on the two sublattices, at Sa and at 16d, is 
less than about 0.2—0.3ß. It must be emphasized that the present 
data do not conclusively establish the existence of such a moment, in 
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view of the standard errors involved. Definitive proof can probably be 
obtained only by an examination of the changes in the intensities, 
below the Curie point, as a function of applied magnetic fields. 


Experimental methods 

The neutron powder diffractometer with which the data in Table 1 
was measured is a modified version of the standard Brookhaven 
National Laboratory “spectrometer”. In this unit, the powder sample 
is stationary; the neutron intensity of the incident monochromatized 
beam, from the pile, is continuously monitored, and the powder 
intensities are measured at each 0.1° interval of 29, during a prede- 
termined monitor count. The aluminum sample holder is secured to 
the bottom of the liquid helium vessel, and surrounded by one 
aluminum shield at liquid nitrogen temperature and two floating 
aluminum radiation shields, all of which is contained within a 
continuously evacuated outer shell. A full description of this powder 
apparatus has been given by PICKART!®. 

The intensities leading to the structure factors in Tables 2 and 3 
were measured using SCAND (single-erystal automatie neutron 
diffractometer). This is a system in which all the erystal and counter 
angular settings are controlled by means of a punched paper tape input 
program. The monitored intensities of the hhlrefleetions were measured 
in all four quadrants of this layer, and the mean value taken. A com- 
plete account of SCAND has been written by Prince and ABRAHAMS!!. 
The eryostat is of a new design, with the erystal held in a zirconium- 
titanium capsule screwed into the base of the liquid helium reservoir. 
Crystal orientation is obtained by tilting the entire eryostat assembly 
to the required angle, using a large goniometer head, as shown in 
Fig.1. Full details of the ceryostat and of the goniometer will be 
published elsewhere!?. 
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Auszug 

Aureomycin-Hydrochlorid C,H,,N,0,C1 - HC1 kristallisiert rhombisch mit 
Dr 11%20 N, b= 12,39 Ä, c = 15,47 Ä und 4 Molekülen in der Elementar- 
zelle. Die Raumgruppe ist P 2,2,2,. Die Lagen der Chloratome wurden aus einer 
verschärften dreidimensionalen Patterson-Funktion gewonnen. Sie dienten als 
Ausgangsstellungen für eine Reihe von Strukturfaktor- und Elektronendichte- 
Rechnungen mit der IBM 704 und dem X-RAC. Sobald Lagen der leichteren 
Atome in den Elektronendichte-Diagrammen erkennbar wurden, wurden sie 
in den folgenden Berechnungen berücksichtigt. Die Parameter-Verfeinerung 
erfolgte zuerst nach der Methode der kleinsten Quadrate und schließlich durch 
Differential-Synthese. 

Die von der Chemie entwickelte Struktur des Aureomyein-Moleküls wurde 
bestätigt; mehrere Fragen der räumlichen Anordnung und besonders der Bin- 
dung, die mit chemischen Methoden nicht eindeutig geklärt werden konnten, 
fanden ihre Lösung durch die Strukturbestimmung. 

Das Chlorion des HCl wird von einem CH,-Radikal, zwei Stickstoff- und 
drei Sauerstoffatome in den Ecken eines gestörten Oktaeders umgeben. Außer 
der üblichen Wasserstoffbindungen im Bereich dieses Chlorions wurden nur 
innermolekulare Wasserstoffbindungen gefunden; die organischen Molekülteile 
weisen nach außen nur van der Waals-Kräfte auf. Der Resonanzzustand des 
Moleküls wird diskutiert. 


Abstract 
Aureomyein hydrochloride, C3aHs;N,0,C1 : HCl, erystallizes in the ortho- 
rhombie system with a = 11.20 A, b = 12.89 Ä, c = 15.47 Ä; the space group 
is P2,2,2,, and there are four molecules per cell. The erystal structure was deter- 
mined by using full three-dimensional x-ray data. The positions of the chlorines 
were obtained from a three-dimensional sharpened Patterson function. Starting 
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from these positions, several iterated structure-factor and eleetron-density cal- 
culations on the IBM 704 and X-RAC were made, adding contributions of 
atoms whose positions became discernible in the electron-density maps, as these 
appeared. Refinements of the atomie coordinates so derived were made first by 
the least-squares method and finally by the differential-synthesis method, again 
using the IBM 704 machine. 

The aureomycein molecule is found to possess the structure as proposed 
chemically. Certain problems of sterie configuration which could not be unambi- 
guously determined by usual chemical means are solved in the present study. 
Among conclusions drawn from this x-ray analysis are the following (numbering 
corresponds to that adopted by HOCHSTEIN ei al.!: (a) the fourth ring takes a 
partially quinone structure; (b) C(11) and O(11) are single-bonded; (c) the 
carbon sequence C(10a)—C(12) is conjugated, and no double bond is localized 
on the C(11a)—C (12) bond; (d) the carbon sequence C(1)--C(3) is also conjugated; 
(e) the behavior of the acid amide group is somewhat anomalous; (f) the carbon 
sequence C(4)—C(6) is completely saturated; and (g) the dimethylamino group 
takes the polar configuration with respect to the first ring. 

The chloride ion, which lies near the apex of the pyramid made by the 
dimethylamino group and C(4), is surrounded by six atoms which form a distort- 
ed octahedron; these atoms are N(4), O(6), CH,(6), O(12), O(12a) and Namide (2). 
Usual hydrogen bonds are found around the chloride ion. The organie portions 
of the molecules exhibit only van der Waals contacts; except for hydrogen 
bonds around the anion, only intramolecular hydrogen bonds are found. The 
resonance state of the molecule is discussed. 


Introduetion 

Von Laun’s discovery of x-ray diffraction by erystals has provided 
science with a tool of ever-increasing strength for the solution of 
problems in the chemistry and physies of solids. The power of this tool 
is nowhere better illustrated than in its application to the elucidation 
of the molecular configurations of naturally-occuring molecules of 
intermediate size. The structures of these molecules are often very 
diffieult to establish by classical chemical methods, and stereochemical 
features and preeise information on bond character are obtained with 
great difficulty if at all. 

The present analysis, of the crystal structure of the antibiotic 
aureomycein hydrochloride, is an example of use of the x-ray method 
for establishment of the precise structure and stereochemistry of an 
important organic natural product. The analysis represents about the 
limit of accuraey achievable in a molecule of this complexity, when 
multiple-film photographic data recording and visual estimation are 


1 F,A. Hocastein, C.R. STEPHENS, L.H.ConoveEr, P. P. REGNA, R. PASTER- 
NACK, P. N. GoRDoN, F. J. Pırarım, K. J. BRuUNInNGs and R. B. WOODWARD, 
The structure of terramyein. J. Amer. Chem. Soc. 75 (1953) 5455 —5475. 
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employed. Greater precision can be had only if direet photon-counting 
methods, and cooling of the erystal below room temperature, are used. 
The analysis involves the fullest use of modern high-speed electronic 
digital computing. With the availability of IBM 704 machines, plus 
X-RAC for graphical representation of interatomie vector and eleetron- 
density maps, approximately 1.5 

man-years of effort were required a 
forthe study. 'The molecule contains el Don 
34 non-hydrogen atoms, and 24 hy- 

drogens. No attempt has been made} 


erst (4) 


„OH(I2o) 


SEN 2 Pamidel?) 
to locate the hydrogen atoms, but | Eee 
OH(IO) ol) OH(I2) ol) NH 


localization of some of these in ? amide!2) 


hydrogen bondsis apparent. Refine- 
ment of the structure was achieved 
by least-squares and finally by dif- 
ferential syntheses. 


(a) TETRACYCLIN 


OH _CH3 H en 


I 


2 


Chemical background 


Anumber of important antibio- 
tics appear among compounds with 
the tetracycline skeleton. Formulae 
for three of these, with numbering 
and ring identification as first given 
by HocHSTEIN, STEPHENS, CONO- 
VER, REGNA, PASTERNACK, GOR- 04 ö es 


(b) TERRAMYCIN 


DON, PILGRIM, BRUNINGs and 
WooDWARrD! are shown in Fig. 1. 
These formulae were established 
by chemical methods, for terramy- 


(c) AUREOMYCIN 
Fig. 1. Proposed chemical formulae 
for tetraceyelin, terramycin and aureo- 
myein (after HocHstEıIn et al.! and 


: STEPHENS et al.” 
cin by Hoc#stzin et al. and for Di 


aureomyein by STEPHENS et al.?. 

Despite the brilliant chemical work which has led to these struc- 
tural formulae, certain stereochemical features require elueidation or 
confirmation. X-ray analyses of aureomyein hydrochloride and terra- 
mycin hydrochloride were undertaken to clarify these stereochemical 
features, and to provide knowledge of bond distances and angles which 
might be useful in understanding some aspects of chemical behavior. 


20.R. Sterksens, L. H. Conover, R. PASTERNACK, F. A. Hoca#sTEIn, W.T. 
MORELAND, P. P. ReGnA, F. J. PILGRIM, K. J. Brunınes and R.B. Woop- 
wWARD, The structure of aureomyein. J. Amer. Chem. Soc. 76 (1954) 3568—3575. 
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Results of a complete three-dimensional analysis of aureomyein 
hydrochloride are presented here. The structure of terramyein hydro- 
chloride, which is remarkably isomorphous with aureomyein hydro- 
chloride, will be separately reported. A report on the erystallography 
of a number of tetracyclin derivatives is given elsewhere®. 


Experimental 

Aureomyein hydrochloride, C3HzN;0,C1 - HCl, 4-dimethyl- 
amino-1,4,4a,5,5a, 6,11,12a-octahydro-3,6,10,12,12a-pentahydroxy-6- 
methyl-1,11-dioxo-7-chloro-2-naphthacenecarboxyamide hydrochlo- 
ride, was supplied by the Lederle Laboratories Division of the Ameri- 
can Cyanamide Company. The material recrystallized from aqueous 
ethyl alcohol solution. Examinations under the polarizing microscope 
of the yellow erystals thus obtained indicated that these belong to the 
orthorhombic system, with point group 222. The morphology, unit 
cell constants and the space group have been reported by Duntrz and 
LEONARD* and Prrinsky and WaranAB&’ The results of these 
studies are in essential agreement. The latter investigators give the 
space group P2,2,2,, with a = 11.20 A, b = 12.89 Ä and c = 15.47 A, 
with four molecules per cell. The isomorphism between this erystal and 
that of terramyein hydrochloride is striking; the latter has cell cons- 
tants a = 11.19 A, b = 12.49 Ä and c = 15.68 Ä, and the space group 
is again P2,2,2,°°. 

Crystals of aureomycein hydrochloride, with dimensions approxi- 
mately 0.05 x 0.05x 0.05 mm, were used to obtain three-dimensional 
x-ray intensity data. Equi-inclination Weissenberg photographs were 
taken using the multiple-film technique (10 sheets of Dupont 508 film, 
transmission factor 0.56). The crystals were rotated around the 
a axis (k = 0—7), the b axis (k = 0—8) and the c axis (l = 0—10). Due 
to the small size of the available erystals, only about three-fifths of the 
reflections within the Ewald sphere for CuX« were strong enough to be 
observed, although each set of pictures was exposed 168 hours. They 
were corrected for the usual Lorentz and polarization factors; no 
absorption correction was made. Extinction effects were found to be 
negligible. 


3Y.OxayA and R. Perinsky. To be published. 

* J. Dunıtz and J. LEONARD, X-ray analysis of some antibiotic substances. 
J. Amer. Chem. Soc. 72 (1950) 4276—4277. 

5 R. PEPINSKY and T. WATANABE, Isomorphism of terramyein and aureo- 
myein hydrochlorides. Science 115 (1952) 541. 
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Strueture determination 
Four-fold general positions in P2,2,2, are z, y,2; 43 + x, 3— y,2; 
x, 43+y 3-2; 43x, %, 4 + 2. There is one molecule per asym- 
metrie unit, so that the coordinates of all the atoms in one formula 
unit had to be determined. 
The structure determination was initiated by obtaining the 
coordinates of the chloride ion (x, %,2,), and those of the chlorine atom 


in the molecule (2,%52,), from a three-dimensional sharpened Patterson 


Fig.2. Aureomyein hydrochloride: a representation of the three-dimensional 
sharpened Patterson function of aureomyein - HCl. Only one octant of the unit 
cell is shown, since the Patterson function has symmetry Pmmm. Only the 
peaks with significant height are shown; others are omitted. Vectors between 
chlorines are indicated as follows: A,B,C: C1l-—-Cl- Harker peaks; D,E,F: 
Clv —Chr Harker peaks (Clyr: chlorine in the molecule); G,H,I,J: Cl-—Cly 


function caleulated by using all the observed data. A systematie study 
of this Patterson function resulted in coordinates for the two atoms, 
which account for all ten non-equivalent chlorine-to-chlorine vectors 
unambiguousiy. The chlorine positions thus determined are: (0.07, 
0.07, 0.00) for the chloride ion, and (0.06, 0.86, 0.41) for the chlorine 
atom in the molecule. The interatomie vectors for these are listed in 
Table 1, and are shown in Fig.2, which is a representation of the 
three-dimensional sharpened Patterson function. The position of the 
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Table 1. Aureomyein hydrochloride: interatomic vectors between the chlorines 
a 
Date: E Numeriecal values * 
atomic Coordinates (in fractions o£ sell oder 
vectors 

A d on 22, 1 0.36 0 
B 2%, 4 41-22, 0.14 3 4 
c i 2m 2 Y, 1 0.36 0.14 1 
D 1 1 2 27 4 0.22 0.82 
E |2x, 2 1-22, 0.12 N 0.32 
r 5-94 0; } 0.38 0.72 n 
G 2% eh, ER 0.01 0.79 0.41 
H 1 + m -%| 3 MY 21 — 2a 0.49 0.43 0.41 
I | 2 —% I + y—Yy| 3—2, — 2, 0.13 0.29 0.09 
J 43-1 —-% Yı Ya 342 —-% 0.37 0.07 0.09 


* Due to the orthorhombie symmetry, only the absolute values are shown. 


chloride ion is, of course, quite similar to that found in the cerystals of 
isomorphous terramyein hydrochloride. 

Projeetions of the electron-density function along the three 
principal axes were computed, using structure factors whose phases 
were assigned as those of the chlorine contributions. These projeetions 
were difficult to interpret because of excessive overlapping of atoms. 
Therefore, bounded er of the electron-density function such as 

f o(zyz)de, x o(zyz)d, Fa (cyz)dy and ER o(zyz)dy 

0 le 
were calculated, using the usual formulae. These bounded projections 
involved less overlapping of the atoms, and were quite useful in lo- 
cating the positions of lighter atoms—especially those of the benzene 
ring (ring IV) to which the chlorine atom is attached. 

A first approximation to a complete three-dimensional elecetron- 
density function was calculated using all observed coefficients and 
phases as determined only by the chlorine contributions. The map thus 
obtained was compared with the bounded projections mentioned 
above, and the positions of atoms in the benzene ring were fairly well 
established. These positions, together with the chlorine coordinates, 
were employed in a new calculation of phases of the structure factors; 
and a second approximation to an electron-density map was computed 
on X-RAC. Bounded projeetions, with proper limits of integration, 
were of much help in interpreting and locating atoms in these and 
later approximate three-dimensional electron-density maps. 
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In the second electron-density map, the atoms forming the second 
and third rings appeared; the atoms attached to these rings were still 
diffieult to locate, however. These new atomic positions were also 
used, then, for a new calculation. After several iterative eycles of 
structure-factor calculations on the IBM 704 and electron-density 
calculations on X-RAC-adding contributions of all atoms whose 
positions had become discernible—the positions of all the light atoms 
were obtained; moreover, althougsh unexplained peaks were present 
in that electron-density map, their heights were so low that they could 
easily be distinguished from true peaks. 

A study of interatomic distances gave fairly reasonable values for 
bond lengths and intermolecular approaches. It was then considered 
feasible to subject the atomic coordinates to automatic refinement 
processes, using the IBM 704. 


Refinement of the strueture 


All the atomie coordinates (except those for hydrogen atoms) 
obtained in the previous section were subjected first to least-squares 
refinements, using the automatic refinement program NY XR3 by 
Van and Permsky® on the IBM 704. After three cycles, a dis- 
agreement factor of 0.17 was obtained for about eight hundred strong 
reflections, which represent about one-third of the total expected 
refleetions. However, it became clear that some of the atoms were 
overshifted; this was partially due to improper weighting of the data 
used in the refinement cycles, since a weighting factor of unity was 
used for all the observed reflection data in the least-squares program. 
This weighting system tends to adjust the variables in such a manner 
as to minimize the large residuals which usually arise from low-order 
reflections; and the high-order terms which determine the coordinates 
most correctly are given relatively less importance. Therefore, the 
differential-synthesis method, in which each term is weighted by a 
factor of 1/ 2 was used in the next refinement stage. This process has 
the advantage that it refines toward the atomie positions given by the 
Fourier series with infinite terms for the electron-density function, 
and so gives a better chemical structure. At this point, the three- 
dimensional eleetron-density function was computed on X-RAC, 
using the reflections involved in the least-squares refinements. The 


°V,VınD and R. Perınsky, Modifications of Sayre’s IBM 704 machine 
least-squares program NY XR1 for refinement of erystal structures, and some 
additional computational procedures. Z. Kristallogr. 111 (1958) 46—52. 
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atomie coordinates thus obtained were used for the next differential- 
refinement processes. 

After seven refinement ceycles using the differential-synthesis 
method on the IBM 704, and upon addition of six hundred additional 
reflections, the error index decreased to .154. 

The final set of atomie coordinates and isotropie temperature 
factors is given in Table 2; the nomenclature of the atoms should be 
referred to Fig. 1. The three-dimensional eleetron-density function was 
calculated using the final set of phases of the structure factors. Com- 


4 
2 


- 


—ı 
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Fig.3(a). Aureomycin hydrochloride: a composite diagram of the three-dimen- 

sional electron-density function. Sections perpendicular to the a axis around 

the third and fourth rings. Contours are drawn at intervals of 2 e/Ä3 beginning 
at 2 e/Ä®. The chlorine has contours at intervals of 4 e/Ä$ 


posite diagrams of the electron-density function with sections per- 
pendicular to the a axis are shown in Figs.3(a), 3(b) and 3(c). Standard 
deviations of the atomiec coordinates have been assessed by the method 
of CRUICKSHANK”, and are also listed in Table2. Comparison between 
the observed and calculated structure factors used in the last refinement 
cycle is available in tabular form from the fourth author (R.P.). 


Discussion of the results 
The erystal structure of aureomyein hydrochloride is ionic, there 
being one chloride and one protonated organic (“aureomyeinium’”) ion 


"D. W. J. CRUICKSHANK, The accuracy of electron-density maps in x-ray 
analysis with special reference to dibenzyl. Acta Crystallogr. 2 (1949) 65—82. 
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(the latter incorporating a covalently-bound chlorine) per chemical 
unit. The center of positive charge on the organic ion is the nitrogen 
atom of the dimethylamino group. Direct contacts between the 


[o] 
sp 


ni 


Nm | ] 
(b) 


Fig.3(b). Aureomyein hydrochloride: a composite diagram of the three-dimen- 

sional eleetron-density function. Sections perpendicular to the a axis around 

the second ring. Contours are drawn at intervals of 2e/Ä3® beginning at 2 e/Ä®. 
The chlorine has contours at intervals of 4 e/Ä® 


Fig.3(c). Aureomyein hydrochloride: a composite diagram of the three-dimen- 
sional electron-density function. Sections perpendicular to the a axis around the 
first ring. Contours are drawn at intervals of 2 e/Ä® beginning at 2 e/Ä® 
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Table 2. Aureomyein hydrochloride: atomic coordinates and their standard devia- 
tions 0 (in units of 10 xccell edges) and temperature factors B (in 10-1° cm?) 


Atoms ® oa) | u |oWw 2 6 (2) B 
The ring carbons 

Ei) 0385 0017 6575 0011 1793 0009 4.26 
C(2) 9437 0015 6876 0009 1272 0009 3.65 
03) 3504 0014 6188 0009 1104 0008 3.06 
C(4 83645 0016 5014 0010 1296 0009 3.91 
C(4a) 9751 0014 4.730 0009 1900 0008 3.23 
C(5) 0778 0017 4317 0011 1290 0010 4.11 
C(5a) 1738 0017 3850 0011 1904 0009 3.67 
C(6) 2959 0016 3621 0010 1423 0008 3.80 
C(6a) 3718 0015 3071 0010 2103 0009 3.48 
(7) 4465 0018 2212 0013 1921 0011 4.63 
C(8) 5270 0019 1829 0013 2598 0011 4.96 
C(9) 5468 0019 2299 0017 3342 0013 6.19 
6(10) 4643 0019 3147 0013 3585 0011 5.12 
C(10a) 3857 0015 3522 0010 2394 0009 SEIT 
C(11) 3021 0014 4316 0009 3170 0008 3216 
C(1la) 1974 0013 4532 0008 2651 0006 2327 
C(12) 1259 0015 5395 0008 2918 0007 3.41 
C(12a) 0175 0014 5642 0009 2397 0008 3.02 
The amide group 

Comidel2) 9437 0018 7871 0012 0783 0011 4.96 
Namide(2)| 0282 0014 8497 0010 0759 0008 4.83 
Osmiael) 3439 0011 8135 0007 0362 0006 4.14 
The dimethylamino group 

N(4) 7531 0013 4528 0008 1482 0007 3.50 
CH,!(4) 6883 0020 4830 0015 2220 0012 5.82 
CH,H(4) 7644 0020 3344 0014 1409 0011 5.60 


Other substituents 


O(1) 1331 0013 7079 0009 1896 0007 4.77 
0(3) 7494 0013 6423 0009 0701 0008 Sl 
O(6) 3420 0010 4633 0007 1290 0006 3.53 
O(10) 4829 0014 3570 0010 4296 0009 DE 
O(11) 3279 0010 4893 0007 3896 0006 3.65 
O(12) 1465 0010 5995 0008 3572 0007 3.83 
O(12a) 9239 0011 6009 0008 2981 0007 4.03 
CH,(6) 2739 0015 3134 0010 0615 0009 3.99 
The chlorines 

CK7) 4493 | 0006 1469 0004 0985 0004 6.62 
(GIF 0660 0004 | 0701 0002 | 9968 | 0002 | 3.49 
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organic ions are only of van der Waals character. Hydrogen bonds to 
the organie ions exist around chloride ions, and within the organic 
cations but not directly between the latter. A general view of the 
structure is shown in Fig.4. 


| er —(e) RN 


Fig.4. Aureomyein hydrochloride: a view of the structure 


(A) The chemical formula and the sterie configuration 


The crystallographic study reveals that the aureomycin ion 
possesses the steric configuration shown in Figs.5(a) and 5(b). These 
results are so far in agreement with those derived chemically for 
terramycin and aureomyein, and only add definite conclusions as to 
stereochemistry. As will be discussed below, the character of certain 
bonds in the molecule differs from that proposed chemically by 
HocHsTeEIn et al.!; therefore no distinetion is made in Fig. 5(a) between 
single and double bonds. The nomenclature of the atoms which will be 
used throughout the following discussion is that of Fig. 1(a). 


Z. Kristallogr. Bd. 112 29 
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(B) The shape and size of the molecule 
All interatomic distances were calculated by the distance evalua- 
tion program on the IBM 704, using the atomie coordinates in Table 2. 
Bond distances and angles are listed in Table 3. 
Since the fourth ring takes the simplest configuration, our dis- 
cussion begins with this ring. 


OH 0) OH ) NH2 


Fig.5(a). Aureomycin hydrochloride: the established sterie configuration 


Fig.5(b). Aureomycin hydrochloride: model of the aureomyein ion 


(1) The fourth ring 

Chemically, it was shown that the fourth ring is 2,3-substituted 
p-chlorophenol. Our results are in good agreement with this deduction. 
Interatomie distances and bond angles in this ring system are shown in 
Figs.6(a) and 6(b), respectively. 

The configuration of this ring was studied by evaluating the 
equation of the plane including the six carbon atoms in the ring, as well 
as Ol(7) and O(10); C(6) and C(11) were not included in this evalua- 
tion, since it is clear that the formation of the third ring requires a 
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Table 3. Aureomyein hydrochloride: bond distances, with standard deviations, and 


amgles 


(a) Bond distances in Ä 


eich) 1.39 0.03 | C(9)—C(10) | 1.48 + 0.05 
C(2)—0(3) 1.40 + 0.08 | C(10)-C(10a) | 1.47 + 0.04 
CB3)2C(4) 1.55 + 0.08 | C(10a)—C(11) 1.45 + 0.08 
C(4)—C(4a) 1.60 + 0.04 | @(41)2 C(11a) 1.45 + 0.03 
C(4a)—C(5) 1.58 + 0.04 C(11a)—-C(12) 1.43 + 0.03 
C(5)—C(5a) 1.56 + 0.04 C(12)—-C(12a) 1.50 + 0.04 
C(5a)—C(6) 1.59 + 0.04 C(128a)=0(1) 1.54 + 0.04 
C(6)—C(6a) 1.53 2.0.03. | C(4a)—C(12a) 1.49 + 0.03 
C(6a)—C(7) 1.42 + 0.04 | C(5a)—C(11a) 1.48 + 0.03 
C(7)—C(8) 1.47 + 0.04 | C(6a)—C(10a) 1.37 + 0.04 
C(8)—C (9) 1.32 + 0.04 
ea) —0d) 1.26 + 0.03 | C(11)-O(11) 1.38 + 0.03 
C(3)—0(3) 1.33 + 0.03 | C(12)—0(12) 1.30 + 0.03 
C(6)—O (6) 1.42 + 0.03 | C(12a)—O(12a) 191.47 20.08 
C(10)—0(10) 1.25 + 0.04 | | 
C(2)—Oymide(2) 1.49 + 0.04 | Ozmide(2)—Namide(2) | 1.25 + 0.04 
Camide(2)—Ogmide(2) 1.34 + 0.04 | | 
C(4)—N(4) 1.43 + 0.04 | N(4)—CH,!(4) 1.54 + 0.04 
N(4)—CH,I(4) 1.41 + 0.04 | 
C(6)--CH, (6) 1.43 + 0.04 | C7)ECHT) | 1.74 + 0.03 
(b) Bond angles 
Around Angle De- | Around Angle DE 
grees grees 
ci) | C(12a)-C(1)-O(1) Bett, C(5a) |C(5)-Cl5a)—Clila) | 112 
1 C(122)-C(1)-0(2). 7.116 | C(5)—C(5a)—-C(6) | 113 
FO) =C/A) 02) | 126 ' C(11a)—C(5a)—C(6) | 109 
C(2) 04,02) 068) 120 |C(6) | C(da)— ee 104 
C(1)-C(2) Camiae(2) | 122 | C(5a)—C(6)—CH;(6) | 110 
Camide(2)—C(2)—C(3) | 117 C(5a)—C(6)— iR ) a 
| | Er 1 
C(3) CA) O8) 04) | 121 ko Ban | es 
C(2)—C(3)—0(3) 125 De _O16)-O(6a) | 109 
0(3)—C(3)—C(4) | 114 | 
C(4) C(3)—C(4)—N (4) 112 |C(6a) | C(6)-C(6a)—C(10a) | 119 
C(3)—C(4)—C(4a) 115 €(6)-C(6a)=Cl7) | 123 
 N(4)—-C(4)—C(4a) 117 C(10a)-C(6a)-C(7) | 116 
C(4a) an 112007) | C(6a)-Cl7)-CK7T) | 128 
C(4)—C(4a)—C(5 | 107 C(6a)—-C(7)-Ci8) | 119 
C(12a)—C(4a) ne \ 110 er an=C8) Dt 
C(5) Cl4a)—C(5)-C(5a) | 106 |c8) C7)-C(8)—0(9) 124 
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Table 3 (b) (Continued) 


| De- . a De- 

Around Angle | gross Around | Se 

ln 00 52 EEE ae BamaagE Kae 

C(9) C(8)—C(9)—C(10) | 119 | (12a) | C 12)-C(128) C(iyıP EHt 

112)-0(12a)—- 

c(10) | C()-Ci10)-0(10) | 116 2) u “ 
C(9)—C(10)-C(10a) | 116 Ol4a)_C(12a)— 
O(10)-C(10)-C(10a)| 127 Orl28) En 

C(10a) | C(10)-C(10a)—-C(6a) | 126 C(4a)—O(12a)-C(1) | 111 
C(10)—-C(10a)—-C(11) | 114 O(12a)—C(12a)—C(1) | 103 
C(6a)—C(10a)-C(11) | 119 

Ci) | C(10a)—C(11)—C(11a)| 120 | Camide (2) C(2)—Camide(2)— 
| C(10a)-C(11)-O(11) | 119 Namidel2) 125 
O(11)—C(11)—C(11a) 121 Namide(2)-Camide(2)- 

Clita) | C(11)-C(11a)—C(Ba) | 118 & ee sau = 
C(11)-C(11a)—C(12) | 116 amide(?)- a ) R 
C(5a)—O(11a)-C(12) | 126 = 

C(12) | C(11a)—C(12)—0(12) | 126 |N(4) C(4)—N(4)—CH;1(4) | 120 
C(11a)—C(12)—-C(12a)| 117 C(4)—N(4)—CH,F(4) | 110 
0412)-0(12) Ediza)ı A117 CH,!(4)—N(4)— 

II 
C(12a) | C(12)-C(12a)—C(4a) | 112 ern) = 


fairly strong distortion of the related bonds. The equation of the plane, 

obtained by the method of least squares, is 
OL ae Ve 

where x, y and z are measured in fractions of cell edges. Displacements 

of the eight atoms used in evaluating the equation are shown in 

Table 4, where the negative values mean that the atom and the origin 

lie on the same side of the plane. As is seen from Table 4, the dis- 

placements of these atoms from the ring plane are rather small; this, of 

course, is to be antieipated from the 

Table 4. Displacements of the ring’s aromatic character. 
giomaı jromı (he plane ojnihe The ring is a fairly distorted hexa- 
benzene ring (IV), in Ä h 
gon; the bond distances range from 


cum) 0.02 1.32 Ä to 1.48 Ä and angles from 116° 
ei7) +0.01 to 126°. The fact that the two distan- 
Sn —0.05 ces C(8)—C(9) and C(6a)—C(10a) are 
* oe shorter than the other four bonds in 
6 mL Br this ring is well explained by the 
C(6a) 1.0.00 effect of Cl(7) and O(10) on the re- 
O(10) 1.0.02 sonance state of the ring; these two 
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substituents in para position have a tendency to localize the double- 
bond character on these particular ©—C bonds®; thus the ring becomes 
partially quinone type. 

The effect of the sterie interaction between Cl(7) and the two 
groups attached to C(6) is reflected in the inequality of the angles 
around C(7). Cl(7) is shifted from its normal position in such a way that 
the angle Cl(7)—C(7)—C(6a) is about 14° larger than the angle 
CK7)—C(7)—C(8), although the planarity around C(7) is strietly 


CI(7) 
174+.03 am 
c(7) C(6) ee 
1.47+.04 nr 55 Im cı7) C(6) 
53+. 23° 
c(8) —sz X 
C(8) . C(6o) 


1.32+.04 Bu ae 
NV 1.37+.04 
N 
c(9) C(IOc) 119° 126° 119° 


C(IOo) 
RE m 


cu 114°. 
(10) cl) IS C(IO) cl) 
[21a 
I25204 Ias&os S 
ATI (10) 
Fig.6(a). Aureomycin hydrochloride: Fig.6(b). Aureomyein hydrochlo- 
bond distances in the fourth ring ride: bond angles in the fourth ring 


maintained. A similar effect is also found in the location of O(10). A 
distance of 1.74 Ä is observed for C(7)—CI(7); this value agrees well 
with that of 1.72 Ä in 2,2’-dichlorbenzidine® and also with 1.74 Ä in 
1,2,4,5-tetrachlorobenzene!%,. A shorter C—Cl distance of 1.64 Ä has 
been reported in the structure of p-dichlorobenzene". 


8 GC. W. WHELAND, Resonance in organic chemistry. John Wiley and Son, 
Ince., New York (1955), pp: 106, 220. 

9 D.L.SMARE, The crystal structure of 2,2’-dichlorobenzidine (Cl-C,H;NH,),. 
Acta Crystallogr. 1 (1948) 150—154. 

10 0. Dean, M. PoLLaX, B.M.CrAvEN and G.A.JEFFREY, A nuclear 
quadrupole resonance and x-ray study of the erystal structure of 1,2,4,5-tetra- 
chlorobenzene. Acta Crystallogr. 11 (1958) 710—718. 

11 U, CroaTro, $8. Bezzı and E. Bu, The erystal structure of p-dichloro- 
benzene. Acta Crystallogr. 5 (1953) 825—829. 
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The C(10)—0(10) distance is found to be 1.25 Ä; this distance is 
much shorter than the generally accepted values for C-OH distances 
in'aromatic compounds, such as 1.361 Ä in salieylic acid!? or 1.37 Ain 
p-aminosalieylic acid. The distance here is quite reasonable in view 
of the partial quinone structure of ring IV. 


O8) a2+03 sc) 


ci 1.43+.04 en u Br 


1.53+,03 15 C(6) ° C(5) 
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Fig.7(a). Aureomycin hydrochloride: 
interatomie distances found in the 
third ring and to neighboring atoms 


Fig.7(b). Aureomycin hydrochloride: 
bond angles found in the third ring 
and to neighboring atoms 


Fig.7(ce). Aureomycin hydrochloride: 
Fig. Te bond angles around C(6) 
(2) The third ring 

In contrast to the aromatic fourth ring, the first, second and third 
rings are all partially unsaturated cyclohexane rings. The saturated 
part of the third ring is in the carbon sequence C(4) to C(6), and is 
clearly distinguished from the conjugated parts C(11) to C(12) and 
C(1) to C(3). In Figs.7(a), 7(b) and 7(c), some important interatomie 

distances and bond angles are shown. 


1? W. CocHRANnN, The crystal and molecular structure of salicylie acid. Acta 
Crystallogr. 6 (1953) 260-268. 

13 F. BERTINOTTI, G. GIACOMELLO and A.M. LiQuor1, Crystal and mole- 
cular structure of p-aminosalieylie acid. Acta Crystallogr. 7 (1954) 808-812. 
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The most significant result obtained on the nature of the third ring 
is concerned with the C(11)—O(11) bond. A distance of 1.39 Ä was 
observed for C(11)—O(11); this distance is much greater than 1.21 Ä, 
which is generally obtained for the C=0O bond, and almost reaches the 
single C-OH distance which is about 1.42 Ä. Therefore, O(11) is not a 
ketone oxygen as assumed on chemical grounds; the C(11)—O(11) bond 
should be of enol type. A usual intramolecular approach of 2.52 Ä is 
found between this O(11) and O(10) of the fourth ring. 

The configuration around C(11) was also studied by evaluating the 
equation of the plane through it and its three neighboring atoms: 
C(10a), C(i1a) and O(11). This equation, obtained by the usual 
method, is 


x + 1.467, y — 1.526, : 2 — 0.458, = 0. 


C(11), C(10a), C(11a) and O(11) are displaced from this plane by 
—0.02 Ä, 40.03 Ä, +0.02 Ä and —0.03 Ä, respectively; these values 
are slightly more than the standard deviations. The plane of these four 
atoms makes an angle of 16° with the plane of the benzene ring. This is 
reasonable because of the steric restrietion around C(5) and C(6), 
which disturbs the planarity of the conjugated system. The three 
CC bonds C(10a)—C(11), C(11)—C(11a) and C(11a)—C(5a), which 
are involved in the conjugated system, show normal separations. 
There are two atoms attached to C(6) in the ring. It must be 
established which one of these two atoms belongs to the methyl group. 
This was accomplished by comparing distances between these two 
atoms and the chloride ion. Two distances are found: 3.72 Ä and 3.22 A. 
It was assumed that the atom at 3.72 Ä from the chloride ion is the 
carbon of the methyl group; this is a quite reasonable value for such 
a separation. This choice is also supported by the reasonable distance 
of 3.22 Ä assigned for the Cl-—O(7) separation. A distance of 1.42 A, 
obtained for the C(6)—0(6) bond, is quite close to the usual C—-O 
single-bond distance as found in the gluconate ion 14, Around C(6), as 
can be seen from Figs.7(a) and 7(c), a usual configuration for the 
single-bond system is found, except for the C(6a)—C(6)—CH;(6) angle 
and the rather short C(6)—CH,(6) distance. The abnormal angle 
observed here might be accounted for by the sterie interaction de- 
scribed above, which forces Cl(7) on ring IV to shift from its ordinary 
position. This interaction, besides pushing the methyl group away 


141 GC. D. Lirtteron, A structure determination of the gluconate ion. Acta 
Crystallogr. 6 (1953) 775—781. 
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from its usual position and making the C(6a)—C(6)—CH,(6) angle 
larger than the tetrahedral angle, results in the anisotropie thermal 
vibration of the methyl group which is clearly shown in the three- 
dimensional eleetron-density map as well as in the difference synthesis 
projected along the a axis. The abnormally short C(6)—CH;(6) distance 
may well be explained by the higher probabilities of the presence of the 
methyl group at the both ends of the region in which the group 
vibrates, compared to that in the middle of this region; since isotropic 
temperature factors were used in our refinement cycles, this type of 


vibration resulted in the apparent shortening of the related distance. 
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Fig. 8(a). Aureomyein hydrochloride: the second ring. Interatomic distances 


Fig.8(b). Aureomyein hydrochloride: the second ring. Bond angles 


(3) The second ring 


The second ring is quite similar in its bond character to the third 
ring. As usual, important interatomie distances and bond angles are 
shown in Figs.8(a) and $(b). 

First, the conjugated part of the ring was studied by evaluating 
the equation of the plane which includes the atoms involved in the 


conjugation. The plane closest to C(11a), C(12), O(12) and C(12a) has 
the following equation: 


x + 1.769, - y — 0.370, - 2 — 0.978, — 0. 


The atoms are considerably displaced from this plane. It also appears 
that this plane makes an angle of 26° with the plane of the third ring, 
the equation of which is given in the previous section. The C( 12)—0O(12) 
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separation is 1.30 Ä, which is shorter than the C(11)—O(11) distance of 
1.38 Ä; this fact will also be made use of later in discussing the 
resonance state of the molecule. As usual, a short O—O intramolecular 
approach of 2.53 Ä was found between O(12) and O(11). The 
C(11a)—C(12) bond, in contrary to the proposed chemical formula 
which localizes the double-bond character in this bond, is not shorter 
than the other C—C bonds in the conjugated system. 


The saturated portion of ring II exhibits normal single-bond dis- 
tances, as can be seen from Figs.$(a) and 8(b). It should be noted here 
that the third and the second rings are attached in the so-called 
equatorial (x) configuration around C(5a). This is natural in view of 
the steric configuration imposed by the nearly-planar conjugated 
system. 


(4) The first ring 


The first ring is the most complicated, having two important 
functional groups; the acid amide and dimethylamino groups. Im- 
portant information on this ring system is shown in Figs.9(a), 9(b) 
and 9(e). 

The configuration around Ö(1) was studied by evaluating the 
equation of the plane nearest to C(1) and the three surrounding 
atoms. The equation, obtained by the usual method, is 


© 5.285, °9- 06.152. 2 4 3.5976 0, 


the plane making an angle of 60° with the similar plane including 
C(12) in the second ring. The atoms are displaced from this plane by 
EA  0.51 A and 2 0M2A For C 12a) Cl), Oll) and 
C(2), respectively. The C(1)-O(1) separation is 1.26 Ä, which is 
quite similar to the ketonie C--O distance. A distance of 2.96 Ä is 
found between O(1) and O(12), which is longer than the other O—O 
distances between the oxygen atoms belonging to neighboring rings 
connected by the conjugated system. The C(3)—0O(3) separation is 
1.33 Ä, which is similar to the CO distance of 1.361 Ä found in the 
structure of salieylic acid!?, but is quite shorter than usual CO 
single-bond distances. This result is useful in discussing the resonance 
state of the first ring, in conjunction with the C(2)—C(3) distance of 
1.40 Ä-which exhibits the usual aromatie distance rather than a 
double-bonded one as proposed chemically. 
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Fig.9(a). Aureomycin hydrochloride: the first ring. Important interatomic 
distances 
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Fig.9(b). Aureomycin hydrochloride: the first ring. Bond angles 
Fig.9(e). Aureomyein hydrochloride: the first ring. Bond angles around (C12a) 


The configuration of the amide group was first studied by checking 
the equation of the group plane; this equation, obtained in the usual 
manner, is 


x —1.616,°y— 3.353, 2 + 0.595, = 0. 
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All the four atoms lie completely in the plane, the maximum dis- 
placement being less than 0.01 Ä. This plane makes an angle of 15° 
with the plane through C(1), C(2), C(3) and C,mide(2), the equation of 
which is 

x — 0.716, y— 1.848, : 2 — 0.223, = 0. 


There still exists a problem, at this writing, as to the identification of 
the oxygen and nitrogen of this acid amide group. The atom which is 
eloser to O(1) is separated from O(1) by 2.80 Ä, while the atom closer 
to O(3) is by 2.51 Ä from O(3). Since the latter distance seems to be a 
normal O—O separation in this kind of system, found in many other 
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Fig. 10. Aureomyein hydrochloride: a proposed resonance scheme around the 
C(2)—C(3) bond 


erystals as well as in aureomyein hydrochloride, it could be assumed 
that the atom closer to O(3) is the oxygen atom of the amide group. 
The distance of 2.80 Ä can also be considered as an N—O distance in 
such a system. But the above assignment of identities in the amide 
group poses a problem in the behavior of the group. The relation 
between the two distances, C—O and C—N, here is opposite to that 
found in formamide”, oxamide!® and nicotinamide!?; in the last 
example the C-O and C-—N distances are 1.22 Ä and 1.34 Ä, re- 
spectively. However, equal distances were found for these two bonds in 
the amide group of glutamine!®. In the present case, the C—O bond 
has less double-bond character than the other examples, and the C—N 


15 J. LapeLL and B. Post, The erystal structure of formamide. Acta 
Crystallogr. 7 (1954) 559—564. 

16 B. M. Ayerst and J.R. C. Duke, Refinement of the erystal structure of 
oxamide. Acta Crystallogr. 7 (1954) 588—590. 

17 W. V. WrıcHT and G. 8. D. Kıng, The crystal structure of nicotinamide. 
Acta COrystallogr. 7 (1954) 283—288. 

18 W. CocHRAN and B. R. PEnForp, The crystal structure of L-glutamine. 
Acta Crystallogr. 5 (1952) 644—653. 
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bond shows more double-bond nature. This is due to the effect of the 
neighboring C(3)—0(3) bond, which shows considerable double-bond 
character, and the resonance in the 0(3)—C(3)—C(2)—C,mide(2)— 
Oumia(2)-H system gives single-bond character to the O, niae—Oamiae 
bond, which in turn causes C—N to be double-bonded. A proposed 
scheme for this resonance is shown in Fig. 10; the existence of this 
type of resonance formula is also favored by the rather short contact 
between N, „ia.(2) and the chloride ion. 

The basie character of the acid amide group is well explained by 
the effect of a negative charge on O(3) and the subsequent resonance 
structures around the C(2)—C(3) bond. This negative charge is the 
result of the zwitter-ion configuration, found in the free aureomyein 
molecule, which is initiated by the presence of the strongly basic 
dimethylamino group. A large change in the behavior of the acid 
amide group would be expected if the dimethylamino group were 
removed. 


An exact analysis of the state of the amide group in the aureomyein 
ion is prohibited because the resonance in the conjugated system is 
quite complicated, and because examples of structure analyses of 
compounds with the amide group in such an environment are rare. 

Around C(4), which is in the saturated carbon sequence, bond 
distances and angles are normal. The dimethylamino group is at- 
tached to C(4), and takes the so-called polar (e) configuration with the 
first ring. Around the C(4)—C(4a) bond the following configuration 
was found: the dimethylamino group and the C(4a)—C(5) bond take 
the trans configuration, while the hydrogen atom on C(4a) is gauche to 
the dimethylamino group. The C(4)—C(4a) bond is in the equatorial 
(x) direction as regard to the second ring. The configuration around 
N(4) is also normal; the related pyramidal angles are close to the 
expected value of 113° and comparable to the values in the structure 
of d-methadone hydrobromide!®. The chloride ion lies near the apex 
of the pyramid formed by the nitrogen atom N(4) and its neighbours. 
Around C(4a) the usual configuration is observed. 

The oxygen atom O(12a) is attached to C(12a), and takes the 
equatorial configuration with the second ring and the polar one with 
the first ring. Therefore the O(12)-O(12a) separation of 2.66 Ä is 
shorter than the O(12a)—-O(1) distance of 3.20 Ä. Here it should be 


° A.W. Hanson and F.R. AHmED, The crystal structure and absolute 
configuration of the monoclinie form of d-methadone hydrobromide. Acta 
Crystallogr. 11 (1958) 724-728. 
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noticed that the dimethylamino group and O(12a) take the cis- 
gauche-configuration around the C(4)—C( 12a) direction. The atoms 
N(4) and O(12a) are separated by a distance of 3.51 Ä. Schematie 
drawings of the configuration around C(12a), C(4a) and N(4) are 


shown in Figs.11(a), 11(b) and 11(c): angles of twist between the 
related bonds are also shown in these figures. 


(b) 


C(I2a) 
Ä N 
c(3) N N(4) 


Fig. 11. Aureomyein hydrochloride: projeetions of the environments of N(4) 
and O(12a): (a) viewed down the C(4a)—C(12a) bond; (b) viewed down the 
C(4)—C(4a) bond; (ce) viewed down the N(4)—C(4) bond 


(C) The chloride ion 


The chloride ion is surrounded by six atoms which form a distorted 
octahedron. These atoms are: N(4), O(6) and CH,(6) of one aureomyein 
ion, with distances of 3.10 A, 3.22 Ä and 3.72 Ä; O(12) and O(12a) of 
another ion which is related to the first one by the two-fold screw axis 
parallel to the c axis, with distances of 3.31 Ä and 3.22 Ä and N, „u.(2) 
of still another aureomyein ion which is related to the first by the 
two-fold screw axis parallel to the a axis. The last separation has a 
distance of 3.12 Ä. Fig.12 is a view of the structure projeeted along 
the a axis, illustrating the coordination around the chloride ion. The 
chloride ion also has as its neighbors CH,'(4), CH,"(4) and C(4), with 
distances of 3.73 Ä, 3.33 Ä and 3.99 Ä, respectively; the chloride ion 
lies near the apex of the pyramid formed by N(4). However, in the 
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present case the ion is shifted toward the C(4)—CH; IL(4) direetion. This 
unevenness in the pyramidal configuration should perhaps be relatable 
to the variation of the two N—CH, bond distances in the dimethyl- 
amino group. Lack of comparable data from other structures suggests 
that no explieit interpretation be attempted here. 

The chloride ions occupy positions with z coodinates which are 
quite close to zero and 1/2; thus in the structure there are two layers 


cı7 


ı 


(® \ 

cp 2150) \ 

cr 
@ BON KE) cum 
010, x to) \ 
@ om N 
a 5 edı 

r Or 

oo 


Comide (2) 


Gm] eg 


C . 


Fig.12. Aureomyein hydrochloride: the structure projected along the a axis. 
The configuration around the chloride ion is shown by dotted lines. A short 
approach between Cl(7) and O(11) is indicated by a chain line 


of chloride ions which are about 7.7 Ä apart. In these layers are 
chloride ions which are related by the two-fold screw axis and se- 
parated by a distance of 7.27 Ä. The disposition of the halogen ions in 
the above fashion occurs quite frequently in the structures of the 
hydrohalides of moderately complex organic molecules such as strych- 
nine hydrobromide?°, terramyein hydrochloride%5 and others. 


ZURSER ROBERTSON and C. A. BEEvERs, The crystal structure of strychnine 
hydrogen bromide. Acta Crystallogr. 4 (1951) 270-275. - 
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(D) Intermolecular approaches 


A systematic study of the interatomie distances reveals that the 
aureomycin ions contact each other only by van der Waals distances. 
Aside from the hydrogen bonds in which the chloride ions are involved, 
no hydrogen bond was observed between the organic parts of the 
erystal. Therefore, all the hydrogen atoms available for hydrogen-bond 
formation, except for those in the above-mentioned bonds with the 
chloride ions, are used for intramolecular hy- 
drogen bonds. This is quite natural because 
short approaches are easily made within the 
molecule; similarly, no intermolecular hydrogen 
bond was observed in the structure of naphtha- 
zarin, 5,8-dihydroxy-1,4-naphthoquinone?, 

A rather short intermolecular approach of | 
3.23 Ä was found between C\(7) and O(11), 
as shown in Fig. 12; otherwise, all the van der 
Waals contacts in this erystal show normal 
separation. 


(E) The resonance state ofthe molecule 


Although the situation is too complex to 
permit a detailed discussion of the nature of 
the bonds in the aureomyein ion, an approxi- 
mate idea of the resonance state of aureomy- 
ein in its hydrochloride salt is given by the 
observed bond distances and angles discussed ee 
in (B). Following are some of the results which „onance structures ofthe 
are important understanding the molecular conjugated parts of the 
configuration: second, third and fourth 
(1) the carbon sequence C(4)—C(6) with the Ling SySterus 
attached groups is completely saturated; 
(2) the fourth ring partially takes a quinone-type structure; 
(3) in contrast to the proposed chemical formula, the C(11)—O(11) 
bond is almost completely single-bonded; 
(4) the carbon sequence C(10a)—C(12) is completely conjugated; 
(5) C(1), C(2), C(3) and the atoms attached to this part of the first 
ring form a conjugated system. 


Fig.13. Aureomycin hy- 


2ı H. WATASE, K. Osakı and I. NırtA, Crystal structure of a monoclinie 
form of naphthazarin. Bull. Chem. Soc. Japan 30 (1957) 532—536. 
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The resonance state of the carbon sequence C(10a)—C(12) together 
with the fourth ring was studied using the observed bond distances and 
angles. Although many possible structures can be assigned to this 
conjugated system, the structures as shown in Fig.13 seem to have 
high probabilities; however, an exact analysis of the probabilities is not 
possible. 

The conjugated system in the first ring and the behavior of the 
amide group were discussed earlier. However, it seems worthwhile to 
mention here that the resonance state of this part of the molecule in 
the hydrochloride salt might be quite different from that of the free 
molecule, for which a zwitter-ion structure is proposed ??. 
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Auszug 


Die Formel von LYDDANE, Sachs und TELLER, welche Dielektrizitäts- 
konstanten (für hohe und niedrige Frequenzen) zweiatomiger kubischer Kri- 
stalle den Frequenzen einiger der üblichen Kristallschwingungen zuordnet, 
wird auf eine beliebige Anzahl von Atomen in der Elementarzelle ausgedehnt. 


Abstract 


The formula of LYDDANE, SACHS and TELLER, which relates the low fre- 
quencey and high frequency dielectrice constants of a diatomie cubie erystal to 
the frequencies of certain of the normal modes of vibration of the erystal, is 
extended so as to apply whatever the number of atoms in the unit cell. 


The dielectrice constants at zero frequency and at optical fre- 
quencies, &, and e respectively, of an ionie crystal containing two 
atoms in a (primitive) unit cell, can be related to the frequencies of 
certain of the normal modes of vibration of the erystal. This was 
first shown by LYDDANE, SAcHs and TELLER!, who proved that 


where &, is the circular frequency (2rv) of the longitudinal optic mode 
of vibration with wavenumber zero in the crystal, and ®„ is the 


* On leave from Crystallographie Laboratory, Cavendish Laboratory, 


Cambridge. 
ıR.H. _LypDAne, R. G. Sacas and E. TELLER, On the polar vibrations of 


alkalı halides. Physie. Rev. 59 (1941) 673—676. 
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frequency of the corresponding transverse mode. Our object in this 
paper is to obtain the analogous result for a crystal with any number 
of atoms in the unit cell. We restriet the symmetry of the crystal to be 
such that there is tetrahedral symmetry about each ion (see BORN 
and HuANnG?, p. 103). 

We denote the ionic charge of an ion of type : by eZ,, and the 
electronic polarizability of the ion by «,. Suppose now that each 
Bravais lattice is displaced along the same line, which we may take to 
be a erystallographie axis, by an amount w,. In the harmonic ap- 
proximation? the force on each ion (due to short-range interaction 
between the ions) tending to restore the ion to its original position, 
will be Z/R,, u,. The force constants R,, satisfy the conditions R,;,= Ri 
and Am ZR,; = 0, since there can be no restoring force if all the 
lattices Rn equally displaced. Our definition in terms of a restoring 
force makes R,, > 0 for? =, R,, <0 for ö # j. Note that we have 
not included the force due to Coulomb interaction. If an external 
field E, is applied to the crystal in ecircumstances such that there is no 
depolarizing field (for example, E, is along the axis of a long eylinder) 
the effective field E is the same for every ion, and is given by 


4 
E=B+7P, 
where P is the polarization. (This result holds only if the symmetry 
of the erystal is as high as we have assumed it to be; see our first 


paragraph.) The condition that each ion is in equilibrium gives us 


eZz, 0 =2 R,u; (1) 
f 
at the same time, the polarization is given by 
Pv = el Zu, + E2e, 
’ ; 


where » is the volume of the unit cell. 


In order to simplify the algebra, we now restrict detailed con- 
sideration to the case where the number of atoms in the unit cell is 


°M. Born and K. Huang, Dynamical theory of erystal lattices. Oxford 
University Press, Oxford (1954). 
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four, but the generalization of the results should be clear at each step. 
4 
From the fact that & R,,; = 0, equation (1) gives only three inde- 
j= 
pendent equations, the first of which is 
eZye = Ruln — U) + Rie (u Wu) + Rs (u — W). 


T'he others can be written down by appropriate change of indices. The 
equation for the polarization becomes, since 


4 
where = 2 «,. On eliminating (u, — u,) ete., one finds 
j-1 
e2 | 12 Rıs Rıs Rı Z, Rıs Ru R Z, 
Pv=El5ıR ZZ, Ra Ra + Z2 | Ryı Z Ra + 23 Rz Ra 2,| + & 
\zmn20l Razer (Mu 2n2% 
Rıı Rıs Rıs 
where Det. R= | Rai Ro Kos (2) 
Rz, Rz, Rz 
We shall write this result as 
Pv=E(«-+o) (3) 


since by analogy with the total electronic polarizability «, the quan- 
tity «' may be called the ionie polarizability of the contents of one 
unit cell. We now make use of the well known Clausius-Mossotti 
formula, in the form 


PII gt are 


E 4n &+2 ® 


from equation (3). 
At sufficiently high frequencies the ionic polarizability plays no 
part because of the inertia of the ions, so that 


2 Be 
Ar e+2 


30* 
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from which it follows that 


&—1 e—1 3 (&,—E) 4 (<) 


Be, (eo+2)(e+2) 3 


On rearranging these results it is found that 


In a in a 

& _ Sm er Bere 

To Zar Sn & : ii ‚_ 4 a& (4) 
Se 3» 


Next we consider the lattice dynamics of the crystal, for wave 
vector 9—0. We must however stipulate that the wavelength 
() = 2/9), while very large compared with the unit cell dimensions, 
is to remain small compared with the dimensions of the erystal?. The 
equation of motion of an ion, with no applied field, is now 


4 


mu =— & Ru, + eZ,H. 
Eee 


We note that for a mode with q = 0, all the ions of one Bravais lattice 
move together. We now write u, — U,exp (iwt) and E = & exp (iot), 
so that the equations of motion become 


4 
j-1 


We next take account of the fact that the field in the erystal may be 
regarded as originating from point dipoles, eZ,u, + «&,E, at each ion 
of each Bravais lattice i. Hence it may be shown, using the method of 
KELLERMAN?, that 


s<--oh,rzu,+ 82] 


where C = —4n/3 for any transverse mode, and 0 = 87/3 for any 
longitudinal mode (always assuming that q = 0). Hence 


® E. W. KELLERMAN, Theory of the vibrations of the sodium chloride 
lattice. Phil. Trans. Roy. Soc. 238 (1940) 513—548. 
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where 0’ is an abbreviation for O/ (i 4 z i 


Writing out in full the first of the four equations of motion, we have 
mo2U, — (Ru + 220 2) ae (Rı 1 2,2,0' 2) 22 


ir (Ru + 2,2,0' 5) DR a (Ru + 22,0" = )Uı. 


The remaining three follow with appropriate change of indices. On 
adding all four together, we find 


9 


This expresses the fact that unless & = 0, which specifies an acoustic 
mode of vibration, the centre of mass of each unit cell is not displaced. 
Using this result we may rewrite the equations so as to eliminate the 
solution & = 0. Putting r, = m,|m,, ra = m,|m, ete., and eliminating 


4 
U,using & m,U, = 0, one finds that the values of &® which satisfy 
j-1 


the equations of motion are given 


by Au — Mio? Qı2 Qı3 
Ası Asa — M,w? Qaz —o0, 
Az Oz Oz — M;0° 
where 


Aı = (Ru + 2,°0' 5) Meran Ri + Ra + Zı0 < (Z+ 2,)| 
Qi —(R, + 212,0 .) (Bin)en, [Ru + Ras + Z0 — (A+ 2,)| 


B- —(Ru + 22,0" 2) Beh en [Ras a A 2,)| 
etc. 
Note that while R,;, = R,, Qu # Qu: 
Now it may be shown that 
MmsMm,('o"” @''')* = Det. Q 


4A. J.E. FoREMAN and W. M. Lomer, Lattice vibrations and harmonic 
forces in solids. Proc. Physic. Soc. [London] B 70 (1957) 1143—1150. 
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(see, for example FOREMAN and LoMER?®), where ©’, ®’ and w’’ are 
the three positive values of ® satisfying the above equation. It is 
found that Det. @ can be reduced to 


(Det. Q)=(1+r,+r3 + r3)(Det.@') 


where the element :j of Q’ is R, + Z,2,0' = ‚ and further work shows 
that 
(Det. @’) = (Det. R) (i are =) 


where «' is as defined by equations (2) and (3). Remembering that 
F=C/T-C =) and inserting the values of C' appropriate to 


longitudinal (L) and transverse (7) modes respectively, we therefore 
have 


4 
=: 
mmgm;(o'0"0"')n =(1+r-+r-+r;)(Det.R)| 1— — 
12 v 
and 
Sm 
mmzm,(0'0"'0'")7, = (1+n+r-+ r,)(Det. R)[| 1-+ es 
in, 
Comparison with equation (5) shows that 
(o'w'w''')z er &o 
(w'w’o’'’)2 I Ei 


This is the generalization of the Lyddane-Sachs-Teller formula. 
Clearly it is not restrieted to the case where the unit cell contains 
only four atoms; we made this restriction simply in order to reduce the 
length of some of the equations, notably equations (2). When there 
are N atoms per unit cell, the result is 


N—1l 
un (©72)z 
n=1 € 
N—ı En = : (5) 
(On)r 
n=1 


Our derivation is open to critieism in one respect; we have assumed 
that the short-range interaction between ions is independent of their 
state of polarization, and conversely. Although this assumption is 
frequently made, it is not true in practice, for example for the alkali 
halides. This subject has been discussed in some detail by Woons, 
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CocHRAN and BROCKHOUSE, who show that to a reasonably good 
approximation the ions can in practice be treated as charged cores, 
coupled isotropically to massless charged shells, which represent the 
outer electrons®. When this ion model is used, the method of derivation 
of equation (5) which we use, becomes extremely cumbersome. 
Nevertheless we have been able to show that for N=2 and for 
N = 3 the result is unchanged. It is therefore a reasonable inference 
that equation (5) is a perfectly general result, as has been shown by 
Born and Huvanae?to be the case when N = 2. 

This work was done during the tenure of a Fellowship from Atomie 
Energy of Canada Limited, to whom I express my thanks. I would 
also like to thank Dr. B. N. BRoCKHoOUSE for useful advice and dis- 
cussions on the subject of lattice dynamics. 


5 A.D.B. Woops, W. CocHran and B. N. BROCKHOUSE, Neutron spectro- 
metry and lattice dynamics of sodium iodide. Physic. Rev., to be published. 

6B. @. Dick and A. W. OVERHAUSER, Theory of the dielectrie constants 
of alkali halide erystals. Physie. Rev. 112 (1958) 90—103. 
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by the resonating-valence-bond theory of electron-deficient 
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Auszug 


Die von HoArD, HUGHES und Sans bestimmte Struktur des tetragonalen 
Bors wird vom Standpunkt der Theorie der Resonanzvalenz-Bindung unter- 
sucht. Die beobachteten Atomabstände zeigen, daß jedes in den Ecken eines 
Ikosaeders liegende Boratom fünf Bindungen mit der Bindungszahl 0,41 bis 0,55 
längs der Ikosaederkanten und eine Bindung aus dem Ikosaeder heraus, mit der 
Bindungszahl 0,41 bis 1,03, im Mittel 0,75, aufweist. Durch Elektronenaustausch 
kann die Valenz der zwischen Ikosaedern liegenden Boratome auf 4 erhöht 
und die räumlich bedingte Spannung gelindert werden. Es wird eine einfache 
Theorie zur Erklärung der Beobachtung, daß die Bindung zwischen Atomen, 


die nicht dem gleichen Ikosaeder angehören, stärker ist als die Bindung inner- 
halb eines Ikosaeders. 


Abstraet 


An analysis of the structure of tetragonal boron, as determined by HoArn, 
HUGHES and Sanps, has been made in terms of the resonating-valence-bond 
theory. The observed interatomic distances show that each icosahedral boron 
atom forms five bonds with bond number 0.41 to 0.55 within the icosahedron 
(icosahedral edges) and one bond with bond number 0.41 to 1.03 (average 0.75) 
extending outward. There is some electron transfer, such as to increase the 
valence of the tetrahedral interstitial boron atoms to 4 and to permit relief of 
strain caused by geometrical constraints. A simple theory is proposed to account 
for the greater strength of the bonds extending out from the icosahedra (average 
bond number 0.75) than of those along icosahedral edges (average 0.49). 


* Contribution No. 2469 from the Gates and Crellin Laboratories of Che- 
mistry, California Institute of Technology, Pasadena, California. 
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Boron can be described as an electron-deficient substance. Electron- 
deficient substances are substances in which the atoms have more 
stable orbitals than electrons in the valence shell, or in which, through 
pairing of some of the valence electrons to form unshared pairs, one 
orbital (or more than one) may be liberated. The boron atom has four 
orbitals in its valence shell, and only three valence electrons. 

For most electron-deficient substances the atoms have ligancy that 
is not only greater than the number of valence electrons but is even 
greater than the number of stable orbitals. For example, in the tetra- 
gonal form of erystalline boron most of the boron atoms have ligancy 6. 
Also, lithium and beryllium, with four stable orbitals and only two 
valence electrons, respectively, have structures in which the atoms have 
lisancy 8 or 12. All metals can be considered to be electron-deficient 
substances. 

A careful and apparently thoroushly reliable determination of the 
structure of the tetragonal form of erystalline boron has been reported!. 
There are fifty boron atoms in the tetragonal unit of structure. These 
atoms form four groups of twelve, each group consisting of atoms at the 
corners of a nearly regular icosahedron. In the B,, icosahedron each 
boron atom forms five bonds with adjacent atoms. The icosahedra and 
the two additional boron atoms per unit are arranged in such relative 
positions that each icosahedral boron atom also forms one more bond, 
extending in the direction pointing out from the icosahedral center, 
as shown in Fig.1. Thus each of the icosahedral boron atoms has 
ligancey 6. The two interstitial atoms have ligancy 4. There are all 
together 148 boron-boron bonds per unit. Fight of these bonds are 
formed by the interstitial atoms with adjacent icosahedral atoms, and 
the others, 140 per unit, are bonds between icosahedral atoms. 

There are only 150 valence electrons per unit cell; that is, only 75 
electron pairs, so that the 148 boron-boron bonds cannot be ordinary 
single bonds (shared-eleetron-pair bonds). 

The suggestion was made many years ago that in electron-deficient 
compounds, such as the boranes, there are one-electron bonds, rather 
than the ordinary electron-pair bonds. GILBERT NEwToN Lewis then 
suggested that the structures of the substances involves resonance of 
electron-pair bonds among alternative positions, in such a way as to 
correspond to fractional bonds. It now seems likely that both of 
these suggestions have some significance. 


1 J. L. Hoarv, R. E. Hugnuzs and D. E. Sanps, The structure of tetragonal 
boron. J. Amer. Chem. Soc. 80 (1958) 4507—4545. 
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We shall first discuss the structure of tetragonal boron in terms of 
the resonance of shared electron pairs among the alternative positions. 
There are 75 pairs of valence electrons per unit cell, and 148 bond 
positions. If the electron pairs were distributed uniformly among the 
interatomic positions, each boron-boron bond would have bond 
number 0.506. The boron-boron distance for a single bond is about 
1.62 Ä. A correetion of 0.18 Ä is needed to obtain the expected bond 
length for a bond with bond number 0.506, with use of the equation? 


D(r) = D(1) 0.60 Ä log n. 


Accordingly the expected bond length in erystalline boron is 1.80 Ä. 
This value agrees with the average of the observed values for the bonds. 
However, improved agreement is obtained with a somewhat refined 
theory. 

We may first ask why the structure is the complex one observed, 
rather than the simple one in which boron atoms are at the points of a 
simple eubie lattice; each boron atom would than have ligancy 6, 
with the six bonds (extending toward the corners of an octahedron) 
at 90° (or 180°) with one another. The answer to this question has been 
given by Professor V. SCHOMAKRER (private communication). It is that 
with this octahedral arrangement of bonds the bonds in the erystal 
would form squares, the faces of the unit cube. With a square arrange- 
ment of bonds there is a strong non-bonding repulsion between atoms 
separated by the diagonals of the squares. This non-bonding repulsion 
across the diagonal of the square introduces a significant destabilization 
of the structure. For eyclobutane, for example, it results in an increase 
in the bond length to 1.56 Ä (as compared with the normal value 
1.54 Ä). With the icosahedral structure, however, the distances be- 
tween atoms that are not bonded to one another are much greater, and 
the structure can accordingly be expected to be more stable. 

The prineipal structural element of tetragonal boron is the 
icosahedron of twelve boron atoms. Each boron atom forms five 
bonds with neighboring atoms in the isocahedral group or with 
one of the interstitial boron atoms. Its liganey is accordingly 6. 
We may now ask whether the bonds within an icosahedron and the 
bonds extending out from the icosahedron would be expected to have 
the same strength. It seems likely that these bonds would not have the 


®2 Linus PAuLıinG, Atomie radii and interatomie distances in metals. J. 
Amer. Chem. Soc. 69 (1947) 542-553. 
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same strength, for the following reason. The four orbitals of the boron 
atom can be considered to be directed toward the four corners of a 
tetrahedron. If one of these orbitals were directed in the outward direc- 
tion, the other three lie at an angle with it (121.8°) that roushly ap- 
proximates the tetrahedral angle. Hence the other three orbitals are 
directed approximately in the direetion of the five intra-icosahedral 
bonds, and we might accordingly expect the intra-icosahedral bonds 
to be only about 60 percent as strong as the extra-icosahedral bond. 
The extra-icosahedral bonds then have bond number 0.75, and the 
intra-icosahedral bonds 0.45. 


Fig.1. Structure of tetragonal boron as viewed in the direction of the c axis. 

One unit cell is shown. Two of the iecosahedral groups (light lines) are centered 

at z = 4, and the other two (heavy lines) at z = #. The interstitial boron atoms 

(open eircles) are at 0,0,0 and 3, 3,3. Numbers identify the various struc- 

turally non-equivalent boron atoms. All of the extra-icosahedral bonds are 

shown with the exception of B,—B,, which is formed parallel to the c axis from 
each icosahedron to the icosahedra in cells directly above and below 


Another way of making an estimate of the relative strengths of 
these orbitals is by dividing the solid angle 4 about the boron atom 
into solid angles associated with the six bonds, by passing bisecting 
planes between each pair of bond directions. When this caleulation is 
made it is found that the extra-icosahedral bond has the fraction 0.268 
of the total solid angle associated with it, and each of the others the 
fraction 0.146. If the total valence 3 of the boron atom is divided in 
these ratios, the extra-icosahedral bond would be expected to have 
bond number 0.80 and the intra-icosahedral bonds bond number 0.44. 
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Let us assume that the bond numbers have the values about 0.75 
for extra-icosahedral bonds and 0.45 for intra-icosahedral bonds. The 
packing of icosahedra reported by Hoarp, HucHzs, and SANDS is 
based upon the body-centered arrangement. With a body-centered 
cubic arrangement of icosahedra each icosahedron can form bonds 
with its eight nearest neighboring icosahedra. By decreasing somewhat 
the axial ratio c/a the two icosahedra above and below along the c axis 
can also be brought into contact with each icosahedron. In this way 
each icosahedron forms bonds with ten neighboring icosahedra. The two 
remaining boron atoms in each icosahedron then form their extra-icosa- 
hedral bonds with the interstitial boron atoms, as illustrated in Fig.1. 

If the assumption is made that the icosahedra are regular, with 
boron-boron bond length 1.81 Ä, and that the mean-squared devia- 
tion of the extra-icosahedral bond lengths from the expected length 
1.70 Ä is a minimum, then the axial lengths of the tetragonal unit can 
be predicted. The values obtained are a = 8.60Ä and c = 5.18Ä. 
Although the average extra-icosahedral bond length is 1.70 Ä in this 
structure, the geometrical constraints imposed by the way in which the 
icosahedra are stacked are such that all of the extra-icosahedral bond 
lengsths deviate from the average value. 

It would be expected that some distortion of the icosahedra would 
oceur, such as to bring the extra-icosahedral bond lengths toward the 
expected values, and this is in fact observed. The predicted and 
observed extra-icosahedral bond lensths are as follows: 


Bond B,—-B, B,—B, B,—B, B,—B, 
Predicted 1.74 1.56 1.88 1.64 
Observed 1.70 Ron 1.85 1.67 


showing that in each case the adjustments within the icosahedra are 
such as to allow the extra-icosahedral bonds to approach the expected 
value. (The observed values quoted are averages of those given by 
HoARrD, HucHes, and Sans for their separate parameter determina- 
tions for needles and for plates, with a weight of three for the needles 
and one for the plates.) Correspondingly the a axis lengthens to the 
observed value 8.75 Ä, and the c axis contraets to 5.06 Ä. The nature 
of the distortion of the isocahedra, as indicated by the intra-icosahedral 
bond lengths, is just what is required to allow the observed adjust- 
ments from the predicted extra-icosahedral bond lengths to take place. 
Thus to allow the B,—B, distance to increase and the B,—B, distance 
to decrease, the B,—B, bond is lengthened to 1.84 Ä, and to allow the 
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extra-icosahedral B,—B, bond to shorten, the intra-icosahedral 
B,—B, distance lengthens to 1.85 Ä and B\—B, shortens to 1.79 A. 
The large displacement of the B, atom away from BD, compresses the 


Table 1. Bond lengths and bond numbers in tetragonal boron 


Needle | Plate 
Bond R | br Bond number 
| Ä A 
Intra-ieosahedral: 
Ie1C8 | 1.846 | 1.873 0.41 
1—2 (16) 1.3800 1.804 0.50 
1—2 (16) 1.812 | 1.821 0.48 
1—3 (16) 1.822 1.794 0.48 
1—4 (16) 1.789 1.831 0.48 
2—2( 8) | 1.813 1.786 | 0.50 
2—3 (16) 1.785 1.796 | 0.49 
2—4 (16) 1.786 1.741 | 0.52 
3—4 ( 8) 1.837 1.848 | 0.55 
Average 1.806 1.805 0.49 
Extra-icosahedral: 
1—1 (8) 1.858 1.837 0.41 
9238) 1.658 1.710 0.82 
4—4 (4) 1.709 1.664 0.74 
3—5 (8) | 1.601 | 1.648 1.03 
Average | 1.705 | 1.722 0.75 
ne 2 Eee 1 EEE re ET 
Boron atom Valence (sum of bond numbers) 
ee a u ae 
1 2.78 
2 3.36 
3 3.41 
4 3.20 
5 4.12 


B;—B, distance to 1.79 Ä and tends to shorten the extra-icosahedral 
B,—B, distance, but this tendency is overcome, apparently, by an in- 
ward displacement of B, that shortens the B;—B, distance to 1.78 A. 
The remaining intra-icosahedral distances are little affected, as seems 
reasonable, and range from 1.80 to 1.82 Ä. 

The reported values of the bond lengths and the corresponding 
bond numbers are given in Table 1. It is seen that the valences of the 
four kinds of icosahedral boron atoms, obtained by summing the bond 
numbers of the bonds that they form, differ by no more than 0.4 from 
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the value 3 corresponding to a neutral boron atom. We conclude that 
there is a small amount of electron transfer in the tetragonal boron 
crystal, such that the tetrahedral boron atom B, has the charge — 1 
and valence 4, and the boron atom B, has the charge + 0.2 and valence 
2:9. 

The values 0.49 and 0.75 for the average bond numbers for intra- 
icosahedral bonds and extra-icosahedral bonds, respectively, corre- 
spond closely with the values expected on the basis of the argument, 
given above, about the allocation of bond numbers in proportion to 
the solid angle associated with the various bond directions, and 
accordingly support this treatment of electron-deficient substances. 

Now let us consider the possibility that one-eleetron bonds are 
formed between the boron atoms. There are four orbitalsin the valence 
shell of the boron atom. Each orbital, together with a similar orbital 
of another boron atom, may be used through occupancy by a single 
electron for the formation of a one-electron bond’®. Thus the boron 
atom may form as many as four one-electron bonds involving electrons 
with positive spin. Moreover, it may form as many as four one-eleetron 
bonds involving eleetrons with negative spin, and the bonds formed 
by the electrons with negative spin do not need to occupy the same 
positions in space as those formed by electrons with positive spin. A 
neutral boron atom could form three one-electron bonds with eleetrons 
with positive spin and three one-eleetron bonds with electrons with 
negative spin, with the latter set not coincident with the former. Thus 
by the formation of one-eleetron bonds the liganey of a neutral boron 
atom might well be expected to be six, as is observed for 48 of the 50 
boron atoms in the tetragonal boron erystal. It seems not unlikely 
that this argument provides the explanation of the tendency of boron 
atoms in electron-deficient molecules and erystals to have ligancy 6. 


3 L. Pauring, The nature of the chemical bond. II. The one-electron bond 
and the three-electron bond. J. Amer. Chem. Soc. 53 (1931) 3225—3237. 
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BA7T2A78. 
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CaCO, 312—339, 340—361. 
Caleit 312—339, 340—361. 
CoMn,0, 33—43. 

(Co, Mn)Mn,O, 33--43. 

(Co, Mn) (Ni, Mn),O, 33—43. 
Co(Ni, Mn),O, 33—43. 
Cristobalit 126—135. 
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MoS, 289-311. 
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362— 374. 
Pr(CH,SO,),: IH,0 362302. 


Quarz 126—135. 


Sanıdın 263—274. 

Silikate 53—59, 
275—288. 

SiO, 126—135, 409—413. 


161—168, 263—274, 


Tridymit 126—135. 
Trimethylsulfoniumjodid 401—408. 


Väyrynenit 275—288. 


Y(C,H,SO,), : 9H,;0 362—374. 
Yttriumäthylsulfat-Hydrat 362— 374. 


Zinkblende 150-160. 
ZnO 150-160. 

ZnS 150-160. 

ZrZn, 427—438. 


